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Abstract. An SIS type epidemic model with variable population size is considered.
The model includes a temporary vaccination program to prevent individuals from infec-
tion and to eradicate the disease. If R0 < 1, the disease-free equilibrium is locally and
globally asymptotically stable i.e. the disease will be wiped out from population. When
R0 > 1, the endemic equilibrium is locally asymptotically stable employing a result in
stability of the second additive compound matrix. In addition, by using a geometric
approach it is shown that this equilibrium is also globally asymptotically stable. So in
this case, the disease will persist in population permanently. Also, a briefly discussion
is made on the minimum amount of vaccination which is necessary to eradicate the
disease. Finally, some numerical examples are given to confirm the obtained results.

Keywords: SIS epidemic model, vaccination, asymptotic stability, compound matrix
method, geometric approach.

1. Introduction

The spread and control of infectious diseases in a population have been an im-
portant issue in recent years. The behavior of Population can be studied by
using mathematical models and computer simulation. Many epidemic models
have been introduced by authors for various type of diseases. The susceptible-
infected-susceptible (SIS) epidemic models are one of the well known type of
epidemic models. This type of models is appropriate for some infections in
which individuals don’t obtain permanent immunity after recovery. Vaccina-
tion is known as an efficient strategy to give immunity to the individuals and
thus may also be included in the SIS epidemic models by considering a sepa-
rate compartment for vaccinated individuals in the model formulation. These
models may be deterministic [13,16] or stochastic [23,6], with constant [13] or
variable [16,17] population size, and with standard [16,17] or bilinear incidence
[10,5]. The organization of this paper is as the following: The formulation of the
model and some basic properties such that, the boundedness of solutions, the
basic reproduction number, and the equilibria of the model, will be given in the
next section. The asymptotic stabilities of the disease-free equilibrium and the
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endemic state are studied in sections 3 and 4, respectively. A brief discussion
on the effect of vaccination is done in section 5. Eventually after section 6 for
some numerical examples, we summarize the results presented in the paper.

2. Model description

We consider the following deterministic SIS epidemic model with vaccination
and bilinear incidence established by Li and Ma [10]:

(2.1)


S′ = (1− q)Λ− βSI − (µ+ φ)S + γI + θV,

I ′ = βSI − (µ+ γ + α)I,

V ′ = qΛ + φS − (µ+ θ)V.

Variables S(t), I(t) and V (t) denote respectively the number of susceptible, in-
fectious and vaccinated individuals at time time t. The parameters of the model
are as follows:

Λ: Number of new individuals added into the population per unit of time,
q: Fraction of new individuals that are vaccinated,
β: Contact rate,
γ: Recovery rate,
µ: Natural death rate,
α: Disease-related death rate,
φ: Vaccination rate for susceptible individuals,
θ: Rate of loosing immunity in vaccinated individuals.
All parameter values are assumed to be non-negative and Λ and µ are posi-

tive. The force of infection βSI represents the number of new infected individ-
uals per unit time and is of bilinear form.

From system (2.1) it can be seen that the total population size N is not
constant and is expressed by the following equation:

(2.2) N ′ = Λ− µN − αI.

We see that
N ′ ≤ Λ− µN,

and thus

lim supN
t→∞

≤ Λ

µ
.

Therefore total population N and as a result I, S and V are also bounded. We
can see that the feasible region Γ = {(S, I, V ) ∈ R3

+ : S + I + V ≤ Λ
µ} is a

positively invariant set of system (2.1) i.e. the solutions remain in Γ with initial
vector (S(0), I(0), V (0)) in Γ. System (2.1) has two equilibria: A disease-free
equilibrium when I = 0;

E0 = (S0, I0, V 0) =

(
Λ[µ(1− q) + θ]

µ(µ+ θ + φ)
, 0,

Λ(µq + φ)

µ(µ+ θ + φ)

)
,
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and an endemic equilibrium when I > 0;

E∗ = (S∗, I∗, V ∗),

with

S∗ =
µ+ γ + α

β
,

I∗ =
βΛ[µ(1− q) + θ]− µ(µ+ γ + α)(µ+ φ+ θ)

β(µ+ α)(µ+ θ)
,

V ∗ =
qΛ + φ(µ+ γ + α)/β

µ+ θ
.

