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Abstract. Let G be a finite group. Let H = N H be a Frobenius group with kernel N
and complement H. If G admits H as a group of automorphisms such that Cg(N) =
{1} and GN is also a Frobenius group with kernel G' and complement N, then G =
GN H is called a double Frobenius group (or 2-Frobenius group). The group G = GN H
is a product of subgroups G < G, N < G, H < G with G <G, GN < G and

G = G:NH = GN:H. In this article we shall construct a double Frobenius group
of the form G = 22":(Zor_1:Z3), where G = 22" N = Zy 1 and H = Z, where
r € N,r > 2. The construction is a general one that gives examples of double Frobenius
groups for particular values of n. In addition to the general construction of the group
G = 2%":(Zar _1:Z3), we calculate in general the conjugacy classes, Fischer matrices
and character table of the group. One example G = 2%:(Z3:Z,), (the case r = 2) is
demonstrated.

Keywords: double Frobenius group, Fischer matrices, character table

1. Introduction

The case where a Frobenius group H = N H acts by automorphisms on a group
G has received some study in recent years. In this situation various properties
(parameters) of G are found to be close to the corresponding properties of C(H)
and H. These properties include the order, rank, exponent, nilpotency class
and Fitting height of G. Khukhro in [7], Khukhro and Makarenko in [8] and
Khukhro, Makarenko and Shumyatsky in [6] have obtained some results in this
regard. We are interested in the case where a Frobenius group H with kernel
N and complement H acts as a group of automorphisms on a group G such
that Cg(N) = {1} and GN is also a Frobenius group. In recent years graphs
associated with finite groups have received much attention. In particular the
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prime graph or Gruenberg-Kegel graph has been the subject of most attention
in interest and research. Both Frobenius and double Frobenius groups appear
in the study of the prime graphs of finite groups. As a result of one of the key
classification theorems of the prime graphs of finite groups (the Gruenberg-Kegel
Theorem), we have that: if G is a finite solvable group (Frobenius groups may
be solvable, double Frobenius groups are always solvable) with a disconnected
prime graph, then G is either Frobenius or double Frobenius.

2. Preliminary results

We will briefly describe here some results on Frobenius and double Frobenius
groups, but first include some material on the method of coset analysis and
Fischer matrices.

2.1 Coset analysis

We will briefly discuss the method of coset analysis which is used to determine
the conjugacy classes of group extensions G = N.G where N is an abelian normal
subgroup of G. The technique is used for both split and non-split extensions.
The technique was first used by Moori in [11]. More details can be found in [12]
and [11].

Let G = N.G, where N <G and G/N = G, be a finite group extension.

1. For each ¢ € G let g € G map to g under the natural epimorphism
7m:G — G and let g1 = Ng;,92 = Ngs, ..., = NG, be representatives
for the conjugacy classes of G = G/N. Therefore, g, € G, Vi, and by
convention we take g, = 1.

2. The method of coset analysis constructs for each conjugacy class [g;]g, 1 <
i < r, a number of conjugacy classes of G. For each 1 < i < r, we let
9i1»9i2s - - Gic(g;) De the corresponding representatives of these classes.
That is, each conjugacy class of G corresponds uniquely to a conjugacy
class of G.

3. We use the notation U = 7(U) for any subset U C G. Therefore, 7! ([g;]c)

= Uj(:gi) [9ij]g for any 1 <4 < 7. We also assume that 7(g;;) = g; and by

convention we take g11 = 1.

4. For fixed i € {1,2,...,7}, act N by conjugation on the coset Ng,; and let
the resulting orbits be Q;1,Qi2, ..., Qik,. If N is abelian (for both a split
and non-split extensions), then

V]
Q| = |Qi2] = ... = |Qir;| = T

5. Act G on Qj1,Q2, .., Qi and suppose f;; orbits fuse together to form
a new orbit A;;, and let the total number of new resulting orbits in this
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action be ¢(g;) (that is 1 < j < ¢(g;)). Then G has a conjugacy class [g;;]5
that contains A;; and |[gijlg| = |[gi]] x |Aij|. We repeat steps 4 and 5
above for all i € {1,2,...,7}.

2.2 Fischer matrices

If G = N.G is a group extension, then G acts on the classes of N and on
the Irr(N). By Brauer’s Theorem (see [5], theorem 6.32 and corollary 6.33)
the number of orbits of both these actions are the same. Let 61,60s,...,60; be
representatives of the orbits of G on Irr(N) and let Hy and Hj denote the
corresponding inertia and inertia factor groups of ;. Bernd Fischer showed that
the character table of G can be constructed by using the character tables of the
inertia factor groups Hj together with some matrices called Fischer-Clifford
matrices (see [4]). We define here the Fischer matrices which are used in the
construction of the character table of any group extension G = N.G, N < G

1. For each [g;]¢ (conjugacy class of @), there corresponds a Fischer matrix
which we denote by M;.

2. lgyleNHr = Uz(ilijk)[gz‘jkn]ﬁka where g;jk, € Hy and by c(g;jkn) we mean
the number of H-conjugacy classes that form a partition for [9ij]- Since
g11 = lg, we have gi11 = 1 and thus c(giix1) = 1 forall 1 <k <.

3. lgslaNH, = Uiﬁi’i) [gikm]H,» Where gikm € Hj and by c(gi) we mean
the number of Hi-conjugacy classes that form a partition for [g;]¢. Since
91 = lg, we have g1x1 = 1 and thus ¢(g1x1) = 1 for all 1 < k < ¢. Also,

7(ijkn) = Gikm for some m = f(j,n).

4. The top of the columns of the Fischer matrix M; are labeled by the rep-
resentatives of [g;j]z, 1 < j < ¢(g;) obtained by coset analysis and below
each g;; we put |Cx(gi5)|-

5. The bottom of the columns of M; are labeled by some weights m;; defined
by

_ 1Ca(gi)]
mij = ING(Ng) : Cala)) = NI 2S00
= Natan) s ol = ¥lig g,
6. To label the rows of M; we define the set J; to be

Ji={k,m)|1<k<t, 1<m<c(gw)}

7. Then each row of M; is indexed by a pair (k,m) € J;.

8. For a fixed 1 < k <t, we let M;; be a submatrix of M; with rows corre-
sponding to the pairs (k, 1), (k,2),..., (k7).
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9. Let

c(gijk)
(km) 1Ca(gi)l
! 2 1Cx, (Gijin)| !

n=1
for which 7(g;jkn) = gikm) and where % is the extension of 6 to Hy.

10. For each i, corresponding to the conjugacy class [g;], we define the Fischer

matrix M; = (ag?’m)), where 1 <k <t, 1 <m<c(gir), 1 <j<elgi).
11. The Fischer matrix M; is now given by

M
Mo

M;

12. In the Fischer matrix M;, each M is the submatrix corresponding to the
inertia group Hj and it’s inertia factor Hy.

The Fischer matrices have numerous properties that help in their computa-
tions. For details on the Fischer matrices and their properties, see [1], [2], [13],
[15], [17], [14] and [18].

