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Abstract. Although being powerful, the differential transform method yet suffers
from a drawback which is how to compute the differential transform of nonlinear non-
autonomous functions that can limit its applicability. In order to overcome this defect,
we introduce in this paper, new general formulas and their related recurrence relations
for computing the differential transform of any analytic nonlinear non-autonomous func-
tion with one or multi-variable. Several test examples for different types of nonlinear
differential and integro-differential equations are solved to demonstrate the applicability
and validity of the present method. The obtained results declare that the suggested ap-
proach not only effective but also a straightforward and powerful for solving differential
and integro-differential equations with complex nonlinearities.

Keywords: differential transform method, nonlinear non-autonomous functions, non-
linear differential and integro-differential equations.

1. Introduction

The Differential Transform Method (DTM) which is based on Taylor series ex-
pansion was first introduced by Zhou [1] and has been successfully applied to a
wide class of nonlinear problems arising in mathematical sciences and engineer-
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ing. The main advantage of DTM is that it can be applied directly to nonlinear
differential equations with no need for linearization, discretization, or perturba-
tion. Additionally, DTM does not generate secular terms (noise terms) and does
not need to analytical integrations as other semi-analytical numerical methods
such as HPM, HAM, ADM or VIM [2-7] and so DTM is an attractive tool for
solving differential equations. Although this method has been proved to be an ef-
ficient tool for handling nonlinear differential and integro-differential equations,
the nonlinear functions used in these equations are restricted to certain kinds of
nonlinearities, e.g., polynomials and products with derivatives. For other types
of nonlinear functions, Chang and Chang [8] construct a new algorithm based
on obtaining a differential equation satisfied by this nonlinear function and then
applying DTM to this obtained differential equation. Although their treatment
was found effective for some forms of nonlinearity [9,10] it significantly increases
the computational budget, especially if there are two or more nonlinear functions
involved in the differential equation being investigated [11]. Moreover, in the
case of complex nonlinearities, it may be quite difficult to obtain the differential
equations satisfied by these nonlinear functions. To overcome this difficulty, a
new formula has been derived [11-14] to calculate the differential transform of
nonlinear autonomous one variable functions f(y). Unfortunately, for nonlinear
non-autonomous multi-variable functions f (t, yj(t)), j = 1, 2, ..,m, no related
formula has been given to calculate their transform functions. In order to over-
come this defect, new general formulas and their related recurrence relations are
deduced in this paper for computing the differential transform of any analytic
nonlinear non-autonomous function with one or multi-variable. The proposed
method deals directly with the nonlinear non-autonomous function in its form
without any special kinds of transformations or algebraic manipulations. Also,
there is no need to compute the differential transform of other functions to
obtain the required one. For autonomous function, as a special case of the cur-
rent study, these formulas and recurrence relations have the same mathematical
structure as the Adomian polynomials but with constants instead of variable
components. The applicability and validity of the present method are demon-
strated through solving several test examples including nonlinear differential
and integro-differential equations of different types.

2. New differential transform formulas

The basic definitions , fundamental theorems , convergence , error analysis of
DTM and its applicability for various kinds of differential and integro-differential
equations are given in [1, 15-31]. If a differential equation contains an analytic
nonlinear non-autonomous function f (t, y(t)) then the differential transform
F (n) of the function f (t, y(t)) can be computed from the following theorems,
where we assume that f (t, y(t)) ̸= f0 (t) f1 (y(t)).
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Theorem 1. The differential transform F (n)of any analytic nonlinear non-
autonomous function f (t, y(t)) at a point t0 can be computed from the formula

(1) F (n) =
1

n!

[
dn

dλn
f

(
t0 + λ,

n∑
i=0

Y (i)λi

)]
λ=0

where Y (i) is the differential transform of y(t).

Proof. The differential transformF (n) of f (t, y(t)) at a point t0 is defined as

(2) F (n) =
1

n!

[
dn

dtn
f (t, y(t))

]
t=t0

.

And since y(t) can be expressed as

(3) y(t) =

∞∑
i=0

Y (i)(t− t0)
i,

where Y (i) is the differential transform of y(t) about t0 , then we have

(4) F (n) =
1

n!

[
dn

dtn
f

(
t,

∞∑
i=0

Y (i)(t− t0)
i

)]
t=t0

.

Now, let t− t0 = λ, then Eq. 4 becomes

F (n) =
1

n!

[
dn

dλn
f

(
t0 + λ,

∞∑
i=0

Y (i)λi

)]
λ=0

.

