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Abstract. In this work, we study the sufficient conditions for that ensure the nonexis-
tence of global solutions to a Cauchy problem for a fractional nonlinear ultra-parabolic
system. The Blowing-up solutions is also presented. Our method of proof relies on a
suitable choice of a test function and the weak formulation approach of the sought for
solutions.
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1. Introduction

The main objective of this work is to improve the results of Kerbal and Kirane
[6] by considering fractional in time and space for the nonlinear ultra-parabolic

*. Corresponding author
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system

(u—ug) + D2 (u—uy) + (=A)2 (Ju]) = ky|ul"*|[v|?, k1 = const.

(1.1) D% 6

0lt1

B
(1.2) Dyl (v—v2)+ D3 (v —v1) + (=)

(Jv]) = ko|ulP?|v|®, ko = const.

posed for (t1,t2,2) € Q = Ry x Ry x RY, and supplemented with the initial
conditions

(1.3) w(t1,0,2) = uy (t1,2),u(0,t2,x) = ug (t2, ),
(1.4) v (t1,0,2) = vy (t1,2),v (0, t2,2) = vy (t2, ).

Herepl 207p2 > 1,(11 > 1792 207 0<a17a2 < 1)O<617/62 < 17 1 Sauﬁgz

are constants and Dg]?, Dgﬁ, j = 1,2 are the fractional derivatives in the
J J

sense of Riemann-Liouville. The operator D&

of¢
continuous function g : Ry — R, by <D8‘|t> g(t) = F(ll_a)% fg (tg_(zga dr, and
I (a) = [y°r* te "dr is the Euler gamma function. The fractional power of the

is defined, for an absolutely

Laplacian (—A)% (1 < o < 2) stands for diffusion in media with impurities and
is defined as (—A) 2 v (z) = F~1(|¢|* F (v) (¢)) (x) , where F denotes the Fourier
transform and F~! its inverse. In addition, it satisfies the following condition
Vu;RY — R we have (—A)% v e Lim (RY) and the operator Dgj, counts
for the abnormal diffusion, a recently very much studied topic in probability,
physics, chemistry, biology, image processing, etc, see for instance [7,8] and
their references. Classical multi-time or ultraparabolic problems have received
a special interest and attention by authors due to their application in real life
problems, see for example [2,5,9,13], while the fractional analogs are in their
preliminary steps.

2. Preliminaries

The right-sided Riemann-Liouville derivatives of order 0 < o < 1 for an abso-
lutely continuous function g : Ry — R, is defined by:

T T
(Dgr) 9 (6) = _F(lla)jt/t (Tg(t))adf.

Note that for a differentiable function g, the left-sided Caputo derivatives of
order « is defined as:

Dta =900 () = o=y |, (oo

Finally, taking into account the following integration by parts formula:

T T
| r@Dgg@ = [ Dis oo
0 0
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where f, g € C*(J,R), J CR.
We also need some preparatory lemmas based on the function

(2.1) o (1) = (1—;>A, 0<t<T

where \ > 2.
We define the regular function 0 < < 1:

L, if 0<¢<1,
(2.2) ¥ (§) = { decreasing, if 1<¢ <2,
0, it §>2

which will be used hereafter.

3. Results

We consider the system with a two-dimensional fractional time (1.1)-(1.2) and
let us set

IO_/ utho‘llchde—i—/ ungﬁTgodP,
Q Q

Jo = / vaD 1 pdP + / 1D} pdP,
Q Q
Definition 1. Let Q7 = (0,T) x (0,T) x RV, 0 < T < +o0, and we say

that (u,v) € (LL,.(Qr )) is a local weak solution to problem (1) on Qr, if
uPivt € L} (Qr), i =1,2, and it is such that

/k:1|up1|vq1g0dP+Io
Q
(3.1) :/QquﬁT@dP—l—/Qqu‘jTade+/Q|u| (—A)2 pdP,
/k2|up2|vq2¢dP+Jo
Q
(3.2) / D pdP + / D2 pdP + / 0] (—A)2 pdP,
Q

for any test function ¢ € C*°, such that (T, ty,x) = @(t1,T,2) = 0, and
P = (tl,tQ,l’).

Now, set
@151 — (N +2)(p2q1 — 1) +p2£J1a1
pag1 — 1

ol =—
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@B — (N +2)(pqn — 1) +p2(11a1

p2q1 — 1

o5 = @B = (N +2)(peqr — 1) + 2o
p2q1 — 1

oy = @B = (N +2)(p2q1 — 1) +pqaz
p2q1 — 1

o5 = @B — (N +2)(p2q1 — 1) +P2Q16¥2
p2q1 — 1

o6 = @B = (N +2)(paq1 — 1) +p2qla2
paq1 — 1

S @b — (N +2)(peqi — 1) + p2qic
p2q1 — 1 ’

o5 = @12 — (N +2)(peqr — 1) +p2q1a
p2q1 — 1

oo = @B = (N+2)(peq1 — 1) + ppqrc
p2q1 — 1

Theorem 1. Let p; >0, g2 >0, po > 1, q1 > 1. Let ug,vp € L®(RY), suth
that ug > 0, vg > 0, and assume that,

/QUQD |T<p“dP > 0, /Q Da‘T<p“dP >0,

/QUQD |Tcp“dP > 0, /Qle ‘Tgo”dP >0,

then solutions to system (1.1)-(1.2) blow-up whenever
max {01, , 09,01, - ,09} < 0.