2.3 Frobenius group

Definition 2.1. We define a group H = N:H to be a Frobenius group if it has
a proper subgroup H # {15} such that HN H* = {1} for allz € H— H. The
subgroup H is called the complement and the non-trivial subgroup N is called
the kernel.

2.4 Properties of Frobenius Groups and their characters

We list here some properties of Frobenius groups and their ordinary characters.
Let H = NH be a Frobenius group with kernel N and complement H.

1. The kernel N is unique and nilpotent and N < H.
3. [H||[(|N] - 1).

4. The action of H on N is fixed point free. Hence, the lengths of the non-
trivial orbits of the action of H on N is |H| by the orbit stabilizer theorem.
Therefore |[N| = 1 4+ m|H| where m is the number of non-trivial orbits of
the action of H on N.
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. The Sylow p-subgroups of H are generalized quaternion or cyclic if p = 2

and cyclic if p # 2.

H has a trivial center.

.c(H) = o)=L 4 c¢(H) where ¢(H), ¢(N) and c¢(H) are the number of

[H] T
conjugacy classes of H, N and H respectively.

I ¢1 # ¢ € Irr(N) where ¢1 is the trivial character of N, then o €

Irr(H).

. If o € Irr(H), then either N C kery or ¢ = #H for some irreducible

character ¢ # ¢; of N, thus the irreducible characters of H are of two
types; those with kernel containing N and those induced from irreducible
characters of N.

If ¢ € Irr(H), such that keriy 2 N and p is the regular representation of
H, then ¢| = np where n € N and we have that |H||¢(15). Furthermore,
if ¢1 # ¢ € Irr(N) is a linear character, then |H| = ¢(15).

If 1 # ¢ € Irr(IN), then ¢ has inertia group I7(¢) = N.

H has a = C(Al[[){r ! distinct irreducible characters of the form gbﬁ, 1 #

¢ € Irr(N) and hence, ¢(H) = n irreducible characters ¢ € Irr(H), with
N C kery

Proofs of the results mentioned here can be found in [16].

2.5 Double Frobenius group

Definition 2.2. Let G be a finite group. Let H = NH be a Frobenius group
with kernel N and complement H. If G admits H as a Frobenius group of
automorphisms with Cq(N) = {lg} such that GN is also a Frobenius group
with kernel G and complement N, then G = GNH is called a double Frobenius

group.

2.6 Properties of double Frobenius groups

We list here some properties of double Frobenius groups. Let G = GNH be a
double Frobenius group with Frobenius subgroups GN and N H.

1.
2.
3.

G <G and GN < G.
Double Frobenius groups are solvable.

In the double Frobenius group G = GNH, N is cyclic and of odd order
and H is cyclic.

. The center of a double Frobenius group is trivial.
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Before describing our construction we mention the following two results
which we make reference to.

Lemma 2.3 ([10]). Let (G,+) be an elementary abelian group of order p™ for
some prime p. There is a cyclic fixed point free automorphism group of order k
on G if and only if k | p™ — 1.

Proof. See [10][Corollary 5.4]. O

Proposition 2.4 ([10]). Let ® be a fized point free automorphism group on the
additive group (N,+). Then the semi-direct product G = ®:N is a Frobenius
group with complement ® and kernel N.

Proof. See [10][Proposition 7.3]. O

3. Constructing the group G = 22":(Zyr_1:7Z5)

From our definition, a double Frobenius group is the result of a group action of a
Frobenius group H on a finite group G. Our construction therefore begins here.
We look for a Frobenius group H. Frobenius groups play an important role in
finite group theory as point stabilizers of Zassenhaus groups (doubly transitive
permutation groups in which some non-identity element fixes two points but
none fixes three). They also appear frequently as maximal subgroups of the
finite simple groups.

We aim to construct double Frobenius groups using PSL(n,q) with n = 2
and ¢ even. For g even, PSL(2,q) has maximal subgroups which are Dihedral
groups of order 2(¢ — 1) or 2(¢ + 1), (see King [9]).

Since ¢ is even, ¢ — 1 is odd and hence, the maximal subgroup of order
2(q — 1) is a Frobenius group due to the fact that the Dihedral group Dy, is
Frobenius if m is odd. Let ¢ = 2", 2 <r € N, then the Frobenius group Dy(,_)
has the form Zor_1:Zy. Now for g even, PSL(2,q) = SL(2,q) < GL(2,q). The
natural action of GL(2,q) on the elementary abelian group of order ¢* implies
that ¢?:(Zar _1:Z2) < ¢*:GL(2,q).

Therefore, (27)%:(Zar—1:Z9) < (27)%:GL(2,27). Since 2" — 1 divides 2% — 1
(because 22" —1 = 2" — 1 x 2" + 1), if 22":Zyr 1 is a Frobenius group, then by
Proposition 2.4 and Lemma 2.3, 2%7:(Zyr _1:Z2) is a double Frobenius group.

4. Fischer matrices and character table of 227’:(Zgr_1:Z2)

In this section we shall determine the conjugacy classes, Fischer matrices and
character table of the double Frobenius group 2%7:(Zyr _1:Z5). We give a general
description of the conjugacy classes, Fischer matrices and character table of the
group.

Let G = GNH be a double Frobenius group with GN and NH Frobenius
groups. Consider now the double Frobenius group 22":(Zgr_1:22). Let G =
GNH = 2% :(Zyr _1:Z3). Then, G = 2?", N = Zyr_1 and H = Zs.
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5. The group H = Zor_1:7»

We will first determine the conjugacy classes of the Frobenius group H =
ZQT-_IZZQ.

5.1 Conjugacy classes of H

We know that Zgr_1:Zs is a Frobenius group with kernel N = (a) = Zyr_1 and
complement H = (b) = Zs. Since H acts on N with fixed point free action,

N|-1
= |1|{ \
and the length of each orbit is given by |H|. Therefore, here the orbits of Zs on
Zor_1 have lengths 1 and 2. Using the method of coset analysis, briefly described
in Section 2.1, we analyse the coset Nh for each h € H and find the values of
k where k is the order of the stabilizer in N of h. The values of k& can be
determined from the action of H on N. Since this action is fixed point free,
k=2"—1for h=1g and k =1 for h = b.

Forh=1y, k=2"—1,fi=1land fi=2 Vi€ {2,3,...,a+1}.

FOI'hle, k:2r—1, f1:1:

we have that the number of non-trivial orbits of H on N is given by «

|Cr(z)| = (2T11)X

9

= |H].
So for fi = 1, we have the identity class of H.
Forh=1y, k=2"-1 ,f;=2:

X

Co()| = (2“21)2 ||,

So for f; = 2, we have a class of H containing x with o(z) = 2" — 1. The size
of the conjugacy class is

~_|H] _(2T—1)><2_2
O] 2r—-1 7

Note that there are % =271 _ 1 such classes in NH.