And since F (n) is a function of t0 and {Y (i)}ni=0 only, then

F (n) =
1

n!

[
dn

dλn
f

(
t0 + λ,

n∑
i=0

Y (i)λi

)]
λ=0

.

By this way, the proof of Theorem 1 is completed.

Theorem 2. The differential transform F (n)of any analytic nonlinear non-
autonomous function f (t, y(t)) at a point t0 , satisfies the analytic recurrence
relation

(5) F (n) =
1

n

(
∂

∂t0
F (n− 1) +

n−1∑
i=0

(i+ 1)Y (i+ 1)
∂

∂Y (i)
F (n− 1)

)
, n ≥ 1

where F (0) = f (t0, Y (0)).

Proof. Since we have

f (n)(t, y(t)) =
∂

∂t
f (n−1) (t, y(t)) +

∂

∂y(t)
f (n−1) (t, y(t))

dy(t)

dt
,
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then

F (n) =
1

n!

[
∂

∂t
f (n−1)

(
t,

∞∑
i=0

Y (i)(t− t0)
i

)

+

∞∑
i=0

∂

∂Y (i)
f (n−1)

(
t,

∞∑
i=0

Y (i)(t− t0)
i

)
(i+ 1)Y (i+ 1)

]
t=t0

=
1

n!

[
(n− 1)!

∂

∂t0
F (n− 1) + (n− 1)!

∞∑
i=0

(i+ 1)Y (i+ 1)
∂

∂Y (i)
F (n− 1)

]

and since F (n− 1)is a function of t0and{Y (i)}n−1
i=0 , then

F (n) =
1

n

(
∂

∂t0
F (n− 1) +

n−1∑
i=0

(i+ 1)Y (i+ 1)
∂

∂Y (i)
F (n− 1)

)
, n ≥ 1.

By this way, the proof of Theorem 2 is completed.
Thus by Theorems 1 and 2 we have implemented a new algorithm for com-

puting the one-dimensional differential transform of any analytic nonlinear non-
autonomous function f (t, y(t)).

As a special case of the present study, i.e., for autonomous functions, the
formula (1) and recurrence relation (5) are reduced to, respectively

(6) F (n) =
1

n!

dn

dλn

[
f

(
n∑

i=0

Y (i)λi

)]
λ=0

,

(7) F (n) =
1

n

(
n−1∑
i=0

(i+ 1)Y (i+ 1)
∂

∂Y (i)
F (n− 1)

)
, n ≥ 1,

where the special formula (6) is the present formula in [11-14]. In fact if
a system of one-dimensional differential equations contains m coupled ana-
lytic nonlinearity function f (t, yj(t)), j = 1, 2, ..,m, where we assume that
f (t, yj(t)) ̸= f0 (t) f1 (y1(t)) f2 (y2(t)) ...fm (ym(t)), then Theorems 1 and 2 can
be easily extended to multi-variable function and satisfy the following algo-
rithms.

Corollary 1. The differential transform F (n)of any analytic nonlinear non-
autonomous function f (t, yj(t)) , j = 1, 2, ..,m at a point t0 can be defined
by

(8) F (n) =
1

n!

dn

dλn

[
f

(
t0 + λ,

n∑
i=0

Yj(i)λ
i

)]
λ=0

, j = 1, 2, ..,m,

where Yj(i) is the differential transform of yj(t).
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Corollary 2. The differential transformF (n)of any analytic nonlinear non-
autonomous function f (t, yj(t)) , j = 1, 2, ..,m at a point t0 , satisfies the
analytic recurrence relation

(9) F (n)=
1

n

 ∂

∂t0
F (n− 1)+

m∑
j=1

n−1∑
i=0

(i+ 1)Yj(i+ 1)
∂

∂Yj(i)
F (n− 1)

 , n≥1,

where F (0) = f (t0, Yj(0)).
Moreover and as a special case of the present study, i.e., for autonomous func-
tion, the definition (8) and recurrence relation (9) are reduced, respectively,
to

(10) F (n) =
1

n!

dn

dλn

[
f

(
n∑

i=0

Yj(i)λ
i

)]
λ=0

, j = 1, 2, ..,m,

(11) F (n) =
1

n

 m∑
j=1

n−1∑
i=0

(i+ 1)Yj(i+ 1)
∂

∂Yj(i)
F (n− 1)

 ,

which have the same mathematical structure as the Adomian polynomials in
[32] but with constants instead of variable components.

Table 1. Some fundamental operations of DTM.

