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Abstract. A construction of congruence-simple semirings is presented.

The congruence-simple semirings of positive rational (real) numbers are
fairly familiar, but the other (congruence-)simple semirings are regarded as
somewhat apocryphal. It is easy to show that simple semirings split into three
basic classes: the additively cancellative semirings, the additively nil-semirings
and the additively idempotent ones. The first class includes all simple rings and
many subsemirings of ordered rings. The second class includes many congruence-
simple semigroups equipped with constant addition, but what remains is quite
enigmatic so far ([1]). Now, we come to the third class, the additively idem-
potent simple semirings. These semirings (at least in the finite case) are of
interest because of possible applications in cryptology (see e.g. [9]) and they are
constructed as endomorphism semirings of semilattices (see [2], [6], [7] and [8]).
The present note continues this line of research. Finally, notice that few pieces
of information on simple semirings and general semirings are available in [4] or

[5].
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1. Preliminaries

Let A = A(x) be a groupoid. An element a € A is called left (right) neutral
ifaxe =z (r+xa = x) for all z € A, and left (right) absorbing if a x x = a
(rxa=a)forallz € A. If A= A(+) then 04 € A (04 € A) means that 04 (04)
is (the unique) left and right neutral (absorbing) element of A(+) and 04 ¢ A
(04 ¢ A) denotes the fact that A(+) has no (left and right) neutral (absorbing)
element. Similarly, if A = A(-) then 14 € A means that 14 is (the unique) left
and right neutral element of A(-).

A semilattice is a commutative and idempotent semigroup. If M (= M (+))
is a semilattice then a basic order < is defined on M by z < y iff x +y = y.
Now, an element w € M is the smallest (greatest, resp.) element of the ordered
set M (<) if and only if w = 0y (w = op, resp.).

A non-empty subset I of M is an ideal if M + I = I. This ideal is said to be
prime if M\ I is a subsemilattice of M. For every z € N = M \ {oar} (here and
throughout the paper N = M if oy ¢ M and similarly for M \ {0as}), the set
Ay ={ye M|y £ x}is called principal prime ideal determined by the element
x. Clearly, a subset I of M is a prime ideal if and only if the set V.= M\ I is a
proper subsemilattice of M such that x € V whenever x < y € V. This prime
ideal is principal if and only if oy € V.

A semiring is a non-empty set equipped with two associative binary oper-
ations that are usually written as addition and multiplication. The addition
is commutative and the multiplication distributes over the addition. Given a
semiring S, a (left S-)semimodule (sM =) M is a commutative semigroup M (+)
together with a scalar multiplication S x M — M such that (a +b)z = ax + bz,
a(x +y) = ar + ay and a(bx) = (ab)x for all a,b € S and x,y € M. If S is
a semiring then R = R(S) = {a € S|Sa = {a} } denotes the set of right multi-
plicatively absorbing elements. If a € R(S) then a+a = aa+aa = (a+a)a =a
and a(b+ b) = ab+ ab = ab for every b € S. Consequently, the semiring S
is additively idempotent, provided that the right semimodule R(S)g is faithful,
ie., for all a,b € S, a # b, there is at least one z € R(S) with za # xb.

Let S be a semiring. A non-empty subset I of S is a left (right) ideal of S
it STUI+I)CIT(ISU(I+1I)CI). Aleft (right) ideal I is called minimal if
|I| > 2 and J = I whenever J is a left (right) ideal with |J| > 2 and J C 1. A
non-empty subset I of S is an ideal if STUISU (I + 1) C I and it is a bi-ideal if
SITUISU(I+S) C I. In the latter case, the relation (I x I')Uidg is a congruence
of the semiring S. Finally, S is called
— simple (more precisely: congruence—simple) if S has just two congruence rela-
tions (then these are idg and S x S and |S| > 2);

— (bi-)ideal-simple if S = I whenever I is an (bi-)ideal of S with |I| > 2.

Throughout the paper, all semirings and semimodules are assumed to be
additively idempotent. It means that the respective additive semigroups M (+)
are semilattices.
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2. Auxiliary results (a)

Throughout this section, let S be an (additively idempotent) semiring such that
|R| > 2.

2.1 Lemma. (i) If 0g € S then Op € R, R0s = {0r} and SO0g < Og.
(ii) If og € S then og € R, Rog = {or} and or < Sog.

Proof. a0g+b = a0g+ab = a(0g+b) = ab and aog+b = aog+ab = a(og+b) =
aog for all a € S and b € R. O

2.2 Lemma. Assume that either R+ S = S or the right semimodule Rg is
faithful. Then:

(i) If 0Og € S then 0g = 0r € R.

(ii) If Ogr € R then Ogp =0g € S.

Proof. (i) By 2.1(i), ab0g = Or = a0g for all @ € R and b € S, and hence
b0g = Og, provided that Rg is faithful. If R+.5 = S then 0g +S = 0g+ R+ S =
R+S=25.

(ii) a(b+0r) =ab+a0p =ab+0g =abforalla € Rand b€ S. O

2.3 Lemma. Assume that either RN (S + a) # 0 for every a € S or the right
semimodule Rg is faithful. Then:

(i) If og € S then os = or € R.

(ii) If ogr € R then or = 05 € S.

Proof. Using 2.1(ii), we proceed similarly as in the proof of 2.2. ]

2.4 Lemma. If the semiring S is simple then the right semimodule Rg is
faithful.

Proof. Take into account that ab = b # ¢ = ac for all @ € S and b,c € R,
b+#c. O

2.5 Lemma. (i) R is the smallest (right) ideal of S.
(ii) R+ S is the smallest bi-ideal of R.

Proof. It is easy. O

2.6 Corollary. (i) The semiring S is ideal-simple iff R = S.
(ii) The semiring S is bi-ideal-simple iff R+ S = S. O

2.7 Lemma. If the semiring S is simple then R+ S = S and the right semi-
module Rg is faithful and simple.



636 BARBORA BAT{KOVA, ToMAS KEPKA AND PETR NEMEC

Proof. By 2.4 and 2.6(ii), Ry is faithful and R+ S = S. If « is a congruence of
Rg then g is a congruence of S, where (a,b) € g iff (ca,cb) € a for every ¢ € R.
Of course, pN (R X R) = «. O

2.8 Lemma. Let the right semimodule Rg be faithful and simple. If o # idg is
a congruence of the semiring S then R x R C p.

Proof. Let (a,b) € o, a,b € S, a #b. Since Rg is faithful, ca # cb for at least
one ¢ € R, so that « = pN (R X R) # idr. Clearly, « is a congruence of Rg,
and therefore « = R x R. O

2.9 Lemma. Assume that R+ S = S. The following conditions are equivalent:
(i) 0 =S x S, whenever g is a congruence of S such that R x R C p.

(ii) For every a € S there is b € R with a <b.

Proof. (i) implies (ii). Define a relation o on S by (a, b) € o iff (a+R)N(b+R) #
(). Then o is a congruence of S and R x R Co. Thuso =S x S.