For h=bwehave k=1, f=1:

| ()]

Therefore,
|H | (2" —1)x2 ,
etz |Cr(@)] 2

So, for the coset Nb there is a unique involutary class of H containing h.
_From the above we deduce that there are 1+ 2r1-1)+1= 27:1 +1 classes
in H. This number can be confirmed by (6) in section 2.4, since H = Zgr_1:Zo
and we have that
¢(N) -1 or—9
SSAD i, W
IH]| + 5 +

The full list of conjugacy classes based on coset analysis is given in Table 1.

c(H)=c(H)+a=c(H)+
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Note:

Table 1: Conjugacy Classes of H

g 1 1 | (27 —1)2

H | H=NH |o(h) \CNH (h)]
1)
(2r — 1)A1 C1 2" —1

(2" —DAq | ca | 27-1
b 2A 2 2

Table notes

1. (2" — 1)A; is the conjugacy class containing elements of order 2" — 1.

2. (2A) is the conjugacy class containing elements of order 2 using the
notation of the ATLAS.

3. Also here H = (b) and ¢; for 1 = 1,2, ..., « divides the order of N = 2" — 1.

5.2 Character Table of H

We obtain here a general description of the character table of the Frobenius
group H. To construct the character table we will use the results (7-11) listed
in section 2.4 above and the following:

1.

The irreducible characters of H with kernel containing N are y; and o
of degree 1 and those induced from non-trivial irreducible characters of N
are X3, X4, - - - » X2+ Of degree 2 (see table below).

‘C a; ’Z|CN l‘z

where ¢ € Irr(N), [a;] is the conjugacy class of H containing a; and
xr1,T9,..., T, are class representatives for the classes oi N that fuse to [a;].
Since |C(aj)| = 2"—1and |Cn(z;)| = [N| = 2"—1, ¢ (a;) = 112 ().
The sum on the right hand side are the orbit sums of the action of H on
N.

. We know that Zs acts fixed point free on Zor _1, the number of non-trivial

orbits is given by a = |A\[I‘{|1 = 2"=1 — 1 and the length of each orbit is
given by |H| = 2. Also, since H is dihedral, the action of Zs on Zgr_1 is
given by ba’b~! = a7

The orbits are: ©; = {a’,a} for j=1,2,...,cand i =1,2,..., 0.

. Now let p; = 2?21 o(x;) = [cj(i, 1)], for j =2,3,...,«, then p; = ¢(z;) +

¢(x; ).
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So pj = ¢(z;) + ¢(x;) = 2t, where t is the real part of exp(

The following table gives the partial character table of H, namely the values
of the induced characters of degree 2, x3, X4, - - - X2+a, On classes ((27" —1DA;, i=

J. MOORI anp P. PERUMAL

72

L2,.. ~704), where p; = 232‘:1 tj =2t; and t; = exp(Q?ffl).
2r—1)A | (2" —1DAs | (2" —1DA3 | .oeennn.. (2" —1)A,
X3 b1 D2 2 S Pa
X4 p2 p3 P4 | e Pa—1
X2+« Pa Pa—1 Pa—2 | v P1

_ We now produce the character tables of Zg, Zyr—1 and the Frobenius group
H in Tables 2, 3 and 4 respectively.

Table 2: Character Table of Zo

Classes | e b
X1 1 1
X2 1]-1

Table 3: Character Table of Zor_1

Classes | e a a? L e
01 1 1 1 1 |1 1
o) 1 P P> R I e

Gor—q | 1| p¥ 2| p¥ 3 D

2mi

Note:Table note: p = e -1

Remark 5.1. Forn € PSL(2,q) = SL(2,q), geven (¢ =2"),letn =

A0
0 A1
10

) 1)

> for z,y, z,t € F, such that bnb~! =n~1 and (n, b) = 7% 1 7.

)

N

where A € F; and o(A) = ¢ — 1. Then there exists an involution
Ty

bz(z t

For b = ( z Zl; ) , the following conditions apply:
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Table 4: Character Table of H = NH

(g9) (1) (2" —1)A1 ... (2" —1)A, | (24)
Cx(9)] | (2" —1)2 2" —1 . 2" —1 2
X1 1 1.0 1 1
X2 1 1. 1 -1
X3 2 DL oeeeneeeeenn. Do 0
X4 2 P2 Pa-1 0
X2+a 2 Dop evoeeeevnnnnn 1 0
Note: Table note: p; = 2321 tj = 2t; where t; = exp(ﬁf’i).
o xt—yz=1 ......... (1)
2
o (T ety (10N o
zz+ 2t yz+t 01

o 2 4yz=1 .........
e zxy+yt=0 .........
o xz+2t=0 .........
o zy+tP=1 .........

581

From equation (5) above, we have that y(z +¢t) = 0 and that y = 0 or
x +t = 0. Similarly from equation (6), we have z(x +¢) = 0 and z = 0 or
xz+t = 0. From these two equations we have the following six cases to consider.

e Case l: y=0and x +t=0.

e Case 2: z=0and z+¢t=0.

e Case 3:y=2=0.

e Case 4: y = 0.
e Case 5: 2 =0.
e Case 6: x +t=0.
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We now consider each case:

1. Case 1: y=0and x +t=0. If z +¢ =0 then x = —f = ¢ since in prime

field Fo, —1 = 1. Now y = 0 implies by equation (4) that 22 = 1 and = = 1.
This gives us b = < Lo >

z 1
1 0\/x O 10 Ao
-1 _,—1; : -
Now bnb~" = n~" implies that <z 1> <0 )\_1> (z 1> = < 0 A)'
A 0 Ao
So, < g oal Al ) = < 0\ > Therefore, we must have

22+ 2271 =0 and

z(A+ A1) = 0 implies z = 0 since A + A™! = 0 implies that o(\) = 2
which we can not have.

Hence, this gives b = < (1) (1) ), a contradiction.

. Case2: z=0and x +t = 0. Just as in Case 1 above we arrive at the

1

conclusion that b = < 0 1

> , a contradiction.

0 1

. Case 3: If y = z = 0, then as in Cases 1 and 2 above, we get b = ( L0 ),

a contradiction.

. Case 4: If y = 0 then equation (4) implies that x = 1. So b has the form

< i (1) ) . This case is similar to Case 1 above and we get: b = < (1) (1) )7

a contradiction.

. Case 5: z = 0 gives us a similar conclusion as in Case 4 above where we

get b= < (1) [1) >, a contradiction.

. Case 6: If x +t =0, then x = t. There are two cases to consider here:

(i)x =t # 0 and (ii)z =t = 0.

_ Ty (A0
If:c-t;é(),thenbhastheform(z $>.Thenforn—<0 )\_1>
and A # 0, bnb~! = n~! gives:

() Gaa) () = (0 3)

22N+ zyAt zyd 4+ ay ! B Ao
P 2D S 7D WD W N 0 X/

So,
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So, this gives us the following: zyA +zyA~t =0 ......... (8). Then
ryA+ A7) =0and A+ A"t =0orxy =0. f A+ A1 =0, then A = A1
and o(\) = 2 which is not possible since A is an element in a cyclic group
of odd order. Therefore, zy = 0 and since z # 0, y = 0. Similarly using
the equation 22\ + 2zA~! = 0, we arrive at the conclusion z = 0. So for
this first case x = t # 0 implies that y = z = 0 and equation (1) gives
r = 1. Hence, b = ((1) 1
x+t=0and z =t =0, then equations (1) and (4) implies that yz = 1.
Thus, b has the form < 0y >
z 0

0 X

A0

), a contradiction. For the second case, if

Then z =y ! and b = ( > for \' € Fg.-

Before describing the conjugacy classes of the double Frobenius group
22":(Zgr _1:7s), we make the following Note.
Note 5.2. 1. |PSL(2,q)| = ¢® — q if q is even.

