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Abstract. This paper includes two important works. First of all, the complete math-
ematical proof procedure of Multi-Scale Auto convolution was summarized and the
simplified geometric proof the procedure was proposed. Secondly, Multi-Scale Auto
convolution moments were adopted to describe images’ maximally stable extremal re-
gions to get affine invariant features of images. In the second job, the Multi-Scale Auto
convolution moments of the image features were calculated on each feature’s MSER
region to form image features’ descriptors, and then the image feature matching was
performed. In order to verify the validity of the second job, the proposed algorithm
were compared with the SIFT algorithm and MSER SURE algorithm. Simulation ex-
periments show that, for affine transformed images, the feature matching accuracy of
the second job is much higher than the classical SIFT algorithm and the MSER SURE
algorithm, which indicates that using Multi-Scale Auto convolution moments on the
MSER regions could get effective affine invariant image features.

Keywords: multi-scale auto convolution, maximally stable extremal regions, feature
matching, affine invariant, pattern recognition.
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1. Introduction

Images provide a variety of information of colors, intensities, textures, edges
and shapes. To understand and recognize the images, it is necessary to ac-
quire invariant features of digital images. The image features mainly fall into
three categories: region-based features, texture-based features, and point fea-
tures. The point features are widely used in the field of image retrieval, target
recognition and tracking, image three-dimensional reconstruction, image super-
resolution reconstruction, image mosaic and image registration. David Lowe
proposed the scale-invariant feature transform (SIFT) algorithm in 1999 and
further improved in 2004. SIFT features remain invariant to rotation, scaling,
and brightness changes, and maintain a certain degree of stability against affine
transformation and noises [1]. Morel et al. proposed the ASIFT algorithm in
2009[2]. ASIFT uses the discrete image shooting angle changes to simulate the
continuous shooting angle changes. The matching effect of ASIFT greatly ex-
ceeds the SIFT algorithm in affine invariance aspect, but the time efficiency
is lower than SIFT. In 2011, Ethan Rublee et al. proposed ORB algorithm[3]
on ICCV. The ORB algorithm is based on the FAST algorithm and the BRIEF
algorithm, but the ORB algorithm could not get scale invariant and affine invari-
ant features. Image moments could keep some invariant characteristics. A lot of
researchers have concentrated on the study of adopting moments to describe im-
age features [4, 5, 6]. But the before moments could only get scale or rotational
or transformational invariances while affine invariance is also important for real
applications[7, 8, 9, 10]. In 2002, Heikkil J and Esa et al. proposed Multi-scale
Auto convolution (MSA)[11] moments which are affine invariant when applied
to pattern recognition. And in the later years, Esa et al. polished the MSA
moments algorithm from different aspects [12, 13, 14, 15]. Due to the strong
affine invariance of MSA moments, there are more and more researchers applied
MSA moments into image processing. In 2014, Shao C et al. improved the MSA
moments classification ability by taking the cosine value of the angle between
two most prominent points within image feature’s neighborhood as the feature’s
probability density value[16]. In 2015, Li et al. proposed a feature point match-
ing method based on the geometric relation constraint and MSA moments [17].
In the same year, Zhang et al. Combined the MSA moments with the SIFT
algorithm [18] and improved the match accuracy of the SIFT algorithm. How-
ever, it was found that the proof process of MSA moment calculation method is
complicated and has a lot of jumping in the reference[12], which is inconvenient
for readers to understand and to simulation. At the same time, MSA Moment
has strict mathematical features, if the MSA moments were introduced into
feature point matching, the neighborhood window similar to SIFT algorithm
and ORB algorithm can not be used directly. In view of the above two prob-
lems, firstly, this paper summarizes the complete proof of the MSA moments
and then proposes a more easy-to-understand calculation method through spa-
tial geometry analysis. Secondly, the regions of the Maximally Stable Extremal
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Regions(MSER)[19] were selected as the simple background neighborhoods of
the image features, so that the MSA moments can be effectively applied to
the description of the image features, which was defined as MSER MSA for
convenient. Thirdly, the MSER MSA algorithm was compared with the SIFT
algorithm and the MSER SURF[20] algorithm to prove the effectiveness of the
MSER MSA algorithm for large-scale affine transformed image pairs.

