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Abstract. The primary motivation behind this paper is to present a brief overview of
the bipolar complex fuzzy sets (in short BCFS) which is an extension of bipolar fuzzy
set theory. New operations defined over the bipolar complex fuzzy sets some properties
of these operations are discussed.

1. Introduction

Fuzzy sets are a sort of useful mathematical structure representing a vague
collection of objects. There are various types of Fuzzy sets in the Fuzzy set
theory, such as intuitional Fuzzy sets, valued Fuzzy sets, vague sets, etc.
Zhang [11] introduced bipolar fuzzy sets in 1998. Positive information in a
bipolar fuzzy set is what is guaranteed to be possible, while negative information
is what is impossible or forbidden or certainly false. Bipolar valued fuzzy set
by Lee [3] introduced a further generalization of fuzzy sets in which the degree
of membership between [0, 1] and [—1, 1] increased. In bipolar fuzzy sets, mem-
bership degree 0 means that elements are irrelevant to corresponding property,
membership degree belongs to (0, 1] indicate that somewhat elements are sat-
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isfying the corresponding property and membership degree belongs to [—1,0)
indicate that somewhat elements are satisfying implicit counter property.

Ramot et al. [5] introduced a new innovative concept in 2002 and called
it a complex fuzzy set (CFS). This approach is absolutely different from other
researchers, where Ramot et al. extended the range of membership function to
unit disc in the complex plane, unlike the others who limited to [0,1]. Hence,
Ramot et al. [6] added an additional term called the phase term to solve the
enigma in translating some complex-valued functions on physical terms to hu-
man language and vice versa.

We employ techniques similar to these used earlier by Abdallah Al-Husban
and Abdul Razak Salleh ([13], [14]) and Abdallah Al-Husban et al. ([15], [?]).

In this work, we introduce some workable concepts about our (BCFS) con-
cept, which are intersection, union and complement. Also some properties of
the set theoretic operations of (BCFS).

2. Preliminaries

In this section, we remember the definitions and related results that this work
requires.

Definition 2.1 ([9]). A fuzzy set (FS) A in a universe of discourse U is charac-
terized by a membership function p4(x) that takes values in the interval [0, 1].

Definition 2.2 ([11]). Let X be a non-empty set. A bipolar fuzzy set (BFS)
A in X is an objective having the form A = {(z,r}(z),7(z)) : z € X} where
t:X —[0,1] and r~ : X — [—1,0] are mappings.

Definition 2.3 ([11]). Let X be every two bipolar fuzzy set.

| ﬁA = {(z,r}(z),r (z)) : € X} and B = {(z,75(z),rz(z)) : ¥ € X} we
i) AN B = {min(r} (2), 15 (2)), max(r; (2), r5(2)) : = € X},
ii) AU B = {max(r} (z), rg( ), min(r (z),r5(x)) : x € X},
i) A= {(z,1 —r}(z),—1—r4(2)) 2 € X}.

Definition 2.4 ([5]). A complex fuzzy set (CFS) A, defined on a universe of
discourse U, is characterized by a membership function p4(x), that assigns to
any element x € U a complex-valued grade of membership in A. By definition,
the values of p4(x), may receive all lying within the unit circle in the complex
plane, and are thus of the form p4(z) = r4(z)e’@A®) | where i = /=1, each of
ra(xz) and wa(z) are both real-valued, and ra(x) € [0,1]. The CFS A may be
represented as the set of ordered pairs

A={(z,pa(z)):ze€U}= {(x,rA(x)eiwA(x)> cx € U} .



756 ABDALLAH AL-HUSBANA, ALA AMOURAH anp JAMIL J. JABER

Definition 2.5 ([5]). A complex fuzzy complement of A may be represented as
follows:

A ={(z,ppac(x)):x €U} = {(a:,rAc(x)eiwAc(x)) tx € U} ,

where r4¢(z) =1 —ry(x) and wac(x) = 27 — wa(x).

Definition 2.6 ([5]). Let A and B be two complex fuzzy sets on U where

A= {<1‘,MA(ZL') = rA(:U)eiargTA(m)> RS U} :
B = {<x,u3(x) = TB(x)eiargTB(z)> tx € U} .
The complex fuzzy intersection of A and B denoted by A & B, is specified

by A® B = {{x, pagp(x)) : x € U}, where pagp(x) = TA@B(m)eiarg’“AébB(z) =

max (TA(ZC), g ($)) ei max ( arg,. , (z),argrB (z) .

The complex fuzzy union of A and B denoted by A ® B, is specified by

A®B= {<x7:uA®B(x)> HEAS U}a
where

UAQB (l‘) = TA®B(l')ei argrA®B(x) — min (TA(:E), TB(QS)) ei min(argrA (x),arg, (a:)) .