2. If ¢ is even, then PSL(2,q) = SL(2,q).

3. The group SL(2,q), ¢ = 2!, t > 1 has q + 1 distinct conjugacy classes.
These classes are described in the Table 5.

Table 5: Conjugacy Classes of SL(2,q), q even.

Class TM T(®) 7®) 7@
1 0 1 1 o 0 0 1
Rep. of Class <0 1) <0 1) <0 o > (1 r—i—rq)
No. of Classes 1 1 q% %
ICsreon@)] | & —q q q—1 q+1
Cyl 1 ¢ —1 qlg+1) qlg—1)

Note: Table notes;
1. aGIF;, Oé:€k7 k #0
2. Fl» = (6) and r = 014=1I for j =1,2,...,

N

6. Conjugacy classes of 2%":(Zyr_1:Zs3)

We determine now the conjugacy classes of the double Frobenius group G =
GNH = G:NH where N = (a) = Zor_1 and H = (b) = Zs.

To determine the conjugacy classes of G, we consider the cosets hG where
h€NH=H.
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The coset 1G :

Now for h = 14, the identity of H, h fixes all elements of G so k = 22". We
now act the centralizer of h = 147, Cg(h) = H on G.

Now let nh € H = NH for 17 # n € N, 15 # h € H. Then for g € G,
g™ = nhgh~'n~' = n(hgh™")n=" = n(¢")n~" = (¢")".

Therefore to act H on G, we act h € H first and then act n € N.

Now Zgr_1:Z9 < PSL(2,2") = SL(2,2") < GL(2,2") and H = (b) where b
is an involution in PSL(2,2"). The group SL(2,q), q even, (¢ =2" ,r > 1) has
q + 1 distinct conjugacy classes. Of these ¢ + 1 classes there is only one class of
involutions. The size of this class is ¢> — 1 and for any involution b € SL(2,q),

b has the form < 2 y > , where x, z € F7. See the Note 5.2.

0

Now G = V,(F,), the vector space of dimension two over the field of ¢ = 2"
elements. So G = {0, Mey, Mes, (Mey + Meg)} for i, j ={0,1,2,...,q— 2},
where A, M € [y, and {e1, ez} is a basis of G, with e? =1, e2 = 1. So in the
action of H on G, we look at the action of b = ( 2 ‘g
G =22 = {0, Ney, NMea, (Mey + Mey)} followed by the action of N on these
orbits (the orbits of b on G).

Now H acts on the 22" elements of G fixing (including the identity) 2"
elements and permuting the remaining 22" — 2" elements in orbits of length
two. So the elements of G are now in QZTT_QT orbits of length two plus the 2"

> on the elements of

fixed points. Acting N on these 2" fixed points and the 2%7727 orbits gives the
following:

1. Each of the (2" — 1) (identity excluded) fixed points fuses with LEQ =
27=1 — 1 of the two cycles to form an orbit of size (2" — 1). There are
(2" — 1) of these orbits.

2. The remaining 22" — {(2" — 1)(2" — 1) + 1} = 2(2") — 2 elements fuse to
form an orbit of size 2(2" — 1).

So the action of C(h) = H on G, gives the following: one orbit of length
one, one orbit of length 2(2" — 1) and (2" — 1) orbits of length (2" — 1).

Therefore we have: k =2?" and fi =1, fi =2"—1fori=2,3,...,2" — 1
and forpp =2(2" —1).

k=27 fi=1:
k x |CH(1% 22T (2N —1)x2
Cglo)| = 221l _ 22XV > 2
1 1
G| 27 x (21 —1) x2

= 1.

”x]él = |C§(SL‘)‘ T 92r (2r _ 1) % 2

So for fi = 1 we have the identity class of G.
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k=2 fi=2"—1fori=2,3,...,2" — 1.

kx|Crp] 27 x (2" —1) x 2

|Ca(@)] 5 - _ 9% o,
ol = oy = ZX X2y,
k=2, fi=2(2"—1):
[ \Cﬁm 2 x (22’"2: Dx2 B

Therefore the identity coset 1G produces the following conjugacy classes of
G = 2%":(Zyr_1:Z3): the identity conjugacy class, one class of size 2(2" — 1) and
(2" — 1) classes of size (2" — 1). The order of the non -identity elements in all
the classes from the identity coset is two.

The coset bG :
When G acts on the coset bG, it partitions the coset into 2" orbits of size 2".
The 2" orbits of the action of G on the coset bG consists of the orbit containing

b, and (2" —1) remaining orbits each containing bA’e; fori = 0, 1,...,¢—2 where
q = 2". The orbit containing b also contains bA(e; + es) for i = 0,1,...,q — 2.
Each of the orbits containing bA’e; also contain bA‘ey for i = 0,1,...,¢ — 2 and

a two cycle {(Aey + Mea) , (Mey + Neg)} fori # jand i, j =0,1,...,q— 2.
We now act the centralizer of b € H, Cz(b) on these 2" orbits. Since
C3(b) = (b), the action of the centralizer is just the action of (b).
When b acts on G, it fixes zero and each \f(e; + e3) for i = 0,1,...,q — 2

and permutes the remaining 2" — 2" elements of G into QZTT_QT orbits of length

two. These WT*QT orbits are of the form (Mej , Aeg) fori=0,1,...,¢—2 and
{(Ner + Mea) , (Meg + Xeg)} for i # jand i, j =0,1,...,q— 2.

This implies that when (b) = C7(b) acts on the 2" orbits, it permutes the
elements in each of the 2" orbits.

k=2", fi=1fori=1,2,...,2":

_kX‘Cﬁ(b)’_2TX2_

|Ca(2)| 7 =22
G 2 x(2r-1)x2 ) -
|lz]g| = et 5o =2"x (2" —1).

Therefore, the coset bG produces 2" conjugacy classes of G each of size
2"(2" — 1). We determine now the orders of the elements in these 2" conjugacy
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classes. Using the result for element orders in the group G = G:H, where G is
an elementary 2-group, we have that w = gg® for g € G, b € H. Now if w = 1,
then ¢g~! = g = ¢° since o(g) = 2. Therefore, if b fixes g € G, then o(g) = 2
for gp = g € G. If w # 1, then o(g) = 4. Since the conjugacy class containing
b is the class that has the fixed points, from the discussion above the order of
the elements in this class is two (as would be expected since the class has the
element b in it). The order of the elements in the remaining (2" — 1) conjugacy
classes is four.