(ii) implies (i). If a,b € S thena < ¢, b < d and e < a, f < b for some
¢,d,e, f € R. Now, (a,c) = (a+e,a+c) € g, (b,d) = (b+ f,b+d) € o, (¢,d) € p
and, finally, (a,b) € . O

2.10 Proposition. The semiring S is simple iff the right semimodule Rg is
both faithful and simple and the ideal R is both upwards and downwards cofinal
in S.

Proof. The direct implication follows from 2.4, 2.7 and 2.9, while the converse
one from 2.8 and 2.9. [

2.11 Lemma. Assume that ac = be for all a,b € R, ¢ € S and put u(c) = ac.
Then p is a homomorphism of the semiring S onto the semiring R and u|R =
idr. Further, the left semimodule gR is not faithful, and if the right semimodule
Rg s faithful then S = R and p = idpg.

Proof. Easy to check. O

2.12 Lemma. (i) If the right semimodule Rg is faithful and S # R then ac # be
for some a,b€ R and c € S.

(ii) If the left semimodule rS is faithful then for all a,b € R, a # b, there is
c € S with ac # be.

(iii) If the right semimodule Rg is simple and the left semimodule gS is not
faithful then ac = be for alla,b€ R and c € S.

Proof. Use 2.11. OJ
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3. Auxiliary results (b)

Let S be a non-trivial semiring. A (left S-)semimodule M (=g M) will be called
characteristic if the following conditions are satisfied:

a) [M|=3;

Op € M and SOM = {OM};

(c

(
(b
d

)
)
) op € M and Sop = {on};
) M is faithful;

)

(e) There is a mapping ¢ : N = M \ {ox} — S such that g(z)y = 0pr and

e(x)z=opyforallz € Ny, ze M,y<uwz, z £ x.

Throughout this section, let M be a characteristic semimodule and L = M \
{0ar}.

3.1 Lemma. (i) € is an injective mapping of N into R.

(ii) |IR| >2 and R={a € S|aM = {0p,0m} }.

(iii) og € S, or € R and og = or = £(0p1).

(iv) osL = {om}-

Proof. (i) We have ag(z)y = e(z)y for all a € S, 2 € N and y € M (use
(e), (b) and (c)). Since M is faithful, we get e(z) € R. If g(x1) = £(x2) then
Oar = e(z1)x1 = g(x2)x1 and x; < x9. By symmetry, we obtain x; = xs.

(ii) Since |[N| > 2 due to (a), we get |R| > 2 due to (i). If a € R and z € M are
such that ax € N then ax = g(ax)ax = 0p;. Thus aM = {07, 05r}. Conversely,
if a € S is such that aM = {Ops,0pr} then bax = ax for all b € S and = € M.
Since M is faithful, we get ba = a and a € R.

(iii) (e(0pr) + @)z = e(0pr)x + ax = opr + ax = opr = €(0pr)x for every x € L.
Of course, (g(0ar) + a)Opr = Opr = €(0a7)0ps. Thus £(0p7) + @ = €(0pr) and
e(0n) = os.

(iv) If z € L then ogz = £(0pr)x = 0. O

3.2 Lemma. The following conditions are equivalent for a € S:
(i) a=05€S.
(ii) a =0g € R.
(iii) a+¢e(x) =¢e(z) for every x € M \ {on}.
(iv)

Moreover, if oy € N then these conditions are equivalent to:

v) aN = {0p}.

(V) aony = OM.
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Proof. (i) implies (iii) and (ii) implies (iii) trivially, and, evidently, (iv) is equiv-
alent to (v). Now, we show that (iii) implies (iv). Indeed, Oy = e(x)x =
(e(x) + a)r = g(x)x + ax = ax for every x € N. On the other hand, if (iv) is
true then a € R by 3.1(ii) and (a +b)zr =ax +br =0y +br =bx forallbe §
and z € N. Then (a+b)y = by for every y € M, a+b=>band a =05 =0g. O

3.3 Lemma. Let Og € S. Then:

( ) s =0gr € R.

(ii) N+ N =N.

(iii) 0g = g(w) for w € N iff w is the greatest element of N.

Proof. (i) See 3.2.

(ii) If x,y € N then Og(x +y) = 0sz + 05y = Opr by 3.2(iv). Hence z +y # on.
(iii) If 0¢ = e(w) then g(w)r = Ogz = Op and =z < w for every x € N.
Conversely, if w is the greatest element of N then g(w)N = {0/} and e(w) = Og
by 3.2. O

3.4 Lemma. The following conditions are equivalent:
(i) 0g € S and 0g € g(N).
(ii) Or € R and Og € g(N).
(iii) The set N has the greatest element (if w is that element then e(w) = 0g =

0g).

Proof. See 3.2 and 3.3. O

3.5 Lemma. (i) Ifa € S and x € M then ax = 0y iff x € N and a < g(x).
(ii) If x,y € N then x >y iff e(x) < e(y).

Proof. It is easy. O
3.6 Lemma. The semimodule M is simple.

Proof. Let o be a congruence of M. If (Oar,0p) €  then o = M x M. If
(z,0nr) € a for some z € N then (0pr,0n) = (e(x)z,e(z)opr) € a. If 2,y € N
are such that x € y and (z,y) € « then (0ar,0m) = (e(y)y, e(y)z) € . O
3.7 Lemma. The right semimodule Rg is faithful.

Proof. If a,b € S, a # b, then ax # bz for at least one x € M and we can

assume that bz £ ax. Then ax € N, ¢ = g(ax) € R and cax = 0y # oy = cba.
Thus ca # cb. O
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3.8 Lemma. Leta € R and A= {xz € M |ax =0y }. Then:
(i) Opr € A, o ¢ A and A is a subsemilattice of M(+).
(ii) If v € M then a =¢e(v) iff v =04 € A.

Proof. (i) This is obvious.

(ii) If @ = g(v) then v € A and, if y £ v, then ay = oy implies y ¢ A. Thus
v=o04 € A. Conversely, if v =04 € A then ax = g(v)x for every x € M (use
3.1(ii)). Since gM is faithful, we get a = £(v). O

3.9 Lemma. Assume that every infinite strictly increasing sequence of elements
from M (or N, K = N\{0p}) is upwards cofinal in N (K). Put Ry = R\{0g}
(Ri =R if0s ¢ S). Then Ry Cg(N) C R.

Proof. First, observe that if 1 < xo < x3 < ... is a sequence of elements from
M then x; € K for every i > 2. Next, if a € Ry then A = {x € M |azx =
Or } G N by 3.2(iv). Consequently, using our assumption, we get 04 € A and
a=-¢(oa) by 3.8. O

3.10 Lemma. If every infinite strictly decreasing sequence of elements from
R is downwards cofinal in Ry then every infinite strictly increasing sequence of
elements from M is upwards cofinal in N \ {on}.

Proof. If x1 < 20 < x3 < ... is a sequence of elements from M then x; € N for
every i > 1 and g(z1) > e(x2) > g(x3) > ... by 3.5(ii) and 3.1(i). If, moreover,
z € N\ {on} then g(z) # Og, and hence g(z;) < g(z) and = < x; for some
J =1 O

3.11 Lemma. If every infinite strictly increasing sequence of elements from
R is upwards cofinal in Ry = R\ {og} then every infinite strictly decreasing
sequence of elements from M is downwards cofinal in L = M \ {Op}.