Definition 2.7 ([5]). Let A and B be two complex fuzzy sets on X, pa(z) =
ra(x)et®8a®) and pp(z) = rp(z)e’*€s®) their membership functions, respec-
tively. We say that A is greater than B, denoted by A D B or B D A, if for any
x € X,ra(z) >rp(x) and arg,(x) > argg(x).

3. Bipolar complex fuzzy sets

In this work, we start with the introduction of a (BCFS) definition and some
related properties are discussed.

Definition 3.1. Let X is a non-empty set. A bipolar complex fuzzy set (BCFS)

A in X is an objective having the form A = {(z, rjewz ;7 ,€%) 1z € X}. where
rX : X —[0,1] and r; : X — [—1,0] are mappings. rjewz the positive complex

membership degree and r ¢4 the negative complex membership degree. Also

the phase term of bipolar complex positive membership function and bipolar
complex negative membership function belongs to (0,27 and TZ €[0,1],r, €
[—1,0].

2mi —1.273 1.3m¢ _ Omre
Example 3.1, Let A — (a,0.2¢*™, —0.4e ), (b,0.8e13™ —0.2¢ ),}

(c,0.3e™, —0.4¢~15™)
is a (BCFS) of X = {a,b,c}.
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Definition 3.2. The complement of a (BCFS) A = {(z, TA et¥a ,raea) ia €
X} is denoted by A° and defined by A° = {(x,1—r}e' (7= 0%, —1—re?m04))
zx e X}

Example 3.2. Let X = {a,b,c} be a universe of discourse

(a,0.2¢>™, —0.4e~12™")  (b,0.8¢!%™, —0.2¢"") | .
A= { (C’O‘gem” _0‘46—1.5m') } is a (BCFS).
Then
(a7 (1 _ 0‘2)62'(27r—27r)7 (_1 + 0.4)€i(2ﬂ+1‘2”))7
A=< (b, (1 —0.8)eim=13m) (_1 4 (.2)ei7—0m),
(e, (1 — 0.3)€i(27r77r)’ (-1 + 0.4)€i(27r+1.571'i)

[ (a,0.8¢%,—0.6e>2™) , (b,0.2¢%7™ —0.8¢%™)
B { (c,0.7¢™, —0.6¢5™) }
Definition 3.3. The union of two (BCFS) as follows:

Let A and B be two (BCFS) in X, where A = {(z, rjeieX,TZewZ) cx e X}
and B = {(z, rgewB rze?s) 1 x € X}. Then the union of A and B is denoted
as AU B and is given as:

AUB = {(max(rif,rg) lmaX(eX’eg),min(ri,rg)ezmm(e 95)) x e X}

Example 3.3. Let X = {a,b,c} be a universe of discourse. Let A and B be
two (BCFS). Let

A ((I, 0.2627”, —0.46_1'27Ti) , (b7 0.861'37Ti, _0.2€O7Ti) 7
B (c,0.3¢™, —0.4¢™1-577)

and

9

B (a,0.2e™, —0.36—1-47”") , (b, 0.761-577'7 —0.1e5m) |
(c,0.1e™,—0.3¢~1-om)
then
(a,0.2¢*™,—0.3¢12™) (b, 0.8e1°™, —0.1™) |
(AUB) = { (c,0.3e™, —0.3¢~5) '

Definition 3.4. The intersection of two (BCFS) as follows: Let A and B
be two (BCFS) in X, where A = {(=, TAeleA rie?a) iz € X} and B =
{(z, rBeleB r5e?s) : x € X}. Then the intersection of A and B is denoted as

AN B and is given as:
(AN B)(z) = {(min(r}, 7“§)f3“mn(6'Jr 03) ,max(ry, rg)et max0a0p)))

Example 3.4. Let X = {a,b,c} be a universe of discourse. Let A and B be
two (BCFS). Let

A = {(a,0.2¢?™ —0.4e=12m) (b, 0.8e!3™ —0.2¢"™) (c,0.3¢™, —0.4e71-°™)} and
B = {(a,0.2¢™, —0.3¢~14m%) (b,0.7e!-5™ —0.1e1°7) (¢, 0.1, —0.3e~ 157}
then

(ANB) = {(a,0.2¢™, —0.3¢712™) (b,0.7e' 3™ —0.2¢°™), (¢,0.1™, —0.3¢~1-57)},



758 ABDALLAH AL-HUSBANA, ALA AMOURAH anp JAMIL J. JABER

Definition 3.5. If A and B are (BCFSs) in a universe of discourse X , where
A= {(x,r}e 0 ,r,€%):r€ X} and B = {(x,r;gewg,réewg) :x € X}, then
1) Ac Bif and only if TX < rg and 7, > rp for amplitude terms and the
phase terms (arguments) 0% < 67 and 6, > 05 for all z € X.
2) A = B if and only if T’X = TE and 7, = rz for amplitude terms and the
phase terms (arguments) 0% = 67 and 6, = 05 for all z € X.