The coset ;G : for i = 1,2,...,m where m is the number of non-trivial
orbits of the action of H on N. Now the action of G on the coset ;G for
i = 1,2,...,m produces a single orbit of length 2?". The centralizer of a; €
N, Cg(a;) = (a;) acts fixed point free on the orbit permuting the elements
in the orbit. Therefore, for each a; € N for i = 1,2,...,m, there is a single
conjugacy class of G. There are m such classes.

k=1, f=1:

_ k x |Cz(a)l _1x (2" —1)
fi 1

G 2T x (27 —1) x 2

Hx]é‘ - ‘Cé(mﬂ - or _ 1

|Ce ()| =2" -1,

=92 x 27,

The coset a;G, produces a single conjugacy class of G of size 2(22"). The
order of the elements in the class is 2" — 1.

Note 6.1. From the discussion above we can determine the number of conjugacy
classes of GG. The classes produced by the identity coset are the identity class,
(2" — 1) classes of size (2" — 1) and one class of size 2(2" — 1). The coset bG

produces 2" classes of size 2" (2" — 1). Each of the cosets a;G for i = 1,2,...,m
where m = |N;1 = % = 2"1 — 1 is the number of non-trivial orbits of H on

N produces a single conjugacy class of size 2(22"). There are m such classes.
o(G)=(1+2"—-1+1)+(2)+ (2" —1)=2x2 42 =27t 4271,

The full list of conjugacy classes based on coset analysis is given in Table 6.
The following Proposition and Remark will be used to construct the Fischer
matrices of the double Frobenius group 22T2(ZQT_1222).

Proposition 6.2 ([15]). If G is elementary abelian and M = Im(¢,) where ¢4
is an endomorphism of G defined by ¢, : x — xgz~tg! for x € G, then [G :
M] = k where k is the number of elements of G fized by a class representative
h € H where G =G : H.

Proof. The orbits Q1, @2, ...,Qk of G acting on hG are the same as the or-
bits D1, Ds,...,D;, of M acting on hG by left multiplication. Also the orbits
Dy, Dy, ..., Dy can be identified with the elements of G /M. Then it follows that
G/M =[G : M] =k. O
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Table 6: Conjugacy Classes of G = G:(NH)

H=NH|G=G(NH) [o(g) | |l C5(9)]
1 1 1 1 22r(27 —1)2
(24); 2 | 271 2(2%7)
(24), 2 | 27-1 2(2%)
@At | 2 | -1 | 202
(24)2r 11 2 | 22" —1) 22r
b (2B) 2 [ 272" —1) 2(27)
(44), 4 |2r(2r—1) 2(2")
(4A), 4 22" —-1) 2(27)
Gy | 4 |re-y| e
a (2" - 1A c1 2(22r) 2" —1
as (2" —1)As c2 2(227) 2r -1
a;n (2" —'1)14m c; 2(2% 1

Remark 6.3. If GG is an elementary abelian p-group, then from coset analysis
for the group G = G:H, we obtain k = p™ for 0 < m < n, where |G| = p" and k
is the number of elements of G fixed by a class representative h of H. Suppose
for some class representative h € H, we have the orbits Q1,Qa,...,Q} of the
action of G on hG. Then for h € CF(E), suppose that acting h on the orbits
Q1,Q2,...,Qk, we get f1 = fo = ... = fr =1 and that the entries of the first

column of M (h) are 1. Then in this case, the Fischer matrix M (h) coincides
with the character table of the abelian group G/M of order k = p™.
7. Fischer matrices of 2%7:(Zyr_1:75)

In this section we will give a general description of the number of Fischer ma-
trices and their form for the double Frobenius group G = 22”:(Z2r,1:Z2). For
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each conjugacy class of H there is a corresponding Fischer matrix. Therefore
there are 2" ! 4 1 such matrices. The action of H on G produces 2" + 1 orbits.
The Fischer matrix M (1) corresponding to the identity coset is therefore a
((2" +1) x (2" + 1)) matrix. Since the action of H of G has 2" + 1 orbits, by
Brauer’s Lemma the action of H on Irr(G) has 2" + 1 orbits also. The lengths
of the orbits are 1, (2" — 1) and 2(2" — 1). The number of orbits of each length
is 1, (2" — 1) and 1 respectively. We can show that the orbits of the action of
H on Irr(G) also has lengths 1, (2" — 1) and 2(2" — 1) and that the number of
orbits is also 1, (2" — 1) and 1 respectively. Now when H acts on Irr(G), the
possibilities for orbit lengths are: 1, 2, (2" — 1) and 2(2" — 1). Let the number
of orbits of length one be a, the number of orbits of length two be b, the number
of orbits of length 2" — 1 be ¢ and the number of orbits of length 2(2" — 1) be d.
Then
a+btcetd=2"+1 - - (1)

and
a+2b+ (2" —1)c+22" —1)d=2* -..... (2).

where a,b,c,d € N.

We find values for a,b,c,d. Note first that we can assume that r > 2 in
equations 1 and 2 above since r = 0 and r = 1 give trivial cases for the double
Frobenius group 22" : (Zgr_1 : Zs).

We know that a > 1 since the action of H on Irr(G) fixes the identity
character. We claim that a = 1. So suppose that a > 1. Then equation (2)
implies that (a — 1) +2b+¢(2" — 1) +2d(2" — 1) = 22" —1 -----. (3). So,
(a—1)+2b+c(2"=1)+2d2" —-1)=2"=1)(2"+1) «----- (4). Since 2" — 1
divides the right hand side of equation (4), it must divide the left hand side also.
Therefore, 2" — 1 divides (a — 1) 4+ 2b. So (2" — 1)a = a — 1 + b for some «a € N.
From this equation we get a + b = a2" — « + 1. Substituting this into equation

(1) above gives c+d =2"(1—a)+ @ ------ (5). Since r > 2, and a,b,c,d € N,
equation (5) will only be true if « =0 or a = 1.
a=0:

Then a + b =1 and since a # 0, b = 0 and a = 1. This is a contradiction
since a > 1.
a=1:

Then a+b = 2" and c+d = 1. Therefore there are two cases to consider:(i) ¢ =
Oandd=1(ii)c=1and d=0.

If c = 0 and d = 1, then equation (2) implies that a + 2b + 2(2" — 1) = 2?7
and hence 2" + b+ 2(2" — 1) = 22" after substituting for a = 2" — b. This gives
22T =ph— 2427 4227 ... (6). Now 2" divides the left hand side of equation
(6) and must divide the right hand side also. Therefore, 2" divides b — 2 and
b= 2"~ + 2 for some v € N. This is a contradiction since b < 2".

If d = 0 and ¢ = 1, then equation(2) implies that a + 2b 4 2" — 1 = 227
and hence 2" + b+ 2" — 1 = 2?7 after substituting for a = 2" — b. This gives
27" =ph—1422" .- (7). Now 2" divides the left hand side of equation(7) and



ON THE DOUBLE FROBENIUS GROUP OF THE FORM 227:(Zar _1:Z2) 589

must divide the right hand side also. Therefore, 2" dividesb—1 and b =2"§+ 1
for some § € N. This is a contradiction since b < 2".

