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Abstract. Let R be associative ring with identity and let M be unitary left R -
module. A submodule N of M is called, T - small in M denoted by N < M, in
case for any submodule X C M, T C N + X implies that T C X .In this paper ,we
introduce the concept of GT - small submodule in M. A submodule N of an R-module
M is called GT-small submoduleo in M, denoted by N <gr M, in case for every
essential submodule X of M, T'C N + X implies that 7' C X. We introduce and study
the concepts GT-hollow module, GT-lifiting modules and GT-supplement submodules
as a generalization of T-hollow module, T-lifiting moules and T-supplement submodules
respectively we supply some examples and properties of these modules.
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1. Introduction

Throughout this paper all rings will be associative with identity and all modules
will be unital left modules.Let R be a ring and M be an R-module. We will
denote a submodule N of M by N < M. Let M be an R-module and N < M.
If L = M for every submodule L of M such that M = N + L, then N is called
a small submodule of M and denoted by N <« M [1]. Let M be an R-module
and N < M. If there exists a submodule K of M such that M = N + K and
NNK =0, N is called a direct summand of M and it denoted by M = N K. A
submodule N of an R-module M is called an essential submodule and denoted by
N <. M in case KN N # 0 for every submodule K # 0. Let M be an R-module
and K be a submodule of M. K is called a G-small submodule of M (K <g M)
if for every essential submodule T of M with the property M = K + T implies
that T'= M. There are some important properties of G-small submodules in [6],
[8]. The concept of small submodule has been generalized by some researchers,
for this see [7, 2, 8].

In [3] the authors introduced the concept of small submodule with respect
to an arbitrary submodule. Recall that a submodule N of M is called, T-small
in M denoted by N <7 M, in case for any submodule X < M, T C N 4+ X
implies that T" C X.
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In this paper, we introduce the concept of GT-small submodule in M as
generalization of T-small submodule. A submodule N of an R-module M is
called GT-small submodule in M, denoted by N <gr M, in case for essential
submodule X of M, T C N + X implies that T' C X. It is clear that every T-
small submodule is GT-small. We show by example that GT-small submodule
of M need not be T-small submodule see(1.2). Let M be a non-zero module
and T be a submodule of M. M is a T-hollow module if every submodule K of
M such that T' € K is a T-small submodule of M [3]. We introduce and study
the concept of GT-hollow module as a generalization of T-hollow module. M
is called; T-lifting module if for; any submodule N of M there exists a direct
summand D of M and H <p M such that N = D + H. In section three we
introduce the notion of GT-lifting modules and discus some properties of this
kind of modules. In section four we introduce the notion of GT-supplement
submodules, we supply some examples and properties of these submodules.

2. GT-small submodule

In this section we introduce the concept of Generalized T-small submodules
(GT-small submodule) and discuss some of basic properties.

Definition 2.1. Let T be a submodule of an R-module M. A submodule N of
an R-module M is called GT-small submodule in M, denoted by N <ar M,
in case for essential submodule X of M, T'C N 4+ X implies that T' C X.

Examples and remarks 2.2.

1. If T'= 0, then every submodule of M is GT-small in M. and If T'= M,
then N gy M if and only if N <g M.

2. It is clear that if N is T-small submodule of M then N is GT-small
submodule in M, but the converse is not true in general. For example, in
the Z-module Zay, let T = {0,8,16} and the only essential submodules
in Z24 are 224, 2224 and 4Z24, let N = 6224 then T - 6Z24 + 2Z24 and
T C 2754 also T C 6494 + 4794 and T C 47Z54. Then the submodule
6Z24 is GT-small submodule. But is not 7- small, since if X = 37y,
T C 6294 + 3Z34 but T is not submodule of 3754.

3. Let Z be the ring of integers. It is easy to see that (0) is the only small
submodule of Z and also for any nonzero integer m, the submodule (0) is
the only GmZ-small submodule of Z.