Original function Transformed function

u(t) = β ( v(t)± w(t) ) U(k) = β V (k)± βW (k)

u(t) = v(t) w(t) U(k) =
∑k

ℓ=0 V (ℓ)W (k − ℓ)

u(t) = dmv(t)
dtm U(k) = (k+m)!

k! V (k +m)

u(t) = (β + t)m U(k) = H[m, k] m!
k!|(m−k)|!(β + t0)

m−k ,

H[m, k] =

{
1, ifm ≥ k

0, ifm < k

u(t) = eλt U(k) = λk

k! e
λ t0

u(t) = sin(ωt+ β) U(k) = ωk

k! sin(ωt0 + β + kπ
2 )

u(t) = cos(ωt+ β) U(k) = ωk

k! cos(ωt0 + β + kπ
2 )

u(t) =
∫ t
t0
v(t)dt U(k) = V (k−1)

k , k ≥ 1, U(0) = 0

u(t) =
∫ t
t0
v(t)w(t) U(k) = 1

k

∑k−1
l V (l)W (k − l − 1), k ≥ 1, k ≥

1, U(0) = 0.

3. Applications

In this section, we have solved different types of differential and integro-differential
problems with different forms of nonlinear non-autonomous functions that the
formula in the literature [11-14] was found not applicable.
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Example 1. Consider the nonlinear initial-value problem

(12) y′(t)− y(t) = ln (t+ y(t)) , t ∈ [1, 2] , y(t) ≥ 0, y(1) = 0.

Using the basic properties of DTM, Table.1, and taking the transform of equa-
tions in (12) result in

(13) (k + 1)Y (k + 1)− Y (k) = F (k), Y (0) = 0, k = 0, 1, 2, ...,

whereF (k)is the differential transform of the nonlinear term ln(t+ y(t)). F (k)is
computed using the present method and given by

F (0) = ln(1 + Y (0)), F (1) =
1 + Y (1)

1 + Y (0)
,

F (2) =
Y (2)

1 + Y (0)
− 1

2

(1 + Y (1))2

(1 + Y (0))2
,

F (3) =
Y (3)

1 + Y (0)
− Y (2) (1 + Y (1))

(1 + Y (0))2
+

(1 + Y (1))3

3 (1 + Y (0))3
(14)

F (4) =
Y (4)

1 + Y (0)
− Y (3) (1 + Y (1))

(1 + Y (0))2
+

Y (2) (1 + Y (1))2

(1 + Y (0))3

− Y (2)2

2 (1 + Y (0))2
− (1 + Y (1))4

4 (1 + Y (0))4
.

Therefore, a combination of the recurrence relation(13) and the computed F (k)
in (14) with the solution formula (13) results in the series solution ỹ(t) =
1
2 (t− 1)2+ 1

6 (t− 1)3+ 1
24 (t− 1)4+ 1

120 (t− 1)5+ .... For sufficiently large num-
ber of terms, the closed form of the obtained series solution is ỹ(t) = et−1 − t,
which is the exact solution.

Table 2: Numerical results for Example 2.

| y(ti)− ỹ(ti) |
ti N = 5 N = 10 N = 15

0.0 0.0000+e00 0.0000+e00 0.0000+e00

0.2 7.3689e-006 8.2100e-010 9.6316e-011

0.4 4.5510e-004 1.3793e-006 2.3291e-008

0.6 4.8955e-003 1.1150e-004 3.0230e-006

0.8 2.5675e-002 2.4110e-003 2.6524e-004

1.0 9.0957e-002 2.5516e-002 8.3823e-003

Example 2. Consider the nonlinear initial-value problem

(15) y′(t) + εy(t)2 = ε sin( ty(t) ), t ∈ [0, 1] y(0) = 1.
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Taking the differential transform of equations in (15) results in

(16) (k + 1)Y (k + 1) + ε
k∑

ℓ=0

Y (ℓ)Y (k − ℓ) = εF (k), Y (0) = 1, k = 0, 1, 2, ...,

where F (k) is the differential transform of the nonlinear term sin(ty(t)) .F (k)
is computed using the present method and given by

F (0) = 0, F (1) = Y (0), F (2) = Y (1), F (3) =
−Y (0)3

6
+ Y (2),

F (4) = y(3)− 1

2
Y (0)2y(1),(17)

F (5) =
1

120
Y (0)5 − 1

2
Y (0)Y (1)2 − 1

2
Y (0)2Y (2) + Y (4).

Using (16) and (17), the series solution is obtained and given at ε = 0.1 by

ỹ(t) = 1− 1

10
t+

3

50
t2 − 23

3000
t3 − 119

60000
t4 +

247

300000
t5 − 2233

4500000
t6 + ....