Therefore, a = 1 as claimed. With a = 1, from equation (1) we now have
that b+c+d = 2" and from equation (2) we have that 2b+(2"—1)c+2(2"—1)d =
(2" —1)(2"+1). Since 2" — 1 divides the right hand side of this equation, it must
divide the left hand side. This implies that 2" — 1 divides 2b. Since 2" — 1 is
odd, 2" — 1 must divide b. Thus, we have (2" — 1)e = b for some ¢ € N. From
equation (1), a4+ b+ c+d = 2" + 1 which implies that b+ ¢+ d = 2" and hence
that b < 2". So, (2" — 1)e < 2" and since r > 2, this inequality is true only if
e=0ore=1.

If e =1, then b = 2" — 1 and equation (1) now implies that ¢+ d = 1. There
are two cases to consider.

c=0,d=1:

Equation (2) now implies that 2(2" — 1) + 04+ 2(2" — 1) = (2" + 1)(2" — 1),
which gives us 4 = 2" + 1 which is false.

c=1,d=0:

Equation (2) now implies that 2(2" — 1) +2" —1 = (2" + 1)(2" — 1) and
3 = 2" + 1 which is false for r > 2.

Thus we must have ¢ = 0 and hence b = 0.

With ¢ = 1 and b = 0, equation (1) and equation (2) now give ¢+ d = 2"
and ¢ + 2d = 2" + 1 respectively. Solving gives us d =1 and ¢ = 2" — 1.

Therefore a = 1 = d, b = 0 and ¢ = 2". Therefore, when H acts on Irr(G),
there is one orbit of length one, 2" — 1 orbits of length 2" — 1 and one orbit
of length 2(2" — 1). This is the same number of orbits and orbit lengths as the
action of H on G.

7.1 The Inertia groups and inertia factor groups of 22":(Zor_1:75)

Using the results of the section above, we can give a general description of
the inertia groups and inertia factor groups for the double Frobenius group
22r:(Z2r_1:Z2).

Now denote the inertia groups by P and the inertia factor groups by P. Since
the action of H on the Irr(G) has orbit lengths 1, (2" —1), 2(2" —1), the inertia
groups are:

?1 = é = 227“:(22?«71:22) s ?2 = Fg = = ?21" = G:H = 22TZZ2 5 P27*+1 =
G =27,

The inertia factor groups are:

P1:F:Z2r,12Z2, P2:P3:--':P2r:H:Z2,P2r+1:{1ﬁ}.

7.2 Fischer matrices

There are (2" + 1) Fischer matrices, namely, M (15), M(b) and M(a;) for i =
1,2, ,m where m = 2"~! — 1 is the number of non-trivial orbits of the
action of H on N.
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This is a ((2" + 1) x (2" + 1)) matrix. The first row of the matrix is a row
of 1’s. The first column of the matrix consists of the (2" 4 1) entries: (1, 2" —

1,27 =1, ceeeeene ,2" —1, 2(2" —1))". There are (2" —1) entries of (2" —1). The
last column of the matrix consists of the entries (1, -1, =1, eeeeen , 2T — 2)t.
There are (2" — 1) entries of —1. The last row of the matrix consists of the
entries (2(2’" —1), =2, =2,--crnnn ,27 — 2). The remainder of the matrix
is a (2’” —1x2"— 1) block whose rows are just a permutation of the entries
(2" =1, =1, =1, ceeeees ,—1). This is the block denoted by X X X in the

Fischer matrix shown below.

1 R 1 1
2 1 1
r 1 —1
M (1) = X X X X
r_1 —1
227 —1) | -2 -2 ...... 92272

M(b) :

Thisis a (2T X 27") matrix. By Remark 6.3, the Fischer matrix corresponding
to b € H coincides with the character table of the elementary abelian group of
order k = 2™ where k is number of fixed points of the action of b on G.

Character Table of
M(b) = | elementary abelian group
of order 2™

M(a;) :
These are just singleton matrices with entry 1 of which there are m = 2" ~1—1
in number.

8. Example-the group 2*:(Zs3:Z,)

In this section we apply the theory developed in section 4 to the group G =
24:(23:22. Let G = GNH where G 2 2% N = Zor_1, H =7y and NH = H.
Let 7 =2, then G = 2% N =73 = (a), H=Zy = (b) and NH = H = Z3:Zs.
We know that Zs:Zy < PSL(2,4) = SL(2,4). We note also that PSL(2,4) has
a single class of involutions and a single class of elements of order three. Now

o(b) = 2, b:<(1] é)anda: (3 )\91 > where (A\) = F}, o(a) = 3.
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G = {O, e1, ea, (e1 + e2), Aep, Aes, /\261, )\262, Aer + e2), )\2(61+
€2), Ae1 + ea, A2er + ea, er + Aea, e1 + Nea, A2er + Aea, Aep + A2ex} and
GF(4) = {0, 1, A, A2}

0 1 1 0
NOW,vvehavethat(1 0><0>—<1>and
0 1 0 1
<1 0) (1):<0>,sob61:egandbegzel.

8.1 Conjugacy classes of G = 2*:(Z3:7Z5)

To calculate the conjugacy classes of G, we need the conjugacy classes of the
group H = Z3:Z3y. The conjugacy classes of H are represented in Table 7.

Conjugacy classes of : H = Z3:Zs.

Table 7: Conjugacy Classes of Z3:Zs

classes of Zs:Zo | [1] [b] [d]
[Calg)] 6 2 3

o(9) 1 2 3

L]l 1 3 2

To calculate the conjugacy classes of G we use the method of coset analysis.

Conjugacy classes of : G = 2%:(Z3:7Z5).

To determine the conjugacy classes of G = 2%:(Z3:Zs), we consider the cosets
hG where h € H = Z3: 7.

The coset 1G: Now for h = 177, the identity of H, h fixes all elements of
G so k = 2*. We now act the centralizer of h = 1, C(1z) = H on G.
To act H on G, we first act b € Zy and then act a € Zs.

The action of b on G:

In this action, b fixes {0, (e1 + e2), A(e1 + e2), A%(e1 + e2)} and permutes
the remaining 12 elements in the following 2 cycles:

{61, 62}, {)\61, )\62}, {)\261, )\262}, {()\61 + e2), (e1 + /\62)}, {()\261 +
62), (61 + )\262}, {()\261 + )\62), ()\61 + )\262}.

Now acting a € Z3 on the 4 fixed points of b and the six 2 cycles we get:

a fixes the zero vector of G and when it acts on the orbits of b, each fixed
point A'(e; + ez) for i = 0, 1, 2 fuses with a 2 cycle to form an orbit of size
three as follows:

0, = {(61 + 62)7 ()\261 + )\62), ()\61 + )\262},

@2 = {)\(61 + 62), ()\261 + 62), (61 + )\262)},
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O3 = {)\2(61 + 62), ()\61 + 62), (61 + )\62)}.

The remaining orbits come together under the action of a to form the orbit

©4 of size six.
2 2
@4 = {61, €9, )\61, /\62, A €1, A 62}.

Thus, the identity coset produces 5 orbits (conjugacy classes) of G, viz, the
singleton orbit containing the identity, three orbits of size three containing the
remaining three fixed points, one in each orbit, and an orbit of size six.