We use the next generation matrix method developed in [21], to find the basic
reproduction number of the model. Let y = I, where y indicates all infected
states such as exposed and infectious individuals. Thus the second equation in
system (2.1) can be written as

dy

dt
= F −W,

with F = βSI and W = (µ+ γ + α)I.
Also let

F =
∂F
∂y

∣∣∣
E0

= βS0 and W =
∂W
∂y

∣∣∣
E0

= µ+ γ + α.

Therefore the basic reproduction number of the model is obtained by

(2.3) R0 = ρ(FW−1) =
βS0

µ+ γ + α
=

βΛ[µ(1− q) + θ]

µ(µ+ γ + α)(µ+ φ+ θ)
.

Notice that

I∗ =
µ(µ+ γ + α)(µ+ φ+ θ)

β(µ+ α)(µ+ θ)
(R0 − 1),

and so the endemic equilibrium E∗ exists if R0 > 1. Hence we can state the
following:

Lemma 2.1. When R0 ≤ 1 system (2.1) has only the disease-free equilibrium
E0 and if R0 > 1 it also has a unique endemic equilibrium E∗.

3. Stability of the disease-free equilibrium

In this section we consider the local and global stability of the disease-free
equilibrium. Firstly it can be seen easily that eigenvalues of the Jacobian matrix
of system (2.1) at E0 are

λ1 = (µ+ γ + α)(R0 − 1),
λ2 = −µ,
λ3 = −(µ+ φ+ θ),

thus we can obtain the following theorem:
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Theorem 3.1. The disease-free equilibrium E0 is locally asymptotically stable
for R0 < 1 and unstable for R0 > 1.

Our next task is to prove the global stability of E0. This task has been
discussed also by many authors especially [3,11,15,12] and various methods have
been established.

Theorem 3.2. The disease-free equilibrium E0 of system (2.1) is globally asymp-
totically stable if R0 < 1.

Proof. Consider the Lyapunov function L(t) = I(t). Now, we consider two
below cases:

Case(a): If βΛ
µ(µ+γ+α) ≤ 1, we see that R0 < 1 and we have

(3.1) βS − (µ+ γ + α) ≤ β

(
Λ

µ

)
− (µ+ γ + α) ≤ 0.

Case (b): If βΛ
µ(µ+γ+α) > 1 and R0 ≤ 1. R0 ≤ 1 implies βΛ

µ(µ+γ+α) ≤ µ+φ+θ
µ(1−q)+θ

and therefore S0 ≤ µ+γ+α
β . So the region

Ω =

{
(S, I, V ) ∈ Γ : S >

µ+ γ + α

β
, I > 0

}
is not an invariant set because contains no equilibrium when R0 ≤ 1.
Hence, any solution with initial value in Ω lies in Γ\Ω after a finite period
of time. For any (S, I, V ) ∈ Γ\Ω we have S ≤ µ+γ+α

β and thus

(3.2) βS − (µ+ γ + α) ≤ 0.

From (3.1) and (3.2) we see

(3.3) L′ = I[βS − (µ+ γ + α)] ≤ 0.

Therefore, from the LaSalle’s invariance principle [14], we find that every solu-
tion of the model (2.1) with initial values in Γ, ultimately approaches E0, when
R0 ≤ 1.

4. Stability of the endemic equilibrium

In this section we study the local and global asymptotic stability of the endemic
state E∗. We firstly attempt to explore the uniform persistence of (2.1) when
R0 > 1. Suppose that (X, d) is a locally compact metric space and H is a closed

subset of X with boundary ∂H and interior
◦
H. We state the following definition

about uniform persistence which can be found in [8]:
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Definition 4.1. A semi-dynamical system Φt(x) : H × R+ → H defined on H
is said to be uniform persistence if there exists some η > 0 such that

lim inf
t→∞

d(Φt(x), ∂H) > η,

for all x ∈ H.