Proof. If 1 > x9 > x3 > ... is a sequence of elements from M then z; € K =
M\ {Opr,0n} for every i > 2 and g(z2) < e(x3) < ... by 3.5(ii) and 3.1(i). If,
moreover, x € L then g(z) # og, and hence e(x) < g(z;) and z; < x for some
J=L O

3.12 Lemma. Assume that Ry C e(N). Then:

(i) If every infinite strictly decreasing sequence of elements from M is downwards
cofinal in K then every infinite strictly increasing sequence of elements from R
18 upwards cofinal in Rs.

(i) If every infinite strictly increasing sequence of elements from M is upwards
cofinal in K then every infinite strictly decreasing sequence of elements from R
is downwards cofinal in R;.
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Proof. (i) Let a1 < a2 < ag < ... be a sequence of elements from R. Then
a; € R3 = R\ {0g,0g} for every i > 2 and a; = g(x;), where z; € K. We have
x> x3 > x4 > ... and if a € Ry then a = ¢(x), v € K, v > x; and a < q; for
some j > 2.

(ii) Let a3 > a2 > a3z > ... be a sequence of elements from R. Then a; € Ry
for every ¢ > 1 and a; = (w;), i € N, 1 < 29 < 23 < .... If a € Ry then
a=¢(x),r € N,z <zj; and a; < a for some j > 1. ]

For x € M, define a relation v, on S by (a,b) € v, iff acx = bex for every
ces.

3.13 Lemma. (i) v, is a congruence of the semiring S.

(ii) vz N (R % R) is a congruence of the right semimodule Rg.

(iii) R x R C v, iff Sz C {0ar,001}-

(iv) If Sz C{0nr, 001} then vy, =S x S.

(V) vy =SxS iff Rx R Cu,.

(Vi) If z € K then v, = S x S iff Sz = {0,001}

(vii) Opr,0on € P(M) = {xz € M|Sx C {Oar,0on}} and P(M) is a subsemi-
module of M.

Proof. (i) and (ii). Easy to check.

(iii) If R x R C vy then acx = ogcx = (0pr)cx for all @ € R and ¢ € S. If
cx # Oy then acx = opy. If, moreover, cx € N then oy = g(cx)ex = Oy, a
contradiction. Thus cx = ops and we see that Sx C {0r, 007}

(iv) and (v). Use (iii).

(vi) If z € K then e(x)x = 0p and ogz = £(0nr)x = 0ar.

(vii) Easy to check. O

3.14 Remark. Assume that the right semimodule Rg is simple (cf. 2.10). If
z € M is such that Sz ¢ {Op,0pn} then R x R € v, and hence z € K and
vy N (R x R) = idg. Now, if a,b € R are such that a < b then acx = 037 and
bcx = oy for some ¢ € S (see 3.1(ii)). Consequently, cz € K, ac < g(z) (see
3.5(1)) and g(z) = ac+¢e(z) < be+¢e(z) € R.

3.15 Remark. Assume that the left R-semimodule gS is not faithful. Then
there are a,b € R such that a < b and ac = bc for every c € S.

(i) Let a = g(x) and b = £(y), x,y € N. Then y < z and g(z)cz = acz = bcz =
e(y)ez for every z € M. In particular, if cz < x then ¢z < y. Since y < z,
it follows that @ ¢ SM. In fact, z # c1x1 + -+ + cpa, for allm > 1, ¢; € S,
x; € M, and the same is true for 2’ such that y < 2’/ < z.

(ii) Let a = 0g and b = €(y), y € N. Then y € K and Ogcz = g(y)cz for every
z € M. In particular, if cz € N then cz < y. Consequently, for alln > 1, ¢ € S
and x; € M, either t = c1z1 + -+ + ¢z, <y or T = 0y)y.

(iii) If the semiring S is simple then ce = de for all ¢,d,e € S. Consequently,
|S| =2 and S = R.
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Consider the following two conditions:

(f1) For all a,b € R, a # b (a < b) and x € K there is at least one ¢ € S with
acx # bex (then acr = 0y and bex = opy).

(f2) K C Sz for every z € K.
3.16 Lemma. (f2) implies (f1).

Proof. Since gM is faithful, there is y € M such that ay # by. Clearly, y € K,
and if (f2) is true then y = cz, ¢ € S. Thus acx # bez. O

3.17 Lemma. Assume that the right semimodule Rg is simple. Then (f1) is
equivalent to Sx N K # () for every z € K.

Proof. If (f1) is true and « € K then v, N (R x R) = idg, and hence Sz ¢
{Oar, 00} by 3.13(iii). Conversely, if So N K # 0 then R x R ¢ v, and, Rg
being simple, we get v, N (R x R) = idp. O

3.18 Lemma. Let the set K contain the smallest element, say w, and let
Sw & {0, opr,w}. If ¢ € S is such that cw ¢ {Oa, on, w} then e(w)e = og,
e(w) #og #candc ¢ R.

Proof. Since cw € K, we have ¢ ¢ R, and hence ¢ # og (use 3.1(ii)). Since
w # 0p7, we have g(w) # og. Now, if y € L = M \ {0p} then w < y, and hence
oy = e(w)ew < g(w)ey (we have w < cw). Consequently, e(w)cz = ogx for
every x € M and we get e(w)c = og. O

3.19 Lemma. Let |R| > 3 and let the set K contain the smallest element. If
the condition (fl) is satisfied then og = ac for some a € Ry = R\ {os} and
ceS\R.

Proof. Let w be the smallest element in K. Since |R| > 3, there are a,b € R
such that a # b and aw = bw (use 3.1(ii)). Now, by (f1), there is ¢ € S such
that acw # bew. Then cw ¢ {0, 0nr, w} and 3.18 applies. O

3.20 Remark. If |R| = 2 and (f1) is true then |S| = 3, 1g € S and 0og # 0g = ac
forall a € R\ {os} ={0s} and c € S\ R = {1}.

3.21 Lemma. og € Ry + Ry in each of the following cases:
1. The set K has at least one minimal element but no smallest element.
2. The set Ry has at least one maximal element but no greatest element.

3. There are u,v € K such that, for every x € K, either x ﬁ uorz .
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Proof. (i) Let w € K be minimal. Since w is not the smallest element of K,
there is v € K with w £ v. If # € K is such that z < v then z £ w, and
hence (e(w) +e(v))z = opr. If & £ v then (e(w) + €(v))z = op as well. Thus
e(w) +&(v) = £(0n) = os.

(i) If @ is maximal in Ry then b £ a for some b € Ry, and so a + b = og. O

3.22 Remark. Let b € S\ R be such that the set bM is finite. Due to
3.1(ii), we have bM = {0p7,w1,...,wpn,0p}, where n > 1 and w; € K. Put
w=wy+ -+ w,. There are uq,...,u, € K such that w; = bu;, Then w = bu,
U=UL+ "+ Up.