Therefore we have:k =2%* and fi =1, fo =3, f3=3, f1 =3, f5 =6.
k=24 fi=1:

k x |Cx(14 24 x6
Cglo)| = 2! ffj( )l _ !
elg] = G| _ 24 % 6 _
“1 Cg(@)] 2t x6

So for f; = 1 we have the identity class of G.
k=24 fi=3: fori=2,3,4

kx|Crig)  2'x6

|Co ()| 7 == =32
G 2t x6
el = Jeg = 32 =%

This will give us three conjugacy classes of G of size three. The order of the
elements in all three classes is two.

k=2 fs=6:
kx|Co(17)]  24x6
Cte) = G 20y,
G 2t x6
Hx]G“}cé(g;)\_ T

This gives us a fifth conjugacy class from the identity coset of G of size six.
The order of the elements in this class is two.

The coset bG :
First we act G on the coset bG. The action of G on the coset bG partitions
the coset into four orbits of size four. The orbits are:

Ay = {b, ble1 + e2), bA(e1 + e2), bA*(e1 + e2)},

Ay = {bey, beg, b(Ae1 + N2es), b(A\%e1 + Nea)},
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Az = {bXey, bhea, b(X2e1 + e3), b(er + Nea)},
Ag = {bX%eq, bA\%ey, bler + Aea), b(ep + e2)}.

We also note that in the orbit A the g entry of the element bg where g € G
is the fixed point of the action of b on G, and in the orbits A; for i = 2, 3,4, the
g entries of the element bg where g € G are the entries of the two cycles of the
action of b on G. See the action of b on G above.

Next, we act the centralizer of b on the four orbits A; for i = 1,2, 3,4. Now
C7(b) = (b). Therefore the action of the centralizer is the same as the action of
b. From the comment above, when b acts on the four orbits A; for i = 1,2, 3, 4,
it permutes the elements in each orbit. Therefore for the coset bG we have k = 4
and f; =1fori=1,2,3,4.

k=4, fi=1fori=1,2,3,4:

_k;><|Cﬁ(b)|_4><2_8
- 7 =— =8,

|Ca(=)|

G 24 x 6
[2le| = \C|G($)|: =12

Therefore, the coset bG produces four conjugacy classes of G each of size
twelve. The order of the elements in the first of these classes is two (the class
containing b) and the order of the elements in the remaining three classes is
four.

The coset aG :

Finally we act G on the coset aG. When G acts on the coset aG, it simply
permutes the 16 elements in the coset producing an orbit of length sixteen.
Next we act the centralizer of a on this orbit. But Cz(a) = (a). Therefore the
action of the centralizer is the same as the action of (a). When (a) acts on the

orbit of length sixteen it permutes the elements in the orbit. Therefore, here
k=1, f=1.

k=1, f=1:
k x |Cx 1x3
G 2t x6
|[z]g| = Cole)] =—3 = 32.

The coset aG, produces a single conjugacy class of G of size thirty two. The
order of the elements in the class is three.
The full list of the conjugacy classes of G is described in Table 8.
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Table 8: Conjugacy Classes of G = 2%:(Z3:Z5)
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H=NH |G=G:(NH) | o(g) | |Cz®)] | power map(r?) | power map(rw?)
1 14 1 96 (14) (14)
(24) 2 32 (1A) (2A)
(2B) 2 32 (1A) (2B)
(2C) 2 32 (1A) (2C)
(2D) 2 16 (1A) (2D)
b (2E) 2 8 (1A) (2F)
(4A) 4 8 (24) (4A)
(4B) 4 8 (2B) (4B)
(4C) 4 8 (20) (4C)
a (3A) 3 3 (34) (1A)

8.2 Fischer matrices of 24:(Z3:Zs).

We construct the Fischer matrices of G = 2*:(Z3:Z5), for each conjugacy class of
H = 73 : Zy. From the previous sections we know that there are three conjugacy
classes of H and therefore three Fischer matrices of G. For the Fischer matrix
corresponding to the identity class of Z3:Zsy we look at the action of H on G = 2%,
There are five orbits of lengths 1, 3, 3, 3, 6. The Fischer matrix corresponding
to the identity class is M (1z) which is a (5 x 5) matrix. Since the action of H
on G has five orbits of lengths 1, 3, 3, 3 and 6, we know that the action of H
on Irr(G) also produces five orbits of lengths 1, 3, 3, 3 and 6 as described in

Section 7.

From Section 7.1 we have the following inertia and inertia factor groups.

The inertia groups are:

Pi=G= 24:(23222) , Py=P3s=P,=G:H=2%7Z,, Ps =G =2"

The corresponding inertia factor groups are:

PlZNH:Z:g:ZQ,P2:P3:P4:H:ZQ,P5:{1ﬁ}.

The Fischer matrices are constructed using the theory of the Fischer Clifford
matrices. We refer the reader to [1], [2], [13], [15], [17] and [18] for details.

M(1g) :

1 1

=
—_

|
~—

I
DWW W
\

[

w

—1
-1
-1
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The matrix corresponding to b € Zsy is a 4 x 4 matrix M (b) given by:

1 1 1 1
1 1 -1 -1
1 -1 1 -1
1 -1 -1 1

M(b) =

Finally the third Fischer matrix is a (1 x 1) matrix with the singleton entry
1. This matrix M (a) is given by :M(a) = (1).

8.3 Character table of G = 2%:(Z3:Z5)

We can now construct the character table of G using the Fischer matrices above
and the character tables of the inertia factor groups P, = H = Zs3:Zs and
Py=P3s=P,=H =7,.

We divide the character table of G into blocks as shown in the matrix below.
Each block A;, B;, C; for i = 1,2,3,4,5 corresponds to an inertia group P;. Also
the A; blocks for ¢ = 1,2,3,4,5 come from the conjugacy classes produced by
the identity coset 1G, the B; blocks for ¢ = 1,2, 3,4,5 come from the conjugacy
classes produced by the coset bG and the C; blocks for i = 1,2,3,4,5 come the
conjugacy classes produced by the coset aG.

Ay By C1
Ao By Cy
As Bs Cs3
Ay By Cy
As Bs Cs

First we need the character tables of H = Z3:Z9 and H = Zo
Character table H :

(h) | ()| ®)|(a)
Cr®)] 6 | 2] 3
o(h) 1 20 3
X1 1 1] 1
X2 1 —1 1
X3 2 0] -1

Character table H :

(h) 1 ()] (®)
ICu(h)] | 2 | 2
oh) | 1] 2
X1 1 1
X2 1 ]-1
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We now calculate the characters of G, which fall into five blocks (A;, for i =
1,2,3,4,5) with inertia groups Py = G, Py = G:H, P3 = G:H, P, =
G:H, P5 = G by using the Fischer matrices and inertia factor groups P, =
H, PQ = ZQ, P3 = ZQ, P4 = ZQ, P5 = {1@}.

We complete the character table of 2*:(Z3:Zs) by multiplying rows of M(g)
for g € {15, b, a} with sections of the character tables of the inertia factor
groups corresponding to each g € {15, b, a}.