Proposition 2.3. Let M be an R-module, K < L < M and L <. M if K <qg7
M, then K <qr L.

Proof. Let TC K+ X, X <. L and L <, M then X <, M [9], K <¢r M,
then T'C X so K <qr L. O
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Proposition 2.4. Let M be an R-module with submodules N < K < M and
T<K.IfN<gr K, then N <gr M.

Proof. Suppose that T'C N+ X, for some X <, M. ThenT C (N+X)NK =
N+ (XNK). Since N <gr K, X <, M and K <. K then (X NK) <. K, we
have TC XNK C X so N <gr M.

O

Proposition 2.5. Let M be an R-module with submodules N1 ,No andT’. Then
Ny <gr M and No <gr M if and only if Ny + No <gr M.

Proof. Clear. O

Proposition 2.6. Let M be an R-module with submodules K < N < M and
KCT. If N<gr M, then K <gr Mand % 18 G% - small in %

Proof. Suppose that N <gr M and T C K + X for some X <. M. Then
T C N+ X and by our assumption 7' C X. Thus K <<GT M. Now assume that

;CQ%—I—%:(N )forsomeKCXCMandX< . ThenTC N+ X
and X <, M [9],s0 T C X and £ C %. O

Proposition 2.7. Let M be an R=module with K1 < M7 < M and Ko < My <
M such that T C My N Ms. Then K1 <qgr My and Ko <agr Mo if and only if
Ky + Ky <gr My + M.

Proof. Assume that Ky <gr M; and K9 <g7 Ms. Then By Proposition 2.4
Ky <ar Mi+Msy and Ky <gr M1+Ms. And by Proposition 2.5, K1+ Ky <ar
My + Ms. The other direction is clear. ]

Proposition 2.8. Let M and N be an R-modules and f : M — N be an
R-homomorphism. If K and T are submodules of M such that, K <qgr M,
then f(K) <gpry N. In particular, if K <gr M , M C N, then K <gr N.

Proof. Let f(T) # 0 and f(T) C f(K)+ X, for some X <, N. It is clear that
TCK+fYX )andf 1(X) <. M. But Since K <gr M, then T C f~}(X)
and hence f(T) C X O

Proposition 2.9. Let T} and Ts be submodules of an R-module M and K be a
submodule of M. If K <gry M, and K <gr, M, then K <g(,+1,) M.

Proof. Since K g, M, then if 71 C N + X for some X <. M, then 73 C X
and K <gp, M, then if 75 C N + X for some X <. M, then 75 C X. Thus
T1+T2gN—l—XandT1+T2gXSOK<<G(T1+T2)M. O

Proposition 2.10. Let M = H1®Hsy be a module with R = ann(H1)4ann(Hs).
If Hy <gmy M, and Hy <gr, M, then Hy © Hy LG(Te) M.
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Proof. Let 1 ®To C Hy & Hy + X, for some X <. M Since R = ann(H;y) +
ann(Hg) then X = X; & X5. By [10] X1 <¢c Hyand Xy <, Hy and T; 15 C
Hi® Hy+ X1 Xo = (Hl + Xl) D (H2 + X2) it is clear that Ty € Hy + X3
and T» C Hy + Xo. Since H; gy M and Hy <gp, M, then 71 C X; and
T CXy. ThusTh T C X710 X9 C X and Hy & Hy <LG(TeT) M. ]

Proposition 2.11. Let M be finitely generated, faithful and multiplication mod-
ule, and let 1,J be ideals in R. Then I <gy R if and only if IM <gjm M.

Proof. Assume; that I <gy R. Let I be an ideal of R. Then IM; is a
submodule of M, Let JM C IM + X for some essential submodule X of M,
M is multiplication module then X = KM for some ideal K of R by. Then
JM C IM + KM = (I + K)M. Since M is finitely generated, faithful and
multiplication module then by [4], J C (I + K), since KM <. M then by [4,
th.2.13] K <. R. Since I <¢g; R then J C K thus JM C KM = X. Then
IM <gjm M.