The remaining part of this paper is structured as follows. The second part
introduces the basic principle of the MSA moments and the MSER algorithm.
The third part summarizes the complete proof procedure and proposes the easy-
to-understand geometric proof of the MSA moments. The fourth part introduces
the MSER MSA algorithm to detail. The fifth part compares the proposed
MSER MSA algorithm with the SIFT and MSER SURF algorithms. At last, the
conclusion part concludes with a summary of the effectiveness of the proposed
MSER MSA algorithm and the next work direction.

2. MSA Moments and MSER algorithm

In 2005, Esa et al. Proposed MSA moments. To understand MSA moments,
references [12] gives three definitions.

Definition 1. X is the base point, and the Γ is the affine transform matrix, X′

corresponds to X

(1) X′ = Γ(X) = TX + t

Among them t,x ∈ R2, and T is a non-singular real matrix, the inverse
transform recorded as

(2) Y′ = Γ−1(Y) = T−1Y −T−1t

Definition 2. Let f(x) : R2 → R, and f(x) ≥ 0 is a grayscale function defined
on a two-dimensional grayscale image. Applying the affine transformation to
the image, a new image grayscale function can be obtained.

(3) f ′(x) = f(Γ−1(x)) = f(T−1x−T−1t)

Definition 3. For the feature A extracted from the image, the feature A is
called the affine invariant feature when f ◦ (A) and f ′ ◦ (A) is the same.

Randomly take three non-collinear three points x0, x1, x2 in the image as
the basis for the two arbitrary variables α and β, then random variable u could
be gotten form Eq. (4)

(4) u = α(x1 − x0) + β(x2 − x0) + x0

To transform the point x0, x1, x2 using Γ = Γ{T, t}, then x0
′ = Tx0 + t,

x1
′ = Tx1 + t, x2

′ = Tx2 + t. Assume u′ = α(x1
′ − x0

′) + β(x2
′ − x0

′) + x0
′,
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then

u′ =α(x1
′ − x0

′) + β(x2
′ − x0

′) + x0
′

=α((Tx1 + t)− (Tx0 + t)) + β((Tx2 + t)− (Tx0 + t)) + Tx0 + t

=α(Tx1 −Tx0) + β(Tx2 −Tx0) + Tx0 + t

=Tu + t

(5)

From Eq.(5), to transform the basis point x0, x1, x2 by Γ = Γ{T, t}, then
we can obtain three new base point x0

′, x1
′, x2

′. The same affine transforma-
tion Γ = Γ{T, t} is performed on point u to get a new point u′. The linear
relationship between u′ and x0

′, x1
′, x2

′ and the linear relationship between u
andx0, x1, x2 remain unchanged. And from Eq. (3), Eq.(6) can be obtained.

(6) f ′(u′) = f(Γ−1(u′)) = f(T−1u′−T−1t) = f(T−1(Tu+ t)−T−1t)) = f(u)

In summary, we can obtain an affine invariant feature f(U), where u is a
random variable of U . The MSA moment is the mathematical expectation of
f(U).

(7) F (α, β) = E[f(Uα,β)]

The reference[12] gives the calculation formula of F (α, β) as equation (8)

(8) F (α, β)=

[∫
R2

f̂(−ξ)f̂(αξ)f̂(βξ)f̂(γξ)dξ

]
/f̂(0)3

2.1 The basic principle of MSER algorithm

MSER’s full name is Maximally Stable Extremal Regions, which was put forward
by J. Matatas in 2002[19]. MSER algorithm uses three definitions: Region,
Extremal Region and Maximally Stable Extremal Region.

Definition 4. The region is a part of an image, for any two points A and
B, A can reach B along the adjacent pixel within this part, that is, there is a
connected path between any two points.

Definition 5. The definition of Extreme region is related to the grayscale
threshold. After the grayscale threshold is set, the image is divided into two
part according to the threshold, the pixels smaller than the threshold are set
to black, the pixels larger than the threshold are set to white. The region in
the image is made up of black pixels. And the region can become the extreme
region if no more pixels can be found to enlarge the current region.