Definition 4.2. A subset Σ of H is said to be a uniform repeller if and only if
there exists an η > 0 such that for all x ∈ H\Σ, lim inft→∞ d(Φt(x),Σ) > η.

The definitions (4.1) and (4.2) state that a semi-dynamical system defined
on a closed subset of a locally compact metric space is uniform persistence if
the boundary of such subset is uniform repeller. The following result about
persistence has been proved by Fonda in [7]:

Lemma 4.3. Let F be a compact subset of X such that X\F is positively
invariant. F is uniform repeller if and only if there exists a neighborhood U of
F and a continuous function P : X −→ R+ satisfying:

(i) P (x) = 0 if and only if x ∈ F ,
(ii) For any x ∈ U , there exists a Tx such that P (ΦTx(x)) > P (x).

Now, consider the dynamical system (2.1) on positively invariant region Γ.
Also, we let

H = Γ = {(S, I, V ) ∈ R3
+ : S + I + V ≤ Λ

µ
},

Σ = ∂Γ = {(S, I, V ) ∈ Γ : I = 0},

and hence
H\Σ =

◦
Γ = {(S, I, V ) ∈ Γ : I > 0}.

Thus to show uniform persistence of system (2.1), we must show that Σ is
uniform repeller when R0 > 1.

Theorem 4.4. System (2.1) is uniform persistence if R0 > 1.

Proof. Obviously, Σ is a compact set and H\Σ is positively invariant when
R0 > 1. Let define P : Γ −→ R+ by P (S, I, V ) = I, and U = {(S, I, V ) ∈ Γ :
P (S, I, V ) < ζ}, where ζ > 0 is chosen so small that

(4.1)
βΛ[µ(1− q) + θ]

(µ+ γ + α)[µ(µ+ φ+ θ) + 2(µ+ θ)βζ]
> 1.

The condition (i) is clearly satisfied. Assume that the condition (ii) doesn’t
hold, i.e. there exists a x̃ ∈ U such that P (Φt(x̃)) < P (x̃) < ζ for all t > 0.
This implies I < ζ and thus we see from system (2.1),

(4.2)

{
S′ ≥ (1− q)Λ− βζS − (µ+ φ)S + θV,

V ′ = qΛ + φS − (µ+ θ)V.
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Hence, lim inft→∞ S(t; x̃) ≥ Λ[µ(1−q)+θ]
µ(µ+φ+θ)+(µ+θ)βζ , where S(t; x̃) denotes the solution

S(t) with initial value x̃. Thus there exists some TS such that for any t > TS

(4.3) S(t; x̃) ≥ Λ[µ(1− q) + θ]

µ(µ+ φ+ θ) + 2(µ+ θ)βζ
.

Now consider the function W (t) = I(t). We see

W ′ = I ′ = I[βS − (µ+ γ + α)]

≥ I

[
β

Λ[µ(1− q) + θ]

µ(µ+ φ+ θ) + 2(µ+ θ)βζ
− (µ+ γ + α)

]
= I(µ+ γ + α)

[
βΛ[µ(1− q) + θ]

(µ+ γ + α)[µ(µ+ φ+ θ) + 2(µ+ θ)βζ]
− 1

]
.(4.4)

Therefore from (4.1) and (4.4) it is concluded that W (t) −→ ∞ as t −→ ∞.
But this result contradicts the boundedness of W (t). Hence the condition (ii)
must be also satisfied and Σ is uniformly repeller. This completes the proof.