Conversely, assume; that IM <gjy M. Let J be an ideal of R such that
JCI+ K, K <. R, M is multiplication module then JM C IM + KM and
by [4, th.2.13] KM <. M, IM <gjy M thus JM C KM so J C K. Then
I <gy R. O]

3. The GT-hollow module

Let M be a non-zero module and T be a submodule of M. M is a T-hollow
module if every submodule K of M such that T' Z K is a T-small submodule
of M. And that M is a G-hollow module if every submodule of M a G-small
submodule of M.

Definition 3.1. Let M be a non-zero module and T be a submodule of M.
We say that M is a GT-hollow module if every submodule K of M such that
T ¢ K is a GT-small submodule of M.

Remark 3.2. (a) Let M be a non-zero module. Then M is GM-hollow module
if and only if M is G-hollow module. Z as Z-module is not Z-hollow
module and not GZ-hollow module.

(b) A GT-hollow module need not to be hollow module as the following exam-
ple shows : Consider the module Zg as Z-module. If T' = {0, 3}, then one
can easily show Zg is G'T-hollow module. But Zg is not hollow module.

(c) If M is uniform R-module. Then M is GM-hollow module if and only if
M is hollow module.

(d) Every T-hollow module is GT-hollow module.

(e) The Z-module Za4 is not GT-hollow module.
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Proposition 3.3. Let M be a G'T-hollow module then every essential submodule
N of M such that T C N is a GT-hollow module.

Proof. Let M be a GT-hollow module and N any essential submodule of M,
T C N. To show that N is GT-hollow module, let L be a proper Submodule
of N such that T'¢Z L. Since M be a GT-hollow module, then L. <gr M. By
proposition 2.3, then L <gr N. Thus N is GT-hollow module. O

Proposition 3.4. Let M be a GT-hollow module and let f : M — N be an
epimorphism, where N is a non-zero module. Then N is G f(T)-hollow module.

Proof. Suppose that M is a GT-hollow module and let f : M — N be
an epimorphism. To show that N is Gf(T)-hollow. Let K £ N such that
f(T) € K. To show that K < f(T)N. Let f(T) C K + X, for some X <. N.
Then f~1(f(T)) C f~Y(K + X). Therefore T+ker f C f~}(K)+ f~*(X). Thus
T C f~HK)+ f1(X). To show that T € f~}(K). Assume T C f~1(K). Then
f(T) € K which is a contradiction. Thus 7' ¢ f~!(K). Since M is GT-hollow
module, then f~}(K) <gr M and hence T C f~1(X) Therefore f(T) C X.
Thus N is f(T')-hollow module. O

Proposition 3.5. Let T' and K be submodules of a module M such that K C T.
If K is GT-small submodule of M and % 18 C}Ep—hollow module, then M is GT'-
hollow.

Proof. Assume that K <gr M and % is %?—hollow module. Let N < M
such that T N and let T C N + X for some X <. M. Then % C %
and hence % - (N;;K) + (X;;K). To show that % (N;QK). Assume that
T/K =(N+K)/K. Then T = N + K and hence T C N + K. Since K <ar
M, then T C N which is a contradiction. Thus T/K ¢ (N + K)/K. Since
M/K is a GT/K-hollow module, then (N + K)/K <gr/xk M/K. Therefore
T/K C(X+K)/K. Thus T C X + K. Since K <gr M, then T'C X. Thus
M is GT-hollow module. O

Proposition 3.6. Let T be a non-zero submodule of a module M. If M is
GT-hollow module. Then T is indecomposable.

Proof. Suppose that there are proper submodules K and L of T such that
T = K&L. Therefore T'Z K. Since M is GT-hollow module, then K <gr M.
But T C K & L, therefore T C L and hence T' = L. This is a contradiction.
Thus T is indecomposable. O

4. GT-lifting module

M is G-lifting; module if for any submodule N of M there exist; submodules L,
K of M such that N = L & K with L < N where L is direct summand of M;
and K <g N [5]. M is called; T-lifting module if for; any submodule N of M
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there exists a direct summand D of M and H <7 M such that N = D + H.
In this section we introduce the notion of GT-lifting modules and discus some
properties of this kind of modules.