The presented results are compared with those obtained using MATLAB built-
in solver ode45 in Table 2. The ode45 solver integrates ODEs using explicit 4th
& 5th Runge-Kutta (4, 5) formula [33]. In order to guarantee a good numerical
reference, ode45 is configured using an absolute error of 10−12and relative error
of 10−8.

Example 3. Consider the nonlinear first order Volterra integro-differential
equation

y′(t) = cos t− t2

2
+ 1 +

∫ t

0
sin−1(1− τ + y(τ)) dτ,(18)

t ∈ [0, 1] , y (0) = −1, y′ (0) = 2.

The differential transform of equations in (18) are

(k + 1)Y (k + 1) =
1

k!
cos

(
kπ

2

)
− δ(k − 2)

2
+ δ(k) +

F (k − 1)

k
,

Y (0) = −1 , Y (1) = 2 , k ≥ 1,

where F (k) is the differential transform of the nonlinear term sin−1(1−τ+y(τ)).
By applying the present method to the nonlinear function f(τ, y(τ)) = sin−1(1−
τ+y(τ)) at τ0 = 0 , Y (0) = −1 and Y (1) = 2, and by using the principal values
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of the square root and inverse trigonometric functions, we get

F (0) = 0, F (1) = 1, F (2) = Y (2), F (3) = Y (3) +
1

6
,

F (4) = Y (4) +
1

2
Y (2),

F (5) = Y (5) +
3

40
+

1

2
Y (3) +

1

2
Y (2)2,

F (6) =
3

8
Y (2) +

1

2
Y (4) + Y (2)Y (3) + Y (6) +

1

6
Y (2)3(19)

F (7) =
1

112
(56Y (3) + 84)Y (2)2 + Y (2)Y (4) +

3

8
Y (3)

+
1

2
Y (5) + Y (7) +

1

2
Y (3)2 +

5

112

Hence, the series solution is obtained and given by

ỹ(t) = −1 + 2t− 1

6
t3 +

1

120
t5 − 1

5040
t7 +

1

362880
t9 + ...

For sufficiently large number of terms, the closed form of the obtained series
solution is ỹ(t) = sin(t) + t− 1, which is the exact solution.

Example 4. Consider the nonlinear second order Volterra integro-differential
equation

(20) y′′(t)− 2y(t)y′(t) = −t+

∫ t

0

sec2 τ

1 + y(τ)2
dτ, t ∈ [0, 1] , y(0) = 0, y′(0) = 1.

The differential transform of equations in (20) are (k + 2)(k + 1)Y (k + 2) =

2
∑k

ℓ=0(ℓ+1) Y (ℓ+1)Y (k−ℓ)−δ(k−1)+ F (k−1)
k , Y (0) = 0 , Y (1) = 1 , Y (2) =

0 , k ≥ 1,where F (k) is the differential transform of the nonlinear term sec2 τ
1+y(τ)2

obtained using the present method at τ0 = 0 and given by

F (0) = 1, F (1) = 0, F (2) = 0, F (3) = 0,

F (4) =
2

3
− 2Y (3), Y (5) = −2Y (4),

F (6) =
−13

45
− 2Y (5) + 2Y (3)− Y (3)2,(21)

F (6) = (2− 2Y (3))Y (4)− 2Y (6),

F (7) =
17

35
+ 5Y (3)2 − 10

3
Y (3)− 2Y (3)Y (5) + 2Y (5)− 2Y (7)− Y (4)2

Hence, the approximate series solution is obtained and given by

ỹ(t) = t+
1

3
t3 +

2

15
t5 +

17

315
t7 +

62

2835
t9 + ...
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For sufficiently large number of terms, the closed form of the obtained series
solution is ỹ(t) = tan t, which is the exact solution.

Example 5. Consider the nonlinear Volterra integro-differential equation with
proportional delay

(22) y′
(
t

2

)
=

1

2
− t sin t+

∫ t

0

y (3τ)2 sin t

(3τ + 1)2
dτ, y(0) = 1, y′(0) = 1.