In the following, we consider the stability of the endemic equilibrium employ-
ing the approach used in [1] and properties of compound matrices. The (local
asymptotic) stability of the E∗ is equivalent to stability of the corresponding
Jacobian matrix of system (2.1) at E∗:

J∗ = J(E∗) =

 −βI∗ − (µ+ φ) −(µ+ α) θ
βI∗ 0 0
φ 0 −(µ+ θ)

 .

We can easily see that tr(J∗) < 0 and det(J∗) < 0. Assume that λ1, λ2 and λ3
are eigenvalues of J∗ such that ℜ(λ1) ≤ ℜ(λ2) ≤ ℜ(λ3), where ℜ(.) denotes the
real part of a complex number. Then, λ1λ2λ3 < 0 yields either ℜ(λj) < 0 for
j = 1, 2, 3 or ℜ(λ1) < 0 < ℜ(λ2) ≤ ℜ(λ3).

On the other hand, the second additive compound matrix J [2](E∗) of the
Jacobian matrix J∗ (for example, by a strict formula in appendix of [19]) can
be calculated as

J [2](E∗) =

 −βI∗ − (µ+ φ) 0 −θ
0 −βI∗ − (2µ+ φ+ θ) −(µ+ α)
φ βI∗ −(µ+ θ)


Notice that eigenvalues of J [2](E∗) are λ1 + λ2, λ1 + λ3 and λ2 + λ3. Besides,
tr(J∗) = λ1 + λ2 + λ3 < 0 implies ℜ(λ1 + λ2) < 0 and ℜ(λ1 + λ3) < 0. One
can show that det(J [2](E∗)) < 0, and thus we must have ℜ(λ2 + λ3) < 0. All
eigenvalues of J [2](E∗) have negative real part and as a result it is stable. Any n
by n real matrix M is stable if and only if (−1)ndet(M) > 0 and M [2] is stable
[19], thus the Jacobian matrix J∗ is stable and we have the following theorem:
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Theorem 4.5. The endemic equilibrium E∗ of system (2.1) is locally asymp-
totically stable if R0 > 1.

To analyze the global stability of E∗ we use a geometric approach developed
by Li and Muldowney [18]. This method has been used to deal with the global
stability of endemic equilibrium in many epidemic models [4,1,20,22,2]. Here we
briefly explain the method:

Consider the autonomous equation x′ = f(x), where f : D −→ Rn is a C1

function on an open set D ⊂ Rn. The solution of the differential equation with
initial value x0 is denoted by x(t;x0). Assume that two following conditions
hold:

(G1) The system has a unique equilibrium x in D;
(G2) There exists a compact absorbing set K ⊂ D.
Let Q(x) be a M ×M , M =

(
n
2

)
, matrix-valued function which is C1 on

D. Moreover, assume that Q−1(x) exists and is continuous for x ∈ K. Define a
quantity q2 as

q2 = lim sup
t→∞

sup
x0∈K

1

t

∫ t

0
ψ (B(x(r;x0))) dr,

where,
B = QfQ

−1 +QJ [2]Q−1.

Here, J [2] is the second additive compound matrix of the Jacobian matrix J , Qf

is obtained by (qij)f =
(
∂qij
∂x

)⊤
.f(x), and ψ(B) is the Lozinski ı̆ measure of B

with respect to a vector norm |.| in RM , defined by ψ(B) = limh→0+
|I+hB|−1

h .
The following result has been proved in [18].

Lemma 4.6. Suppose that D is simply connected and conditions G1 and G2 are
satisfied. The unique equilibrium x of system x′ = f(x) is globally asymptotically
stable in D if q2 < 0.

We are now in position to prove the global stability of the endemic equilib-
rium.

Theorem 4.7. The endemic equilibrium E∗ of system (2.1) is globally asymp-
totic stable if R0 > 1 and the following condition holds:

µ > max
{
θ − φ, γ − θ + φ, γ − θ + α

}
.