Proof. Assume that the solution is nontrivial and global. Next, replacing ¢ by
" in (3.1) and then using Holder’s inequality to estimate the I, and I, (As we
shall see later), we obtain the following estimates:

1
[ it < ([ rturrormer)”
pa—1

(3.3) kz \Dt [ K IR ,

1
/ uDgEe| < ([ alullolee)”
Q
pa—1

L P2 a2 __p \ p2
(3.4 ([ P g )
Q
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1

(/mvﬂﬁwﬂs(/mmwwww)”
Q Q
pa—1

1 o _p2 _ 92 @ __p P2
(3.5) '(/k@”*H—Aw¢HM*W'””@ ”“)
Q

Similarly, we have

1
q1
/mqmwws(émmwwww)

(3.6) (/kNIWDawwﬂWquwf4*>“
Q

1
D ot < ErlulPrlolaor ) ™
oD o

Q Q

q1—1

1) ([ B T D )
Q

1
/mvﬂﬁwﬂs(/MWvaw)”
Q Q
a1—1

_ 1_1 B a1 __p K a1
(3.8) -(/kﬁl|«Aw¢ﬂwﬂMquQrﬁ
Q

If we set

1 1

Iu = </ k2|u’p2‘1}’q%pu> P2 : Iv — </ k1|u’p1‘vlq1(p,u> q1 7
Q Q
L P2 @ _p pi;
A = ([ 1 ”Wmeﬂm*w\m4¢prQ ,
Q

Ala) = (

1
/kl q171|D/31 /J"ql 1|’LL’ ql 1 Tai— 1>
Q
pz pa—1

B(ps2) = </Q - 1|Dt2|T<P“”’2 Hol = 1

)"
)

p2

q1—1

NN BT e A
kI (FA) gl u] g @ ;
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Il = / uthO‘lchp“—i-/ u1DtO‘22‘Tcp“,
Q Q
JH — D51 " Dﬁz m
0 V2 tl\TQO + U1 tg\TgO )
Q Q
then, using estimates (3.2), (3.7), we can write (3.1) as

1
I+ I < I? (A(p2) + B(p2) + C(p2)),
1

I+ JY < I (A(qr) + Blq1) + Clqr)) -

Since I} , J{ > 0 we have
a1
(3.9) I, < I;? (A(p2) + B(p2) + C(p2))

(3.10) I < I (A(q1) + Bla) + C(ar))

Now, from (3.8) and (3.9), we have

Lo+ I < 157 (A7 (@) + B (@) + O (00)) (A(pa) + Blpa) + Clp2).

Then Young’s inequality implies

p24ai1 p241 P24y

I+1f < K [(Aé@l)A(m))”“” + (B (@) AWp) "+ (O (@) Ap)) "

P241 p24i1 1 p24i1

+ (47 (@) B)) =" + (B2 (@)B2)) ™ + (O (a) Bpa) )

p241 p241 p241 :|
)

+ (47 (@)002) " + (B ()Ck) ) > + (€7 ()0 () )™

for some positive constant K. We choose the test function ¢ (t1,%2,2) in the
form

@ (t1,t2, ) = o1 (t1) g2 (t2) @3 () ,

where ¢ (t1) = (1 — tl/T)i‘L, Lo (ta) = (1 — tQ/T)i and @3 (z) =9 (|:c\2/T2) ,
and let us now pass to the new variables

™ = T_ltl, Ty = T_ltg, y = T_lx;

we have,

—a1+(N+2) (1*%>

A(pQ) =CT s

)

Alq) = CT_61+(N+2)<1—ﬁ)

L (1—t/T)} = sup {o, (1— tl/T)*}
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C(q) =T "™

For some positive constant C'. Hence, we obtain
(3.11) L+ Iy <K[T"+T%2+ - +T%].

Similarly, we obtain for I,, the estimate

(3.12) L+ Jl <K T51+T52+---+T59].

Finally, passing to the limit as T" — 400, we observe that:

Either max {01, ,09,01, - ,09} < 0 and in this case, the right hand side
tends to zero while the left hand side is strictly positive. Hence, we obtain a
contradiction. Or max {01, ,09,01, -+ ,09} = 0 and in this case, following
the similar analysis used in [6], we prove a contradiction. U
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