Definition 4.1. Let T be a submodule of a module M. M is called; GT-lifting
module if for; any submodule N of M there exists a direct summand D of M
and H <gpr M such that N =D + H.

Ezamples and remarks 4.2.

1. Let M be a module. M is GM-lifting module if and only if M is G-lifting
module.

Proof. let M be GM-lifting module. Let N submodule of a module M.
Then there exists a direct summand D of M and H <gr M such that
N=D+H. Thus N=NND®&L)=D@&(NNL). Let H=NNL
then H <¢ M by (2.2) thus M is G-lifting module. Other direction is
clear. O

2. Let M be amodule. If M is T-lifting module then M is GT-lifting module.

3. Let Zg as Z-module, T = {0,4} and, N = {0,4} then Zg is not GT-lifting
module.

4. If M is indecomposable module. then M is not GT-lifting module for
every non trivial submodule T" of M.

Proof. Let T be non trivial submodule of M. If M is GT-lifting module
then T'= D + H where D is direct summand D of M and H <gr M but
M is indecomposable module, then D = 0. Thus T' = H <gr M which
is a contradiction then M is not GT-lifting module. O

5. Le M be a GT-lifting module then every essential submodule NV of M such
that T C N is also GT-lifting.

Proof. Let M be GT-lifting module and N a essential submodule of M
such that T'C N and X C N then X = D+ H where D is direct summand
D of M and H <gr M. It is clear that D is direct summand D of N,
T C N and N <, M then H <gr N by (prop 2.3). Thus N is GT-
lifting. O

Let H; be GTi-lifting and Hs is GI5-lifting modules, then M = H; & Ho
need not be G171 ® GTs-lifting module as the following example:

Let Hy = Zs, Hy = Zs, each of Hy, Hy is GH;-lifting module but M =
Zs & Zy as Z- module, M is not GM-lifting module by (Ex.4.2 (1)).

Now we give a sufficient condition under which M = Hy ® Hy is GT1 & GT5-
lifting module.
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Proposition 4.3. Let M = H, ® Hy be a module with R = ann(Hy)+ann(Ha).
If Hy is GT1-lifting and Hy is GT-lifting modules, then M is GT1 ® GT5-lifting
module.

Proof. Let N submodule of M. Since R = ann(Hy) + ann(Hs). then N =
N1 @ N9 where N1 C Hy and No C Hy. Hj is GT73- lifting and Hy is GTb-lifting
modules, then for each i € {1,2} there exists a direct summund D; of H;, such
that N; = D; & L; with D; < N; and L; <gr H; then , N = Ny & Ny =
(D1 D Ll) D (DQ D Lg) = (D1 D DQ) D (Ll D Lg), we have(D1 D D2) < N, then
(D1 ® D3) is direct summund of M by(Prop:2.10) then (L1 @ La) <g(ri412) M.
Thus M is GT7 & GT5-lifting module. O

Proposition 4.4. Let M be finitely generated, faithful and multiplication mod-
ule. Then M is GT-lifting module if and only if R is [GT : M]-lifting.