Proof. The uniform persistence of system (2.1) in the bounded region Γ, stated

in Theorem 4.4, implies that there exists a compact setK in
◦
Γ which is absorbing

for solutions of system(2.1) (see [9]).
The Jacobian matrix of system (2.1) is

J = J(S, I, V ) =

 −βI − (µ+ φ) −βS + γ θ
βI βS − (µ+ γ + α) 0
φ 0 −(µ+ θ)

 ,
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and its corresponding second additive compound matrix is

J [2] =


−βI + βS

−(2µ+ φ+ γ + α) 0 −θ
0 −βI − (2µ+ φ+ θ) −βS + γ
−φ βI βS − (2µ+ γ + α+ θ)

 .

Set the function Q = Q(S, I, V ) = S
I I3, where I3 is the identity matrix. We

obtain Qf =
(
S′

I − SI′

I2

)
I3 and thus QfQ

−1 =
(
S′

S − I′

I

)
I3. On the other hand

obviously QJ [2]Q−1 = J [2]. Therefore the matrix B = QfQ
−1 + QJ [2]Q−1 can

be written in block form as

B =

(
B11 B12

B21 B22

)
,

in which,

B11 =
S′

S − I′

I − βI + βS − (2µ+ φ+ γ + α),

B12 = (0− θ), B21 = (0− φ)⊤,

B22 =

(
S′

S − I′

I − βI − (2µ+ φ+ θ) −βS + γ

βI S′

S − I′

I + βS − (2µ+ γ + α+ θ)

)
.

From [18], if we select the norm
∣∣∣(u, v, w)∣∣∣ = max

{∣∣∣u∣∣∣, ∣∣∣v∣∣∣+∣∣∣w∣∣∣} for (u, v, w) ∈
R3, then we have

ψ(B) = sup{g1, g2},

where g1 = ψ(B11)+
∣∣∣B12

∣∣∣ and g2 = ψ(B22)+
∣∣∣B21

∣∣∣ and ψ denotes the Lozinskǐı

measure with respect to the defined norm. Thus, we have ψ(B11) =
S′

S − I′

I −
βI + βS − (2µ+ φ+ γ + α), | B12 |= θ, | B21 |= φ and

ψ(B22) = max

{
S′

S
− I ′

I
− (2µ+ φ+ θ),

S′

S
− I ′

I
− (2µ+ γ + α+ θ)

}
=
S′

S
− I ′

I
− (2µ+ θ) + max{−φ,−α}

From second equation of system (2.1) we have βS = I′

I + (µ+ γ + α), thus

g1 =
S′

S
− I ′

I
− βI + βS − (2µ+ φ+ γ + α) + θ

=
S′

S
− βI − µ− φ+ θ ≤ S′

S
− µ− φ+ θ,
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and

g2 =
S′

S
− I ′

I
− (2µ+ θ) + max{−φ,−α}+ φ

=
S′

S
− βS − µ− θ + γ + α+ φ+max{−φ,−α}

=
S′

S
− βS − µ− θ + γ +max{α, φ}.

≤ S′

S
− µ− θ + γ +max{α,φ}.

Therefore

ψ(B) = sup{g1, g2} ≤ S′

S
− µ+max{−φ+ θ,−θ + γ + φ,−θ + γ + α}

=
S′

S
− µ−min{φ− θ, θ − γ − φ, θ − γ − α}.

By the assumption in the state of theorem we get

ψ(B) = sup{g1, g2} ≤ S′

S
− η,

in which η = β + µ+min{φ− θ, θ − γ − φ, θ − γ − α} > 0.
Therefore for any solution of system (2.1) with (S(0), I(0), V (0)) ∈ K, we

have
1

t

∫ t

0
ψ(B)dr ≤ 1

t

∫ t

0

(
S′

S
− η

)
dr =

1

t
ln
S(t)

S(0)
− η,

which implies

q2 = lim sup
t→∞

sup
1

t

∫ t

0
ψ(B)dr < −1

2
η < 0,

and according to the Lemma 4.6, E∗ is globally asymptotically stable.