(i)Ifn=1o0or N+ N = N then w € K.

(ii) Assume that w € K. Then w = w; for some 1 < j < n. If a = ¢(w) then
a € Ry, abr = 0y for x € M, bx € N, and aby = oy for y € M, by = oyy.

(iii) Let w € K and bN C N. Then bN < w, abN < aw = 0p; and ab=0g € S
by 3.2(iv). Since b ¢ R, we have b # 0g. On the other hand, a = Og iff w is the
greatest element of V.

(iv) If w € K, w is not the greatest element of N and bN C N then a # 0g # b
and ab = Og.

(v) Assume that bL C L, L = M \ {0ps}. If v € K is such that v < w; for every
i=1,...,n and if @ = g(v) then @ # og and abx = oy for every x € L. Thus
ab = og. Of course, b ¢ R, and so b # og as well.

3.23 Remark. Let v € K, a = ¢(v) and b € S. We have a € Rs.
(i) If bN < v then abN = {0y}, and hence ab = 0g € S by 3.2. Conversely, if
ab =0g € S then bN < v.
(i) Let ab = 0g € S. If x,y € N are such that bx £ by # Op then b # Og,
e(by)bx = opr, €(by)b # 05,05 and £(by) # og. Of course, a = g(v) < (by),
by < v and g(by) € R3 = R\ {0g,05}. If a # Og (equivalently, v # on) then
(a,e(by)) € R3 x R and (ab,e(by)b) = (0g5,£(by)b) ¢ Rs x R3. In particular,
the relation a3 = (R3 x R3) Uidp is not a congruence of the right semimodule
Rg. Similarly, a1 = (R; x Ry) Uidg, where R; = R\ {0g}, is not a congruence
of Rs.
(iii) Let ab = 0g # b and let bx < by for all z,y € N such that by # 0ps. Now,
bx1 = by; whenever bxy # Op; # by1, x1,y1 € N. Since ab = Og # b, we have
b ¢ R, and hence there is w € K such that bM = {0p, w,opr}, BN = {0pr, w}
and e(w)b = 0g (cf. 3.22(iv)).
If bw = 0pr then (b + e(w))z = g(w)z for every z € M, so that b < g(w),
b? =05 # e(w) and w # oy. We have bN < v, and so w < v, a = £(v) < g(w).
If bw # 07 then bw = w, and so bz = b2z for every z € M and we get b? = b.

3.24 Remark. Assume that the condition (f1) is satisfied.

(i) If u,v € N are such that u < v then £(v) < g(u), and hence for every x € K
there is ¢ € S with cx < v and cz £ w. In particular, if u = Oy and v # op
then cx € K. If v is minimal in K (and u = 0ps) then we get cz = v.

(ii) If v is minimal in K then v € Sx for every = € K.
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(iii) If K C Sv for a minimal element v € K then (f2) is true.

(iv) Let A denote the subsemimodule of gM generated by 0ps, 05 and all min-
imal elements from K. Then A C Sz for every x € K. Thus (f2) is true,
provided that A = M.

(v) (cf. 3.19) Assume that the set K contains the smallest element w. If a,b € R
are such that a < b then acw = 07 and bcw = oy for some ¢ € S. Since
cw # oy, we have ¢ # og. Furthermore, bew = oy implies beL = {ops}, where
L = M\ {0y}, and hence bc = og. Of course, ¢ ¢ R follows from 3.1(ii). If
|R| > 3 then we can choose b # og.

(vi) Assume that oy € N. If a,b € R are such that a < b then acoy = 0y and
bcoy = oy for some ¢ € S. Since coy # 0pr, we have ¢ # 0g. Furthermore,
acoy = 0p7 implies acN = {0pr} and ac = Og (see 3.2(iv)). If |R| > 3 then we
can choose a # 0g.

4. Auxiliary results (c)

Let S be a semiring and M (=g M) a characteristic (left S-)semimodule (see
the preceding section). Furthermore, let a be a congruence of the semimodule
Rg such that a # idg and @ # R x R. We put A ={a € R|(a,05) ¢ o} and
B =R\ A. Thus B={be R|(b,os) € a} is just the block of « containing the
absorbing element og and we have A # (). If 0g € S then 0g € A.

4.1 Lemma. Assume that the set A has no maximal element. Then:

(i) There is an infinite strictly increasing sequence a; < ag < az < ... of
elements from A.

(i) If b€ B and i > 1 then b % a;.

Proof. If b < a; then (a;,05) = (a; + b, a; + 0g) € «, a contradiction. d

4.2 Lemma. Let ag € R\ g(N). Then:

(i) Oy € C={z € M|apx =0p } and C(+) is a subsemilattice of M(+).
(ii) The set C' has no mazimal element.

(iii) ap < e(x) for every x € C.

(iv) If C = N then ag =0g € S.

Proof. If v € C is maximal in C then v = o¢ € C, g(v)x = 0y = apz for z < v
and g(v)y = op for y £ v. But y £ v means y ¢ C, apy # Op and apy = on
by 3.1(ii). Thus g(v)z = agz for every z € M and e(v) = ag, a contradiction
By 3.5(1), we get ap < e(x) for every z € C. If C = N then ag/N = {0p/} and
ao = Og by 3.2. 0

4.3 Lemma. Let ap € R\ (V). Then:

(ii) There is an infinite strictly increasing sequence 1 < x3 < x3 < ... of
elements from C.

(ii) If u € M\ C then u £ z; for every i > 1.
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(iii) g(z1) > e(x2) > e(x3) > ... is an infinite strictly decreasing sequence of
elements from R such that £(x;) > ag for every i > 1.

Proof. Use 4.2 and 3.5(ii). O

4.4 Lemma. If ag is maximal in A then (ag,a) ¢ « for every a € R such that
ap < a.

Proof. We have a ¢ A, (a,05) € o, and hence (ag,a) ¢ a. O

4.5 Lemma. Let a,b€ R, c € S and x € M be such that (a,b) € a, a < b and
acx # bex. Then x € K, e(x) < bc+¢e(x) =a € R and (e(x),a) € a.

Proof. Since acx # bex, we have acx = 0y and bex = oy by 3.1(ii). Conse-
quently, z,cx € K and (ac+e(x))y < (ac+e(z))r = acx+e(z)r = 0y fory < z.
On the other hand, if 2 £ « then (ac + &(z))z = op. Then ac + e(z) = g(z)
and ac < g(x). Furthermore, (¢(z),a) = (ac+&(z),bc+e(x)) € a and g(z) < a.
Since ax = bex + e(x)x = opr # Oy = e(x)x, we conclude that £(z) < a. O

4.6 Lemma. Assume that (f1) is true. Then for every x € K there isa € R
with e(x) <@ and (e(x),a) € a.

Proof. Since o # idp, there are a,b € R with a < b and (a,b) € a. By (fl),
aczr # bex for some ¢ € S. The rest follows from 4.5. O

4.7 Lemma. Assume that (f1) is true. If ag is mazimal in A then ag ¢ £(N).

Proof. Since ag € A, we have ag # og = £(0ps). The rest is clear from 4.4 and
4.6. O

4.8 Lemma. Aassume that (f1) is true and A\ {Os} C e(N). Ifa € A\ {0g}
then:

(i) There is an infinite strictly increasing sequence a = a1 < ag < ag < ... of
elements from A such that all these elements belong to the same block of the
congruence .