For example, threshold segmentation is performed on an image. Then select
a series of grayscale thresholds. For example, we take i = 0, 1, · · · , 255. When
the threshold is i, the gray value of each pixel in the image is compared with
the threshold. Points below this threshold are “black spots”, otherwise, “white
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 1: Extreme Region illustration figures. (a) is the original image.
(b),(c),(d),(e),(f),(g),(h) are the Extreme Regions that appear in the
image when the grayscale thresholds are set to 80, 100, 120, 140, 160,
180, 200.

spots”. This will get a picture of a frame. When all the images are arranged
in order of threshold, you can see: The first picture is all white (all pixels have
a threshold of no less than 0). Then the black spots appear gradually on the
image, and some black spots gradually fuse together to form a small area to
become the connected areas. The last picture is all black as shown in Fig.1.
In these figures, all the black connected areas are Extreme Regions. Even an
isolated black spot is also an Extreme Region. The determination of Extreme
Region is closely related to this gray threshold. It is unable to determine a
region or point is Extreme Region or not when leaving this grayscale threshold.

Definition 6. During the process of obtaining Extreme Region, some Extreme
Regions increase slightly with the increasing of the set gray threshold. Such
a group of Extreme Regions is a nested relationship from small to large. We
use Q1, Q2, · · · , Qi−1, Qi to represent this series of mutually exclusive Extreme
Region sequences. The condition of Q∗i could be Maximally Stable Extremal
Region if and only if the minimum value of q(i) is achieved when i = i∗.

(9) q(i) =
|Qi+ξ −Qi−ξ|

|Qi|

Because Q is a collection of pixels, the absolute value represents the cardinal-
ity of the collection. We can think of it as the area of this Extreme Region. As
can be seen from the above explanation, the maximum stable Extreme Region
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is the Maximally Stable Extremal Region when the gray threshold changes. So
we find all the Extreme Regions and then use the formula (9) to determine the
final Maximally Stable Extremal Regions which is abbreviated as MSER.

The MSER regions can be processed as simple background image fragments.
Esa et al. have experimentally proved that the MSA moments should be applied
to image pattern recognition with simple backgrounds.

3. The MSA moment calculation method

3.1 The summarized proof for MSA moment calculation

The proof process of MSA moment calculation includes convolution calculation.
As we all know that convolution calculation in the time domain is very time-
consuming. It has been tested that the convolution of three 5 ∗ 5 matrices
requires nearly 1 minute to run in our experimental environment. Therefore,
Esa et al. converts the convolution computation of time domain into frequency
domain product[21], and gives the proof process of MSA moment. However, the
proof process of MSA moment calculation is complicated and inconsistent in the
reference [12], which is inconvenient for readers to understand and to simulate.
Firstly, this paper summarizes the detailed proof process of the MSA moment
calculation method as follows.

(1) F (α, β) =

∫
D2

f(u)(pα ∗ pβ ∗ pγ)(u)du

(2) =

∫
D2

f(u)(pα ∗ pβ ∗ pγ)(u)du

(3) =

∫
D2

F(f(u))F((pα ∗ pβ ∗ pγ)(u))dξ

(4) =

∫
D2

F(f(u))F(pα)F(pβ)F(pγ)dξ

(5) =

∫
D2

F(f(u))
1

αβγ‖fR2‖L1
3F(f(

u

α
))F(f(

u

β
))F(f(

u

γ
))dξ

(6) =
1

αβγ‖fR2‖L1
3

∫
D2

F(f(u))F(f(
u

α
))F(f(

u

β
))F(f(

u

γ
))dξ

(7) =
αβγ

αβγ‖fR2‖L1
3

∫
D2

F (−ξ)F (αξ))F (βξ)F (γξ)dξ

(8) =
1

‖fR2‖L1
3

∫
D2

F (−ξ)F (αξ))F (βξ)F (γξ)dξ

(9) =
1

F (0)3

∫
D2

F (−ξ)F (αξ))F (βξ)F (γξ)dξ

Among them, D2 is the integral domain of variable u, and f(x) is the con-
jugate of f(x). Step (2) to (3) is based on the Plancherel formula

∫
R2 f(x)g(x)

=
∫
R2 F(f(x))F(g(x)). The Fourier transform convolution theorem was used
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(a) Original image I (b) αI image, α = 2 (c) αI image, α = 0.5

Figure 2: The comparison figure between images I and αI.

from step (3) to step (4). step (5) is calculated by substituting pα(u), pβ(u) and
pγ(u) into the formula, where pα(u) = f(uα)/(‖fR2‖L1 ∗ α). step (6) to step (7)
is based on the similarity principle of the Fourier transform. Step (8) to step
(9) is based on ‖fR2‖L1 = F (0).