5. The impact of vaccination

In this section we discuss briefly the model in absence of vaccination. If we
consider model (2.1) without vaccination i.e. we omit the compartment V , we
have an SIS epidemic model and the vaccination-free basic reproduction number
becomes

R̃0 =
βΛ

µ(µ+ γ + α)
,

and therefore

R0 =

(
1− µq + φ

µ+ θ + φ

)
R̃0.

This shows that R0 ≤ R̃0 and thus disease will extinct sooner in present of
vaccination. For under study population if R̃0 < 1 the disease will die out,
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but when R̃0 > 1 it will persist in population and thus vaccination must be
performed such that R0 ≤ 1. To this be satisfied we must have

φ+ µqR̃0 ≥ (µ+ θ)(R̃0 − 1).

This shows that to eradicate the disease at least a fraction

(5.1) q∗vac =
1

µR̃0

[
(µ+ θ)(R̃0 − 1)− φ

]
.

of new members must be vaccinated. From (5.1) it can be concluded that greater
values for φ and less values for θ yield less values for q∗vac. This shows that in-
crease in the proportion of susceptible individuals who protected by vaccination
(φ), and also in the period time of loosing immunity

(
1
θ

)
, accelerates the disease

eradication. however, it must be noted that if q∗vac > 1, the vaccination can not
overcome the disease even if all new members are vaccinated.

6. An example

In this section, using numerical approach the theoretical results obtained in pre-
ceding sections will be examined. First, a bifurcation diagram of compartment
I(t) in terms of various values of parameter q is presented. Then, some solutions
of the model in two cases R0 < 1 and R0 > 1 are given.

Example 6.1. Let values of parameters in model (2.1) are as Λ = 0.2, β =
0.6, µ = 0.1, φ = 0.2, α = 0.2, γ = 0.3, θ = 0.2, and q ∈ (0, 1). Assume also
that the unit of population size is one million individuals and initial values are
S(0) = 0.8, I(0) = 0.4 and V (0) = 0.5.

A bifurcation diagram of number of infected individuals (variable I(t)) in
terms of fraction of vaccinated new members (parameter q) is presented in Figure
1. For values q < 0.5 obviously final values of I(t) have positive values and the
endemic equilibrium E∗ is stable, while for q > 0.5 the disease-free equilibrium
E0 is stable. This can be also concluded from relation (5.1) where q∗vac = 0.5 is
optimal value for which the disease will be extinct from population.

Now let q = 0.2 and q = 0.8. For these values for q and same values for other
parameters as before, we have R0 = 1.12 > 1 and R0 = 0.88 < 1, respectively.
Then, according to Theorem 4.6 and Theorem 3.2 disease persists and will be
wiped out in these cases, respectively. Solutions of the model for these two
values of parameter q are shown in Figure 2.

7. Summary

In this paper, we studied an SIS epidemic model that includes a vaccination
program. The vaccination consist of new members and susceptible individuals.
Although vaccination effect is perfect i.e. no vaccinated individual becomes in-
fectious, its immunity is lost gradually. The basic reproduction number R0, and



554 MAHMOOD PARSAMANESH

Figure 1: A diagram for final values of infected population I(t) in terms of various values of
fraction q.

Figure 2: Solutions of model (2.1) for values q = 0.2 and q = 0.8 and other parameter values
as in Example 6.1.
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equilibria of the model were found. The dynamics of the model were determined
by threshold R0; if R0 < 1, it was proved that the disease-free equilibrium is
locally as well as globally asymptotically stable. In this case the disease dies
out and disease extinction occurs. while the disease will persist in population
permanently if R0 > 1. Indeed it was proved that the endemic equilibrium is
locally asymptotically stable by means of the second additive compound matrix
method and is globally asymptotically stable using a geometric approach. Im-
pact of vaccination was briefly discussed and an optimal fraction of new members
who must be vaccinated to disease dies out, was found. Finally, the theoretical
results were discussed also numerically in some examples.
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