(i) If b € B then b % a; for every i > 1.

(iii) There is an infinite strictly decreasing sequence x1 > Ty > 3 > ... of
elements from K such that a; = (x;) for every i > 1.

(iv) If x € N is such that x > x; for some j > 1 (equivalently, e(x) < a;) then
e(x) € A.

Proof. We have a; = a = g(x1) for some 21 € K. By 4.6, there is ay € R with
a1 < ag and (az,az) € a. Clearly, as € A\ {0g}, and so az = g(x2) for some
x9 € K. Now, 1 > x5 and we can proceed in this way on. O
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4.9 Lemma. Assume that (f1) is true and A\ {Os} C &(N). If the set A has
at least one mazximal element then Og € S, A ={0g} and B= R\ {0s}.

Proof. If ap is maximal in A then ay ¢ £(N) by 4.7, and hence ag = 0g € S.
Since Og is maximal in A, we have A = {0s} and B = R\ {0s}. O

5. Auxiliary results (d)
In this section, let S be a semiring such that R = R(S) # 0.

5.1 Lemma. Assume that Og € S and the right semimodule Rg is faithful.
Then Og = Or € R and the following conditions are equivalent:

a1 = (R X R1) Uidg, where R; = R\ {0Og}, is a congruence of Rg.
ab # 0g for all a € Ry and b € 51 = 5\ {0s}.

cd # 0g for all ¢,d € 5.

Either |S| =1 or S; is a subsemiring of S.

Proof. Proceeding similarly as in the proof of 2.2(i), we show that 0g = 0 € R.
Now, if 1 is a congruence of Rg and if ab = Og for some a € Ry and b € S; then
(0g,a’b) = (ab,a’b) € aq for every o’ € R; and it follows that a’b = 0g. Thus
R1b = {0g}. Since 0gb < ab = 0g, we have Rb = {0g}. Of course, ROg < Rb,
and therefore Rb = {0g} = ROg. Since Ryg is faithful, we conclude that b = 0Og,
a contradiction. We have proved that ab # 0g. If cd = Og for some c,d € Sy
then ec # e0g = 0g for some e € R and we have ec € R; and ecd = e0g = 0Og.
The rest is clear. O

5.2 Lemma. Assume that og € S and the right semimodule Rg is faithful.
Then og = og € R and the following conditions are equivalent:

(i) ag = (R2 x R2) Uidg, where Ry = R\ {og}, is a congruence of Rg.
(ii) a+b# og # acfor all a,b € Ry and c € So = S\ {os}.
(iii) Either |S| =1 or Sy is a subsemiring of S.
Proof. We can proceed similarly as in the proof of 5.1. O

5.3 Remark. Assume that og € S, the semimodule Rg is faithful and og ¢
R5S5. Assume, furthermore, that the set Rs has no maximal element and that
a9 is not a congruence of Rg. Then oy # idg, R is infinite and, by 5.2, a+b = og
for some a,b € Ry. Moreover, there is an infinite strictly increasing sequence
a=a1 <ag <az<...of elements from Ry. Since a + b = og, we have b £ q;
for every i > 1.
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5.4 Remark. Assume that og € S (0g € S) and og € R (0s € R) (cf. 2.1,
22,23 and 24). Put A={a€ S|osa=o0s5} (A={ae S|0sa=0g}) and
B = S\ A. Clearly, og € A (0g € A), A is a subsemiring of S, A+ S = A
(B+ S =DB) and SB C B. Further, put 8 = (A x A) U (B x B).

(i) 8 = idg iff [S] = 1,2.

(ii) B = S x S iff og (0g) is multiplicatively absorbing (equivalently, |R| = 1).
(iii) If So = S\ {og} is a subsemiring of S then 5 is a congruence of the
semiring S.

(iv) If |S] > 3, |R| > 2 and S is a simple semiring then Sy is not a subsemiring
of S (cf. 5.2 and 2.10).

5.5 Proposition. Assume that |R| > 3 and the right semimodule Rg is both
faithful and simple (cf. 2.10). Then:

(i) If 0Og € S then O0g € R and ab = 0g for some a € Ry and b € Sy.

(ii) If og € S then og € R and either a + b = og for some a,b € Ry or cd = og
for some c € Ry and d € Ss.

Proof. Use 5.1 and 5.2. OJ

6. Main results

Let S be a semiring and M (=g M) be a characteristic (left S-) semimodule (in
particular, [M| > 3 and |S| > |R| > 2). Put N = M \ {onx}, L = M \ {Op},
K = M\ {Ox,om}, Ri = R\ {0s}, R2 = R\ {os} and R3 = R\ {0g,0s}.
Consider the following four conditions:

(gl) Any infinite strictly increasing sequence of elements from K is upwards
cofinal in K.

(g2) Any infinite strictly decreasing sequence of elements from K is downwards
cofinal in K.

(h1) Any infinite strictly increasing sequence of elements from R3 is upwards
cofinal in Rg.

(h2) Any infinite strictly decreasing sequence of elements from R3 is downwards
cofinal in Rj3.

6.1 Lemma. (i) If (g1) is true then (h2) is true.

(ii) If (g91) and (92) are true then (h1) is true.

(iii) If (h1) is true then (g2) is true.

Proof. See 3.9, 3.10, 3.11 and 3.12. O

6.2 Lemma. (i) If (g1) is true then Ry Ce(N) C R.
(ii) If (h2) is true and on ¢ N then (g1) is true.
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(iii) If (h2) is true and on € N then every infinite strictly increasing sequence
of elements from M is upwards cofinal in N \ {on}.

Proof. See 3.9, 3.10, 3.11 and 3.12. O

6.3 Lemma. Assume that (91),(g2) or (h1),(h2) are true. Then:

(i) If the set K has no minimal element then the ordered set L(<) is a lattice
and Ry + Ry = R».

(ii) If the set K has a minimal element, but no smallest one, then |M| > 4 and
Ry + Ry # Ry (i.e., 0og € Ry + Ra).

(iii) If the set K has the smallest element then the set Ry has the greatest element
and Ry + Ro = Ro.

Proof. (i) Given x € L, there is an infinite strictly decreasing sequence x =
x1 > w9 > x3 > ... of elements from L. If (h1) is true then (g2) is true by 6.1(iii).
If (g2) is true and y € L then y > x; for some i > 1. Thus the element z; € L
is a lower bound of elements z and y. Now, put A ={z € L|z < z,z <y}
The set A is non-empty and if o4 € A then o4 = inf(x,y). On the other hand,
if o4 ¢ A and (gl) is true then N C A, and therefore either z <y or y < z, a
contradiction with o4 ¢ A. Finally, if o4 ¢ A and (gl) is not true then (h2) is
true, oy € N and N \ {on} C A (use 6.2(ii),(iii)). But then {x,y} C {on,on}
and we get a contradiction again.