Proof. Assume that M is GT-lifting module. Let I be an ideal of R. M is
GT-lifting hence there exist submodules D < &M and H <gr M such that
N =D+ H. But M is a multiplication R-module, so there are ideals J and K
of R such that D = JM and H = KM. Then IM = JM + KM = (J + K)M.
But M is finitely generated, faithful and multiplication module then by [4]
I =J+K,Let M =D+ L and L = J'M for some J' of R. Then RM =
M=JM&J M= (J+J)M Then R = J+ J'. Since M is finitely generated,
faithful and multiplication module then 0 = JM N J'M = (J N J')M thus
JJ' = 0,and J < @R by (prop. 2.11) K <gp.a R. Thus R is [GT : M]-lifting.
Conversely, let R be [GT : M]-lifting and N submodule of M. Since M is finitely
generated, faithful and multiplication module then there exist I an ideal of R
such that N = IM and exist J < &R and K <q7. R with I = J+ K. Then
IM=JM+KM = (J+K)M. Thus N = JM + KM, let R=J® J' for some
J' of Rthen M = RM = (J+J' )M = JM &J'M. Since M is finitely generated,
faithful and multiplication module then JM N J'M = (JNJ )M = 0M = 0.
Then JM < @M by (prop.2.11), k <gr M. Then M is GT-lifting module. [J

5. GT-supplemente submodule

Definition 5.1. Let M be an R-module and T', X, Y < M. Y is called a GT-
supplement of X in M, if T C X +Y and XNY g7 Y. If every submodule of
M has a GT-supplement in M, then M is called a GT-supplemented module.

Ezxamples and remarks 5.2.

1. If T'= 0, then every submodule of M is GT-supplement in M.

2. and If T = M, then M is GM-supplement in M if and only if M is
G-supplement in M.

3. Let Z be the ring of integers. It is easy to see that (0) is the only GmZ-
small submodule of Z. Now let T' = 0, X = 2Z and Y = 3Z then
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T C27+4+37Z and 2ZN37Z =6Z <gr 2Z. Then Y is GT-supplement in
M.

4. Let Zg as Z-module, T = {0,3}, X ={0,2,4}, and Y = {0, 3}. It is clear
that T C X +Y and X NY =0 <ar Zg, so Y is GT-supplement in Zg.

Proposition 5.3. Let M be an R-module, T, X and Y < M such that'Y is
GT-supplement of X in M if T C K +Y, for some submodule K of M. Then
Y is a GT-supplement of K in M.

Proof. Let Y be is GT-supplement of X in M, K submodule of M such that
T CK+Y. Since KNY C XNY <gr Y by(Prop:2.8). Then Y is a
GT-supplement of K in M. ]

Proposition 5.4. Let M be an R-module, T, X andY < M and Y be a GT-
supplement of X in M, L <Y and L <qgr Y. Then'Y is a GT-supplement of
X+ LwmM.

Proof. Let Y be a GT-supplement of X in M and L <Y and L <gr Y. Then
TCX4Y CX+Y+L XNY <gr Y. Then Y. To show that YN(X+L) <gr
Y. Let K be essential submodule in M such that T C Y N (X + L) + K. Then
TC(XNY)+L+K, K C L+ K is essential submodule in M hence T'C L+ K.
Since L g7 Y thus T'C K. Then Y is a GT-supplement of X + L in M. [

Proposition 5.5. Let M and N be R-modules, and let f: M — N be an epi-
morphism. If M is GT'-supplemented module. Then N is G f(T)-supplemented
module.

Proof. Suppose that M is a GT-supplemented module and let f: M — N be
an epimorphism. Let K be submodule of N, M is a G'T-supplemented module
then T C L+ f~YK) and f~Y(K)NL <gr Y. Then f(T) C f(L + f~1(K)).
Then f(T) C f(L)+ K. Since f~H(K)NL <gr Y then KNf(L) = f(f~*(K))N
L <gyy f(Y). Therefore by(Prop:2.8) f(L) is G f(T')-supplement submodule
of K in M. O

Proposition 5.6. Let M be GT-lifting module and Y be a GT-supplement of
X in M. Then Y contains a G'T-supplement of X which is direct summand of
M.

Proof. Suppose that M is GT-lifting module and Y be a GT-supplement of X
in M, Then T C X+Y, XNY <gr Y. M is GT-lifting then Y = D + H,
where D < &M and H <gpr M. Since T C X +Y,thenT C X + D + H thus
TCX+D,now XNDCXNY <grY by( Prop: 2.6) X N D <gr Y then
D is a G'T-supplemente of X in M. O
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