3.2 Geometric Proof of MSA Moment Calculation Method

In Eq. (10), the proof of MSA moment calculation method is very rigorous.
The functions and variables in the mathematical derivation from (5) to (9)
have no specific physical meanings, which is hard for reader to understand.
After detailed reasoning and simulating, this paper proofed the MSA moment
calculation method directly through geometric analysis. The proof begins at
step(4) in Eq.(10), as shown in Eq. (11)

(10) F (α, β) =

∫
D2

F(f(u))F(pα)F(pβ)F(pγ)dξ

Firstly, the variables and functions in the Eq.(11) are described here. D2 is
the integral field of variable u, u = αx1 + βx2 + γx0, let the size of image I
be m × n, then x0,x1,x2 ∈ [1 : m, 1 : n], so D2 is [1 : (|α| + |β| + |γ|) ×m, 1 :
(|α| + |β| + |γ|) × n]. Where pα represents the probability density of αx1, pβ
represents the probability density of βx2, pγ represents the probability density
of γx0. The range or the integral field of αx1, βx2, γx0 is D2, f(x) represents
the gray value of the point x in the image I.

Secondly, the proposed geometric proof is given below. αI represents α
times expanded image of I. Let fα(z) represent the gray value of the point z in
image αI. When |α| > 1, I increases to αI by inserting 0. When |α| < 1, by
taking the “enrichment” method, I will be shrunk to α times of image I. The
“enrichment” means to sum up the pixels’ gray value within a small region. So
‖fα(z)‖L1 = ‖f(x)‖L1 . Fig. 2 shows the relationship between I and αI.

The following demonstrates that the density of variable αx1 on image αI is
equal to the density on D2. Because x1 ∈ [1 : m, 1 : n], so αx1 ∈ [α : αm,α :
αn]. Even if the integration domain of αx1 is D2, αx1 can only take values in
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(a) Gray value of αx1 on D2 (b) Gray value of βx2 on D2 (c) Gray value of γx3 on D2

Figure 3: the intensities of αx1, βx2, γx0 with D2, α = 0.7, β = 1.5.

sub-domains in [α : αm,α : αn], as shown in Fig.3, and equation (12).

(11) pα
D2
X1

(u) =

{
pαX1

αI(u), u ∈ αI

0, u ∈ D2

In the equation (12), pα
D2
X1

(u1) represents the density of the variable αx1

on the integral domain D2, and pα
αI
X1

(z) represents the density of the variable
αx1 on the integral domain αI. Because αx1, βx2, γx0 are independent to each
other, so

∫
D2 pαX1

D2
(u1) =

∫
αI pαX1

αI(z1) = 1. Similarly,
∫
D2 pβX2

D2
(u2) =∫

βI pβX2
βI(z2) = 1,

∫
D2 pγX0

D2
(u0) =

∫
γI pγX0

γI(z0) = 1. In the equation (11),

pα represents pα
D2
X1

(u1), pβ represents pβ
D2

X2
(u2), pγ represents pγ

D2

X0
(z0). During

the actual calculation, F(pα) can be calculated according to equation (12). The
specific calculation process is to stretch the original image I to αI, then perform
Fourier transform in the way of zero-padding, as shown in Eq.(13).

(12) F(pα) = F(pα
αI
X1

(z), (|α|+ |β|+ |γ|) ∗m, (|α|+ |β|+ |γ|) ∗ n)

In Eq. (13), pα
αI
X1

(z) = fα(z)/‖fα(z)‖L1 . The calculation methods of F(pβ),
F(pγ) are similar to F(pα)

Through the above geometric analysis, the calculation of the MSA moment
can be directly carried out according to Eq.(11). So, the deduction from step
(5) to step (9) of the Eq.(10) could be omitted. The method presented in this
paper is more intuitive than the mathematical proof method in [8], and is easy
to understand and to realize. At the same time, the simulation results show that
the calculation results of the proposed method are consistent with the results of
the reference [12].