It remains to show that R + Ry = Rs. For, let a,b € Ry be such that
a+b=o0g. If a=¢(u) and b = g(v) for some u,v € N then u,v € K and z < u,
z < v for some z € K (since L is a lattice) and a = g(u) < g(z), b = g(v) < g(2).
Thus os = a+ b < g(z) € Rg, a contradiction. Therefore, we can assume that
a ¢ e(N).

Since a+b = og and a, b € Ry, we see that a,b € R;. According to 6.2(i), the
condition (gl) is not true, and hence (h1), (h2) are true and oy € N (see 6.2(ii)).
By 3.4, 0s = g(on) and, by 3.8, 04 ¢ A= {x € M|ax = 0y }. Using 6.2(iii),
we conclude that A = N\{on}. Consequently, (a+b)x = 0y +bx = bz for every
x € N\{on}. Of course, (a+b)oyr = opr = bops and (a+b)ony = opr+boy = oxy.
Since b # 0g = €(on), we have bN # {0ps}, and so boy = op;. We have proved
that (a + b)y = by for every y € M and, since ¢M is faithful, it means that
0os = a+b=10b+# og, the final contradiction.

(ii) Clearly, |M| > 4 and we use 3.21.

(iii) Let w be the smallest element of K. If ¢(w) is the greatest element of Ry then
Ry + Ry = Ry trivially. If not then a £ e(w) for some a € Ry. Then a ¢ g(N)
and, since gM is faithful, there is v € M with av € g(w)v. Clearly, v € K,
w < v, av # 0y, and hence av = oy (see 3.1(ii)). Since g(w)v # av = oyy,
we have g¢(w)v = Op7, and so v < w. Thus w = v and aw = oyp. We have
a # 0g (otherwise aw < g(w)v) and it follows from 6.2(i) that (gl) is not true.
Using 6.2(ii), we see that oy € N and (h2) is true. Besides, it follows from 3.8
and 6.2(ii) that a(N \ {on}) = {Oa}. Since aw = oy, we get w = oy and,
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w being the smallest element in K, we get |M| = 3, |R| = 2, Ry = {0g} and
a = 0g = e(w), a contradiction. O

6.4 Remark. Let (h2) be true and let oy € N. If a € R\ g(N) then a is the
smallest element in Ry.

6.5 Lemma. Assume that (g1),(g2) or (h1),(h2) are true. Then:

(i) If the set Ry has no mazimal element then Ry + Ro = Ry.

(ii) If v € K is minimal in K then £(v) is mazimal in Rs.

(iii) If @ € Ry is maximal in Ry then a = e(w), where w is minimal in K.

(iv) If a € Ra is mazimal, but not the greatest element of Ry then Ry+ Ry # Ro.
(v) If w € K is the smallest element of K then e(w) is the greatest element of
Rs.

(vi) If a € Ro is the greatest element of Ry then Ry + Re = R and a = g(w),
where w s the smallest element of K.

Proof. (i) By 6.1(ii), the condition (hl) is true and the equality follows easily.
(ii) Let a € R be such that g(v) < a. If a = g(u), u € N, then u < v and either
u=wvanda=¢(v)oru =0y and a = og. On the other hand, if a ¢ £(N) then
a # 0g (otherwise a = 0g = £(v)) and it follows from 6.2(i),(ii) and 6.4 that a is
the smallest element of R;. Since £(v) < a, we get ¢(v) = 0g, v =on, |M| =3
and (gl) is true. Then a € ¢(N) by 6.2(i), a contradiction.

(iii) If @ ¢ g(N) then either a = 0Og, |R| = 2, |[N| = 3, a contradiction, or a
is the smallest element of Ry, |R| = 3, |M| < 3, a contradiction again. Thus
a€eg(N).

(iv) This is obvious.

(v) By (ii), e(w) is maximal in Ry. If a £ g(w), a € Ry, then a ¢ &(N),
a contradiction with 6.2(i) and 6.4.

(vi) Clearly, Ro + Re = Rs. If a ¢ g(N) then either a = 0g, |[M| = 3 and
a = g(on), a contradiction, or a is the smallest element of R, so that |R| = 3,
R ={0g,a,0s}, |M| =3, (gl) is true and a € g(N), a contradiction again. [

In the reamining part of this section, assume that the condition (f1) (see the
definition before 3.16) is satisfied and either the conditions (gl),(g2) are true
or the conditions (hl),(h2) are true (then, due to 6.1, the conditions (h1), (h2),
(g2) are true anyway).

6.6 Theorem. Assume that 05 ¢ S (then oy ¢ N —see 3.4). The semiring S
is simple if and only if the following two conditions are satisfied:

1. S=R+S.

2. Either og € R2Sy (05 € S253, resp.) or the set K contains at least one
minimal element (equivalently, the set R has a maximal element).

Proof. (i) Let S be simple. Then S = R + S follows from 2.7 and the right
semimodule Rg is simple and faithful (2.4, 2.7 and/or 3.7). Since Og ¢ S, we
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have ON ¢ N by 3.4, ‘N‘ > 3, ‘R’ > 3 and Qg = (RQ X Rg) UidR 7& idR,R X R.
By 5.2, 0og € (Ry + R2) U R2S3. If K has no minimal element then og € R3S
follows from 6.3(i).

(ii) Assume that the conditions (1) and (2) are satisfied. With respect to 2.10,
we have to check that the right semimodule Rg is simple. For, let o # idr, Rx R
be a congruence of Rg and A ={a € R|(a,05) ¢ o }.

Let ap € A\ e(N). The condition (h2) is true, and hence ag = 0g € S by
4.3(iii), a contradiction with Og ¢ S. It follows that A C e(N). By 4.9, the set
A has no maximal element.

Let a,b € A. By 4.8(i), there are sequences a = a; < ag < ag < ... and
b="b < by <bsg<...of elements from A such that (a,a;) € o and (b,b;) € «
for every ¢ > 1. Since (hl) is true, a < b; and b < a;, for some j,k > 1.
From this, (a,b) € o and it means that the set A is contained in a block of «.
Furthermore, it follows from 4.8(ii) that R\ A = {og}. Consequently, a = ao
and, using (2) and 5.2, we conclude that the set K contains at least one minimal
element. We have Ry + Ry = Rs (since «p is a congruence of Rg), and therefore
K has the smallest element by 6.3(ii), a contradiction with 3.19 and 5.2. O

6.7 Theorem. Assume that Og € £(N) (equivalently, oy € N). Then the
semiring S is simple if and only if the condition 6.6(2) is satisfied.

Proof. (i) Let S be simple. If |R| > 3 then ap = (Rz X R2) Uidg is not a
congruence of Rg and 6.6(2) follows from 5.2 and 6.3(i) (see the proof of 6.6).
On the other hand, if |R| = 2 then |M| =3, |S| =3, S = {0, 15,05} and S is
not simple ({(0s,0s), (0s,1s), (1s,0s), (15, 15), (05,05)} is a congruence of S).
(ii) Let the condition 6.6(2) be satisfied. With respect to 2.10, we have to
show that Rg is simple. For, let @ # idg, R X R be a congruence of Rg and
A={a€R|(a,05) ¢ a}.