Proposition 3.6. Let A, B and R be any three (BCFS) over U. Then the
following holds:

i AUA= A,

i, ANA= A,

iii. AUB = BU A,

w. ANB=BNA,

v. AU(BNR)=(AUB)N(AUR),

vi. AN(BUR)=(ANB)U(ANR),

vii. AU(BUR)=(AUB)UR,

viii. AN(BNR)=(ANB)NR.

Proof. Let A, B and R are three (BCFS) given as: A = {(z, rje“’A raea)
x € X}, B ={(z, rge”’B rpe?s) iz € X} and R = {(m,rRezeR,rReg )iz €
X}

So, to prove (i) we need to recall 3.3, then we have:

AUA = {(max(rj, X) lmax(@tgb,min(rz,rz)eimin(gzﬁz)) e X} =
{(z, 7“2{6“9/4 raefa)ize X} =

Analogously to (i), we can prove (ii) with recalling 3.4.

To prove (iii) we need to recall 3.3, and then we have
AUB = {(max(rj,rg) imax(0},05) ,min(ry,r )e“nm(@ I8)):x e X} =
{(max(rf,ri)e imax(95.6% a), min(rg,r,)e™n0504)) 2 € X} = BUA.

Analogously to (iii), we can prove (iv) with recalling 3.4.

To prove (v) we need to recall both 3.3 and 3.4, and then we have

AUBAR) = {< . 15 0), () PR, > re X}

min ("";1( TaAR(® )e“mn 2)05nr(@))

T max[rA( x),
= < min(r (), 17 (x)) e MR @) min(@5 () O (@)] >:x€X
min[r; (z), max(rz(z), rg(x))e’ max(0y,(z) max(9 ()05 ()]
z, min[max(r} (z),r}(z)),
max(r§ (z), 75 () | et minmax(® 7 (@),05 (), nﬂam(f’,ﬁ(33)#92(90))]7
< max[mln(rAE x),r5(x)) >

min(r; (z), 75 (x))]e (@) (2)) anin (0 (2).05 )]

¢ max|[min (60

reX
=(AUB)N(AUR).
Analogously to prove (v), we can prove (vi).



BIPOLAR COMPLEX FUZZY SETS AND THEIR PROPERTIES 759

To prove (vii) we need to recall 3.3, and then we have
+ + imax (01 (z),07% (x))
AU(BUR) = { < z, max(rf (¢), o (@))e =A@ Oh0n > e X}

min(r, (z), 75, p(x)) e M O4 (@) 0puR()
_ z, max[r} (z), max(rg(z), rf(z))e’ max (0 (), min((’g(w)ﬁg(w))]’ X
min[r; (z), min(r(z), rp(z))e M0l (@) max(@s @).0 ()] ’

_ { < ﬂf,max[(r%f o), 15 0) o) J 50 ) > . X}

min[r; (z), rg(x), g (x))]e’ M0 ()05 ()05 ()

)T )
B z, max[max(r} (z),r}(z)), r(z)] gt max(max(8} (2).05(@))0p(@) |\ rex

B min[min(r (z),75(x)), 75 (2))]e! MREin@ ()05 @).05 () '

+ imax(0} (), 9+(x))
[ i@ @l G
min[r (), 1 (@) s

R

Analogously to prove (vii), we can prove (viii). O

Proposition 3.7. Let A and B be BCFSs over universe of discourse U. Then
i. (A9)°= A,
ii. (AUB)° = A°N B,
iii. (AN B)° = A°U B°.
Proof. Let A and B are two (BCFS) given as:
A= {(m,rX(x)eiaX(z),r;l (2)e?2@) : z € X} and
B = {(z,r};(2)e?s@ r5(2)e5@) : 2 € X}
So, to prove (i) we need to apply 3.2 twice. Then, we have
A° = {(z,(1 — ri(2))e@03ED) (1 — 17 () 02@D)) 2 € X}, thus
(=1 = (=1 =1 (2))) (= =it (@)
= {(x, rj(a;)ewixr(:”), N (x)ew/:(g”)> tx € X} =A
To prove (ii) we need to apply 3.2 and 3.3. Then, we have
(AU B)¢ =complement(A U B)

+ zmax w) oF (w))
=complement z, max (rj (@), rg (@) e ' cxeX
min TA ) Tl_g ) zmm B(Jc))
B z, min (1 . Tj(ﬁ) 1— E( )) ezmm(GJr(I) 9+(x)) el
max( 1 — TA( g ) 'Lmax g(x))72ﬂ' ’
= A°nN B
Analogously to prove (ii), we can prove (iii). O

4. Conclusion

In this work, introduced (BCFS), also a new operations defined over the (BCFS)
some properties of this operations are discussed. These properties illustrate the
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relationship between the basic set theoretical operations such as: commutative
laws, associative laws, distributive laws, and De Morgan’s laws.
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