4. The MSA moments of characteristic points are computed on
MSER region

In order to apply the scale invariance and affine invariance of MSA moments
into the description of image features, MSER method here is used as feature
point neighborhood extraction method, and the 31 orders’ MSA moments are
calculated as the feature descriptors of the most stable extremal regions. The
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31 orders were recommended by reference [12]. For conveniently expressing, the
method proposed in this paper was named as MSER MSA, and the MSER MSA
algorithm was designed as follows:

Algorithm 1 MSER MSA.

Input:
Reference image I, floating image J;

Output:
Matching feature pairs;

1: To perform Gauss smoothing on image I and image J;
2: The most stable extremal regions of I and J are extracted respectively, and

the external ellipses are obtained;
3: The centroids of the external ellipses are taken as the feature points of the

image;
4: The 31 orders’ MSA moments of each feature point in its ellipse neighbor-

hood are calculated and used as the feature descriptor of each feature point;

5: By comparing the feature descriptors, the features of image I and image J
are matched.

5. Experiment

The experimental simulation platform of this paper is configured as follows:
Windows XP operating system, 3.30GHz CPU, 3.0G memory, MATLAB 2015.
In the experiments, the proposed MSER MSA algorithm was compared with the
SIFT algorithm and the classical MSER SURF method. The floating images in
Fig.4 were obtained by share transforming the reference images. The floating
images in Fig.5 were obtained by share and scale transforming the reference
images.

As can be seen that from Fig.4 and Fig.5, SIFT algorithm’s matching effect
of affine transformation is poor, and the MSER SURF algorithm has better
matching effect for the image with smaller affine transformation scale, but the
matching effect of MSER SURF is sensitive to scale changes, and can not obtain
correct matching for the images with relatively large affine changes and scale
changes. The MSER MSA performed stably for scale change and affine change,
and the correct matching number is only slightly less for image pairs with large
scale and affine changes.

Fig.6 is the matching accuracy comparison chart of SIFT, MSER SURF
and MSER MSA. The image samples came from 4 images. Each image gen-
erates a group of samples. The first one in each group is the reference image,
and the rest 3 samples within each group are obtained by affine transform-
ing the reference image, and the transforming scales are progressively increased
in each group. From Fig.6, it can be seen that the accuracy rates of SIFT,
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 4: The feature matching results of SIFT, MSER SURF and MSER MSA
of images with share transforming. (a),(b),(c) and (d) are the
matching results of SIFT. (e),(f),(g) and (h) are the matching re-
sults of MSER SURF. (i),(j),(k) and (l) are the matching results of
MSER MSA.



568 FENGWEN ZHAI, JIANWU DANG, YANGPING WANG and JING JIN

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 5: The feature matching results of SIFT, MSER SURF and MSER MSA
of images with share and scale transforming. (a),(b),(c) and (d) are
the matching results of SIFT. (e),(f),(g) and (h) are the matching
results of MSER SURF. (i),(j),(k) and (l) are the matching results of
MSER MSA.

Figure 6: Accuracy comparison chart of SIFT, MSER SURF and MSER MSA

MSER SURF and MSER MSA are not far-off, but for large scaled transforming
image pairs, the accuracy rates of SIFT and MSER SURF are significantly lower
than MSER MSA.

Since the MSA algorithm involves Fourier transforms, the time efficiency is
slightly lower. At the same time, the MSA algorithm relies on the segmentation
effect of MSER algorithm. So the matching effect of artificial experimental
images is better than that of realistic images.
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6. Conclusion

MSA moments have scale invariant and affine invariant characteristics, and have
achieved good recognition results in the field of image pattern recognition. How-
ever, there is not much research on the application of MSA moments in filed of
image feature describing. After many experiments and analysis, it was found
that if we want to apply MSA moments to the description of image features,
the simple background neighborhoods of each feature points must be obtained
firstly. Therefore, this article combines the MSER method with the MSA mo-
ments. The maximum stable extreme regions are taken as the neighborhoods of
image feature points. And the 31 orders’ MSA moments of each feature point
are calculated as the feature descriptor of each feature point. Experimental re-
sults show that the proposed MSER MSA algorithm can make full use of the
invariant characteristics of MSA moments. However, it was also found that the
MSA moments are sensitive for images with larger illumination changes. At
the same time, the time efficiency of the MSA moment is low. Therefore, the
next work of this study will focus on solving the illumination sensitivity of MSA
moments and improving the time efficiency of MSA moments.
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