We have 0g € ANe(N). If ag € A\ g(IV) then ag = 0g follows from 4.3(iii)
and we see that A C g(IV). By 4.7, the set A has no maximal element. By 4.6,
(0g,a) € « for at least one @ € Ry; of course a € A. Proceeding similarly as
in the proof of 6.6, we show that the set A\ {Og} is contained in a block of «.
Consequently, the set A is contained in a block of a, R\ A = {og} (see 4.8(ii))
and a = as. Now, again, we proceed similarly as in the proof of 6.6 to gain the
final contradiction. O

6.8 Theorem. Assume that 0g € S\ £(N) (equivalently, Og € S and oy ¢ N).
Then the semiring S is simple if and only if the conditions 6.6(2) is satisfied
and, moreover, the following condition is satisfied as well:

1. 0g € R151(0g € S151, resp.).

Proof. (i) Let S be simple. Since oy ¢ N, we have |[N| > 3, |R| > 3 and
a1, a0 # idg, R X R (see 5.1 and 5.2). Since Rg is simple by 2.10, neither ay
nor ap is a congruence of Rg and it remains to use 5.1, 5.2 and 6.3(i).
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(ii) Let the conditions (1) and 6.6(2) be satisfied. In view of 2.10, we have to
check that the right S-semimodule Rg is simple. For, let o # idgr, R X R be
a congruence of Rg and A = {a € R|(a,05) ¢ a}. Then |R| > 3, 05 € A,
os ¢ A and it follows from 4.2 and 4.3 that A" = A\ {0s} C g(N). If A" =0
then A = {0g} and @ = ay, a contradiction with (1) and 5.1. It means that
A" # (. Proceeding similarly as in the proof of 6.6, we find that A’ x A’ C «
and R\ A = {og}. Thus A’ = R3 and R3 x R3 C a.

Assume, for a moment, that ab = og for some a € Ry and b € Sy. If a = Og
then Sb = {og} = Sogs and b = og, Rg being faithful, a contradiction. Thus
a € Rs3 and, since b # og, there is v € K with bv # op. We have bv € N,
e(bv)bv = 0pr and g(bv)b # og. If g(bv) = og (i-e., bv = 0py) then a < g(bv)
and og = ab < g(bv)b # og, a contradiction. Thus g(bv) # og and bv # 0yy.
On the other hand, £(bv) # 0Og (since Os ¢ £(NN)), and therefore £(bv) € Rs,
(a,e(bv)) € a3 = (R3 x R3) Uidg and, finally, (ab,(bv)b) = (0g,£(bv)b) ¢ as.
We see that ag is not a congruence of Rg and, since a3 C «, we come to the
equality a@ = ao. But this is a contradiction with ab = og and 5.2.

We have proved that og ¢ R2S3. Now, according to 6.6(2), the set K has at
least one minimal element. If @, b € Ry are such that @ + b = og then @,b € R3,
(a,b) € a and (a,05) = (@+a,a+ b) € a, a contradiction. Thus og ¢ Ry + Rz
and. using 6.3(ii), we conclude that the set K has the smallest element, a
contradiction with 3.19. U

6.9 Remark. Assume that |[R| = 2. Then |M| =3, 2 < |S| < 3 and both S
and Sy are subsemirings of S. In fact, if |S| = 2 then S = R is simple, but the
condition (fl) is not true. If |S| = 3 then S = {0g, 15,05} is not simple.

6.10 Theorem. The semiring S is simple if and only if the following three
conditions are satisfied:

1. S=R+S.
2. S3 =5\ {og} is not a subsemiring of S.

3. If 0g € S then S = S\ {0g} is not a subsemiring of S.

Proof. (i) Let S be simple. Then S = R+ S follows from 2.7. The right
semimodule Rg is simple and faithful. Consequently, |R| > 3 anyway and
ag # idg, R X R (o # idgr, R x R provided that 0g € S). By 5.2 and 5.1,
neither S5 nor S is a subsemiring of S.

(ii) Let the conditions (1), (2) and (3) be fulfilled. It follows from (1) and (2)
thar either a4+ b = og for some a,b € Ry or cd = og for some ¢ € Ry and d € Ss.
From (1) and (3) follows that if 0g € S then ef = Og for some e € Ry and f € S;
(see 5.2 and 5.1). If the set K has no minimal element then Ry + Ry = Ry by
6.3(i), and hence cd = og and we use either 6.6 or 6.7 or 6.8 to show that S
is simple. On the other hand, if the set K has a minimal element then the
condition 6.6(2) is satisfied and we use 6.6, 6.7 or 6.8. O
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7. Constructions

Let M (= M(+4)) be a semilattice containing at least three elements and such
that Opy € M and oy € M. The set E (= Eo,l) of all endomorphisms f of
M such that f(0p) = Op amd f(opr) = opr is a unitary subsemiring of the
full endomorphism semiring of M. The set (D, =)D ={f € E||f(M)| <2}
(={f € E|f(M) = {0nr,on}} is an ideal of the semiring £ and there is a
one-to-one correspondence between endomorphisms ¢ € D and prime ideals of
the semilattice M; namely, ¢ <+ A; = {z € M|q(z) = oy }. If f € E then
A ={xe M| f(x) € Ay} and fq = q. Consequently, D = R(E) and, in fact,
if E' is a subsemiring of E such that D C E then R(E) = D.

For + € N = M \ {on} define ¢ € D by ¢,(y) = 0y for y < z and
qz(2) = op for z £ @, Then A; = {z € M|z £ z} and the endomorphisms
qz correspond to principal prime ideals of the semilattice M. We put (B, =)
B={q|lreN}and (Cy; =) C={qs + +qu,|n>1z; € N} Clearly,
C is just the subsemiring of D generated by the set B. The following three
lemmas are obvious:

7.1 Lemma. C = B iff the ordered set M (<) is a lattice. ]
7.2 Lemma. D = B iff o4 € A for every (proper) subsemilattice A of M. [

7.3 Lemma. Assume that every infinite strictly increasing sequence of element
from M is upwards cofinal in N. Then D = B iff either oy € N or N+ N #
N. O

In the remaining part of this section, let E be a subsemiring of E such that
B C E. The following three lemmas are obvious.

7.4 Lemma. (i) C C E.
(i) R(E) = END.
(iii) qo,, = or € R(E). O

7.5 Lemma. (i) If O € E then Og € R(E) and N + N = N.

(ii) If z € N then g, =0 iff t =ony € N.

(iii) If N+ N = N then the mapping &, where £(N) = {0p} and £(opr) = opr,
belongs to D. If oy € N then £ = q,, € B.

(iv) If N+ N =N and & € E then £ = 0g. O

7.6 Lemma. Assume that every infinite strictly increasing sequence of elements
from M is upwards cofinal in N. Then:

(i) If N+ N # N then oy ¢ N, O ¢ E and R(E)

(ii) If oy € N then oy € N, O = qo, and R(E) =

(iii) If N+ N = N and oy ¢ N then £ € D (see 7.5(iii)) and Op € Eiff £ € E
(then Op = ¢&).