The first block of table above A; is the block corresponding to conjugacy
classes from the identity 1. To obtain this block, we multiply the first column

1
Ci=11 zlstcolumnofﬁbyMlz(l 1 11 1):13trowofM(1ﬁ).
2
We get:
1 11111
1] (1 1111)=11111
2 2 2 2 2 2

For the Ay block, we multiply Co= 1 = 1st column of Zs by My =
(3 3 =1 =1 —1 )= 2nd row of M(1z). We get:

(1)(3 3 -1 —1 —1):<§ g j j j)

For the Az block, we multiply Cs= >: 1st column of Zo by M3 =

1
1
(3 =1 3 =1 —1 )= 3rd row of M(15). We get:

(1)(3 -1 3 -1 —1):(2 j 3 :]1‘ j)

For the A4 block, we multiply Cy= ): 1st column of Zo by My =

1
1
(3 =1 =1 3 —1)=4throw of M(15). We get:
1 3 -1 -1 3 -1
<1>(3 -1 -1 3 —1):<3 1 1 3 _1>.
For the As block, we multiply C5:( 1 ): st column of {15} by M =
(6 —2 —2 —2 2 )= 5throw of M(15). We get:
(1)(6 -2 =2 =2 2)=(6 -2 -2 -2 2).

For the next block, the B; block for i = 1,2,3,4,5 of the character table of
G, we use the Fischer matrix M (b). To complete the B; block of the table, we
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1
multiply | —1 |=2nd columnof Hby (1 1 1 1 )= 1strow of M(b). We
0
get:
1 1 1 1 1
-1 ] (1 111)=(-1 -1 -1 -1
0 0 0 0 0

For the Bs block of the table, we multiply ( _1 >:2nd column of Zs by
(1 1 —1 —1 )= 2nd row of M(b). We get:

<1>(1 1 -1 —1):(1 71 _1 _1‘)

For the B3 block of the table, we multiply ( _1 >:2nd column of Zo by
(1 =1 1 —1)=3rdrow of M(b). We get:

<_1>(1 -1 1 —1):(_1 _1 _1 _1‘)

For the B4 block of the table, we multiply < _1 )—an column of Zy by
(1 =1 =1 1 )= 4throw of M(b). We get:

<_1>(1 -1 -1 1):(_1 _1 _1 _1‘)

For the By block of the table, we will have a row of zeros since P ([b] = 0
and hence, M5(b) will not exist.

To complete the C; block for i = 1,2,3,4,5 of the character table of G, we
use the Fischer matrix M (a) = {15}. To complete the C; block of the table, we

1
multiply 1 | =3rd column of H by ( 1 ): 1st row of M(a). We get:
-1
1 1
1] (1)= 1
-1 -1

For the C; blocks for i = 2,3,4,5, we have zeros since P;()[a] = 0 for
i =2,3,4,5 and therefore M; for i = 2,3,4,5 does not exist.
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Character table of 2*:(Z3:Z5) :

(@ | (1A4) | (24) | 2B) | (2€) | (2D) || (2E) | (44) | (4B) | (4C) || (34)
I[(9)]] 1 3 3 3 6 12 12 12 12 2
|IC=(g)| | 96 32 32 32 16 8 8 3
X1 1 1 1 1 1 1 1 1 1 1
X2 1 1 1 1 1 -1 -1 -1 -1 1
X3 2 2 2 2 2 0 0 0 0 -1
X4 3 3 -1 -1 -1 1 1 -1 -1 0
X5 3 3 -1 -1 -1 -1 -1 1 1 0
X6 3 -1 3 -1 -1 1 -1 1 -1 0
X7 3 -1 3 -1 -1 -1 1 -1 1 0
X8 3 -1 -1 3 -1 1 -1 -1 1 0
X9 3 -1 -1 3 -1 -1 1 1 — 0
xw | 6 | 2] -2 -2 2] o] of of o0f 0
Acknowledgements

The second author thanks his supervisor (first author) for his unwavering guid-
ance and support. The financial support from the National Research Foundation
(NRF) of South Africa, the North West University and the Durban University
of Technology is also acknowledged.

References

[1] F. Ali and J. Moori, The Fischer-Clifford matrices of a mazximal subgroup
of Fia4, Representation Theory, 7 (2003), 300-321.

[2] F. Ali, The Fischer-Clifford matrices of a mazimal subgroup of the Sporadic
simple group of Held, Algebra Colloquium, 14 (2007), 135-142.

[3] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker and R.A. Wilson, Altas
of Finite Groups, Clarendon Press, Oxford University Press, Eynsham,
1985.

[4] B.Fischer, Clifford - matrices, Progr. Math., 95, Michler G.O. and Ringel
C. M(eds), Birkhauser, Basel, (1991), 1-16.

[5] .M. Isaacs, Character Theory of Finite Groups, Academic Press, New York,
Sans Francisco, London, 1967.

[6] E.I. Khukhro, N.Yu. Makarenko, P. Shumyatsky, Frobenius groups of auto-
morphisms and their fized points, arXiv:1010.0343v1, 2010.




ON THE DOUBLE FROBENIUS GROUP OF THE FORM 227:(Zar _1:Z2) 599

[7]

8]

E.I. Khukhro, Fitting height of a finite group with a Frobenius group of
automorphisms, J. Algebra, 366 (2012), 1-11.

E.I. Khukhro, N.Yu. Makarenko, Finite groups and Lie rings with a meta-
cyclic Frobenius group of automorphisms, J. Algebra, 386 (2013), 77-103.

O. King, The subgroup structure of finite classical groups in terms of geo-
metric configurations, British Combinatorial Conference, Surveys in Com-
binatorics , Cambridge University Press, 2005, 29-56.

P. Mayr, Finite fized point free automorphism Groups, Diploma Thesis,
University of Linz, 1998.

J. Moori, On the Groups Gt and G of the forms 219 : Moy and 2'0 : Mo,
PhD thesis, University of Birmingham, 1975.

J. Moori, On certain groups associated with the smallest Fischer group, J.
London Math. Soc., 2 (1981), 61-67.

J. Moori and T. Seretlo, On the Fischer-Clifford matrices of a mazimal
subgroup of the Lyons group L,,, Bull. Iranian Math. Soc., 39 (2013), 1037-
1052.

J. Moori, P. Perumal, On the Frobenius group of the form 29%:SL(2,5),
submitted.

Z.E. Mpono, Fischer-Clifford Theory and Character Tables of Group Eu-
tensions, PhD Thesis, University of Natal, Pietermaritzburg, 1998.

P. Perumal, On The Theory Of The Frobenius Groups, MSc Thesis, Uni-
versity of Kwa-Zulu Natal, Pietermaritzburg, 2012.

A. L. Prins and R. L. Fray, The Fischer-Clifford matrices of an extension
group of the form 27:(2°:S6), Int. J. Group Theory, 3 (2014), 21-39.

N.S. Whitney, Fischer Matrices and Character Tables of Group Fxtensions,
MSc Thesis, University of Kwazulu Natal, Pietermaritzburg, 1993.

Accepted: 8.03.2018