The differential transform of equations in (22) are

(k + 1)Y (k + 1)

(
1

2

)k+1

=
1

2
δ(k)−

k∑
ℓ=0

1

ℓ!
sin

(
ℓπ

2

)
δ(k − ℓ− 1)

+

k−1∑
ℓ=0

1

ℓ!
sin

(
ℓπ

2

)
F (k − ℓ− 1)

k − ℓ
, Y (0) = 1 , Y (1) = 1 , k ≥ 1,

where F (k) is the differential transform of the nonlinear term w(τ)2

(3τ+1)2
, w (τ) =∑∞

k=0 3
kY (k)τk, obtained using the present method and given by

F (0) = 1, F (1) = 0, F (2) = 18Y (2), F (3) = −54Y (2) + 54Y (3),

F (4) = 81Y (2)2 + 162Y (2)− 162Y (3) + 162Y (4),(23)

F (5) = −486Y (2)2+(486Y (3)−486)Y (2)−486Y (4)+486Y (5)+486Y (3).

Hence, the series solution is obtained and given by

ỹ(t) = t+ 1

which is the exact solution.

Example 6. Consider the following nonlinear non-autonomous initial-value
ODE system

y′1(t) = −y1(t) + t+ ln

(
y1(t)−

1

t+ y2(t)

)
y′2(t) = −y2(t)− 1 +

4

y1(t)
− ln (t+ y2(t))(24)

y1(0) = 2 , y2(0) = 1.

Applying the differential transform to (24), results in

(k + 1)Y1(k + 1) = δ(K − 1)− Y1(k) + F1(k)

(k + 1)Y2(k + 1) = −Y2(k)− δ(K) + F2(k)(25)

Y1(0) = 2 , Y2(0) = 1.
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where F1(k) and F2(k) are the differential transform of the nonlinear functions

f1 = ln
(
y1(t)− 1

t+y2(t)

)
and f2 = 4

y1(t)
− ln (t+ y2(t)), respectively. F1(k) and

F2(k) are computed using the present method and given by

F1(0) = 0, F1(1) = Y1(1) + 1 + Y2(1),

F1(2) = Y1(2)− (1 + Y2(1))
2 + Y2(2)−

1

2
(Y1(1) + 1 + Y2(1))

2

F1(3) = Y1(3) + (1 + Y2(1))
3 − 2(1 + Y2(1))Y2(2) + Y2(3)(26)

− (Y1(2)− 1− 2Y2(1)− Y2(1)
2 + Y2(2))(Y1(1)

+ 1 + Y2(1)) +
1

3
(Y1(1) + 1 + Y2(1))

3,

F2(0) = 2, F2(1) = −Y1(1)− Y2(1)− 1

F2(2) =
1

2
Y1(1)

2 − Y1(2)− Y2(2) +
1

2
(1 + Y2(1))

2

F2(3) = −1

4
Y1(1)

3 + Y1(2)Y1(1)− Y1(3)− Y2(3)(27)

+ (1 + Y2(1))Y2(2)−
1

3
(1 + Y2(1))

3 .

Hence, the series solutions are obtained and given as

ỹ1(t) = 2− 2t+ t2 − 1

3
t3 +

1

12
t4 − 1

60
t5 + ...

ỹ2(t) = 1 +
1

2
t2 +

1

6
t3 +

1

24
t4 +

1

120
t5 + ....

For sufficiently large number of terms, the closed form of the obtained series
solutions are ỹ1(t) = 2e−t , ỹ2(t) = et − t, which are the exact solutions.

4. Conclusions

In this paper, new general formulas and recurrence relations have been de-
rived for computing the differential transform of any analytic nonlinear non-
autonomous functions with one or multi-variable. As a special case of the
present study, i.e., for autonomous function, the current formulas and recur-
rence relations have the same mathematical structure as the Adomian polyno-
mials but with constants instead of variable components. The main advantage of
the present method is that it can deal directly with nonlinear non-autonomous
functions in their forms without any special transformation or algebraic ma-
nipulations and can be directly implemented in any symbolic language such as
MATHEMATICA or MAPLE. The suggested modified DTM has been success-
fully applied on different types of differential and integro-differential equations
with nonlinear non-autonomous functions that no related formula in the litera-
ture has been given to calculate their transform functions. The method is applied
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directly to the nonlinear equations with no need to analytical integration which
is essential for other semi-analytical numerical methods such as HPM, HAM,
ADM or VIM. Moreover, the obtained series solutions declare that the suggested
method is a straight forward even in solving different types of differential and
integro-differential equations with complex nonlinearities. Finally, the authors
believe that the present study should be extended to include similar differen-
tial and intego-differential equations in the applied sciences, which increases its
applicability.
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