(ivyIN+N=N,ony ¢ N and £ € E then £ ¢ B and R(E
(V) IEN+N=N,onx ¢ Nand & ¢ Ethen{ ¢ B= R(E) an

)=D=BU{¢}.
dD=BuU{¢. O
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The semilattice M becomes a left F-semimodule via the natural action of
endomorphisms and we see readily that the conditions 3(a),...,(e) are fulfilled.
In our case, e(z) = ¢, x € M \ {onm} and gM is a characteristic semimodule.

In what follows, we restrict ourselves to the case when every infinite strictly
increasing (decreasing, resp.) sequence of elements from M is upwards (down-
wards, resp.) cofinal in N = M \ {op} (L = M \ {Oar}, resp.). This means
that the conditions 6(gl) and 6(g2) are fulfilled. We still have to introduce two
additional conditions.

(F1) For all x € N and y,z € K = M \ {Op,0nm}, < y, there is at least one
[ € E such that f(z) <y and f(z) £ z.

(F2) For all z,y € K there is at least one f € E such that f(z) = y.

Notice that (F2) implies (F1) and if (F2) is true then {Oas}, {oar}, {Onr, 00r}
and M are all (pair-wise different) subsemimodules of g M.

7.7 Assume that N+ N # N (i.e., ooy € N+ N). Using (gl), we see that there
is no infinite strictly increasing sequence of elements in M. By 7.6, the set N
has at least two maximal elements, O ¢ F and R(E) = B (= D). The ordered
set M (<) is a lattice. Besides, (F1) is equivalent to 3(f1).

7.7.1 Theorem. Assume that the set L (or K) has at least one minimal ele-
ment. Then:

(i) There is no infinite strictly decreasing sequence of elements in M.

(i1) If (F1) is true then the semiring E is simple if and only if the set B is
downwards cofinal in E (i.e., EC E+ B).

Proof. (i) This follows from (g2).
(ii) Since N + N # N, we have |M| > 4. Now, (F1) implies (f1) and it remains
to use 6.6. O

7.7.2 Theorem. Assume that the set L has no minimal element and (F1) is
true. The following conditions are equivalent:

(i) The semiring FE is simple.

(ii) B is downwards cofinal in E (i.e., E C E + B) and there are w € K and
[ € E such that f(K) # {on} and f(z) £ w for every z € K.

(iii) B is downwards cofinal in E and there are f,g € E such that f(K) #
{orm} # g(K) and fg(K) = {on}.

Proof. (i) implies (ii). We use 6.6. By 6.6(1), E = E + B and we take into
account 6.6(2), where op = qo,,-

(ii) implies (iii). We have ¢, f = qo,, = 0E, quw # 0 # f.

(iii) implies (i). Use 6.6 again. O
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7.8 Assume that oy € N. Then N + N = N, there is no infinite strictly
increasing sequence of elements in M, M(<) is a lattice, O = ¢o,, € E and
R(FE)=B =D (see 7.1 and 7.6). Clearly, ( F1) is equivalent to 3(f1).

7.8.1 Theorem. Assume that the set L (or K) has at least one minimal ele-
ment. Then:

(i) There is no infinite strictly decreasing sequence of elements in M.

(ii) If (F1) is true then the semiring E is simple.

Proof. Use 6.7. t

7.8.2 Theorem. Assume that the set L has no minimal element and (F1) is
true. The following conditions are equivalent:

(i) The semiring E is simple.

(ii) There are w € K and f € E such that f(K) # {om} and f(z) £ w for
every x € K.

(iii) There are f,g € E such that f(K) # {om} # g(K) and fg(K) = {om}.
Proof. Use 6.7. O

7.9 Assume that oy ¢ N, N+ N = N (then N has no maximal element) and
¢ € E (by 7.6(iii), we have £ € F iff 0p € F, and then 0 = ). By 7.6(iv),
R(E) =D =BU{¢} and £ =0 ¢ B. Now, (F1) is equivalent to 3(f1) (use the
fact that oy ¢ N = N + N).

7.9.1 Theorem. Assume that the set L (or K) has at least one minimal ele-
ment. Then:

(i) There is no infinite strictly decreasing sequence of elements in M.

(ii) If (F1) is true then the semiring E is simple if and only if the following two
equivalent conditions are satisfied:

(iil) There are w € K and f € E such that {Op} # f(K) < w.

(ii2) There are f,g € E such that f(K) # {0np} # g(K) and fg(K) = {0n}.

Proof. Use 6.8. O]

7.9.2 Theorem. Assume that the set L has no minimal element and (F1) is
true. The following conditions are equivalent:

(i) The semiring E is simple.

(ii) There are wi,we € K and fi1, fo € E such that fi(K) # {om}, fo(K) #
{0am}, fi(K) £ wi and fo(K) < wsy for every x € K.
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(iii) There are f1, f2,91,92 € E such that f1(K) # {om} # g1(K), f2(K) #
{0} # 92(K), fr91(K) = {om} and fogo(K) = {On}

Proof. Use 6.8. O]

7.10 Assume that oy ¢ N, N+ N = N (then N has no maximal element)
and £ ¢ E. Then Og ¢ E by 7.6(iii) and, by 7.6(v), R(E) = B. Now, (F1) is
equivalent to 3(f1).

7.10.1 Theorem. Assume that the set L (or K) has at least one minimal
element. Then:

(i) There is no infinite strictly decreasing sequence of elements in M.
(ii) If (F1) is true then the semiring E is simple if and only if E C E + B.

Proof. Use 6.6. O

7.10.2 Theorem. Assume that the set L has no minimal element and (F1) is
true. The following conditions are equivalent:

(i) The semiring E is simple.

(i) E C E+ B and there are w € K and f € E such that f(K) # {on} and
f(z) £ w for every x € K.

(iii) E C E+ B and there are f,g € E such that f(K) # {om} # g(K) and
fo(K) = {om}-

Proof. Use 6.6. O

7.11 Remark. (cf. 3.22) (i) Assume that there is an endomorphism f € F
such that f(M) is finite, f(N) C N and |f(M)| > 3.

We have f(M) = {Oa,wi,...,wp,0p}, n > 1, w; € K. Assume that

w=w + -4+w, € K (eg,n=1or N+ N = N) and w # oy. Then
qwf(N) C qu({0pr, w1, ..., wy}) = {O0pr}. Consequently, ¢, f = £ = 0g € E.
If oy € N then ¢, f = ¢oy = O0g. Of course, since w # oy, we have q, # Op.
Since f ¢ R(E), we have f # 0g as well.
(ii) Assume that N + N = N and let u,v € K be such that u < v. Put
F(K) = {u}, g(K) = {v}, f(Op) = O = g(0pr) and f(on) = o = glom).
Clearly, f,g € E, f(M) = {O0n,u,0onm}, g(M) = {0nr,v,0m}, f(N) = {0, u},
9(N) = {0, v}, quf =&, f #EF# qu, g = oy, and qu # oy, # -
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