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Abstract. In this paper, we define conformal anti-invariant submersions from Ken-
motsu manifolds onto Riemannian manifolds. Further we obtain some results on such
submersions from Kenmotsu manifolds into Riemannian manifolds admitting vertical
or horizontal structural vector fields. Among the results we find necessary and sufficient
conditions for conformal anti-invariant submersions to be totally geodesic. Moreover,
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such that characteristic vector field £ is horizontal or vertical.
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1. Introduction

The theory of Riemannian submersion between Riemannian manifolds was in-
troduced by O’Neill [13] in 1966 and Gray [9] in 1967. It was useful if one should
study such submersions between manifolds with differentiable structures. When
Watson was studying almost Hermitian submersions between almost Hermitian
manifolds [16] in 1976, he found that the base manifold and each fiber have
the same kind of structure as the total space in most of the cases. We note
that almost Hermitian submersions have been extended to the almost contact
manifolds [6] in 1985. We know that Riemannian submersions are related with
mathematical physics and have their applications in the Yang-Mills theory [15],
supergravity and superstring theories ([12], [13]), Kaluza-Klein theory ([5], [11])
etc.
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On the other hand, as a generalization of Riemannian submersion, horizon-
tally conformal submersion are introduced [3] and defined as follows: Consider
two Riemannian manifolds M of dimension m and N of dimension n with Rie-
mannian metrics gy and gy respectivly. A smooth map f : (M, gar) — (N, gn)
between Riemannian manifolds is called a horizontally conformal submersion, if
there is a positive function A such that

(11) )‘29M(U’ V) :gN(f*U’ f*V),

for every U,V € T'(ker f,)*. It is known that every Riemannian submersion is
a particular horizontally conformal submersion with A = 1. Let f is a smooth
map between Riemannian manifolds and € M. Then, f is called horizontally
weakly conformal map at x if either (i) f., = 0 or (i) f.«y maps the horizontal
space H = (ker f,)* conformally onto T' ¥()N, i-€., fur is surjective and f, sat-
isfies the equation (1.1) for U,V vectors tangent to H,. We call the point z a
critical point if it satisfies the type (i) and we call the point  regular point if it
satisfies the type (ii). The square root A(z) = \/A(x) is called dilation, where
number A(z) is called the square dilation which is necessarily non-negative .
If horizontally weakly conformal map f is said to be horizontally homothetic,
then the gradient of their dilation A is vertical, i.e., H(grad\) = 0 at regular
points. A horizontally weakly conformal map f is called horizontally conformal
submersion if f has no critical points [3]. Thus, it follows that a Riemannian
submersion is a horizontally conformal submersion with dilation identically one.
The horizontal conformal maps were introduced independently by Fuglede in
1978 [8] and by Ishihara in 1979 [12]. From the above argument, one can de-
termine that the notion of horizontal conformal maps is a generalization of the
idea of Riemannian submersions.

We denote the kernel space of f, by ker f. and consider the orthogonal
complementary space H = (ker f,)* to ker f.. Then the tangent bundle of M
has the following decomposition

(1.2) TM = (ker f.) @ (ker f.)*.

We also denote the range of f. by rangef. and consider the orthogonal
complementary space (rangef.)* to rangef. in the tangent bundle TN of N.
Thus the tangent bundle TN of N has the following decomposition

(1.3) TN = (rangef.) ® (rangef.)*.

We know that Riemannian submersions are very special maps comparing
with conformal submersions. Although conformal maps do not preserve distance
between points contrary to isometries, they preserve angles between vector fields.
This property enables one to transfer certain properties of a manifold to another
manifold by deforming such properties. The concept of conformal anti-invariant
submersions from almost Hermitian manifolds onto Riemannian manifolds was

studied by Akyol and Sahin [1].
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In this paper, we study conformal anti-invariant submersions from Kenmotsu
manifolds onto Riemannian manifolds. The paper is organized as follows. In
the second section, we collect main notions and formulae which need for this
paper.

In section 3, we introduce conformal anti-invariant submersions from Ken-
motsu manifolds onto Riemannian manifolds, investigates the geometry of leaves
of the horizontal distribution and the vertical distribution. In this section we
also find necessary and sufficient conditions for a conformal anti-invariant sub-
mersion to be totally geodesic.

In section 4, we consider conformal anti-invariant submersions from Ken-
motsu manifolds onto Riemannian manifolds such that the characteristic vector
field £ is horizontal vector field. Finally in section 5, we give some examples of
conformal anti-invariant submersions such that the characteristic vector field &
is vertical or horizontal.

2. Preliminaries

Let M be an almost contact metric manifold. So there exist on M ,a (1,1)
tensor field ¢, a vector field £, a 1—form 7 and ¢ is Riemannian metric such that

(21) ¢2:_I+77®€a ¢Of:0, "7005:07

(2.2) 9(X, ) =n(X),n(§) =1,

and

(23)  9(8X,9Y) =g(X,Y) = n(X)n(Y), 9(¢X,Y) = —g(X,9Y),

for any vector fields X and Y on M and I is the identity tensor field [2]. An
almost contact metric manifold M is also denoted by (M, ¢,&, 1, g).
An almost contact metric manifold M is called a Kenmotsu manifold if

(2.4) (Vx@)Y = g(oX,Y)E —n(Y)pX,

for X and Y on M, where V is the Riemannian connection of the Riemannian
metric g. From above equation, we have

(2.5) Vx§=X—nX)¢

Definition 1 ([3]). Let M and N are two Riemannian manifolds with Rieman-
nian metrics gy and gy, respectively. If f is a differentiable map from (M, gr)
to (N,gn), then f is called semi-conformal or horizontally weakly conformal at
p if either

(i) dfy =0, or
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(i3) df, maps the horizontal space H,, = (ker(df,))* conformally onto TN
i.e., dfy is surjective and there exists a number A(p) # 0 such that

(2.6) gn(df U, dfV) = AMp)gu(U, V), (U, V € Hy),
where p € M.

Watson introduced the fundamental tensors of a submersion in [13]. It is
known that the fundamental tensor play similar role to that of the second fun-
damental form of an immersion. Defined O’Neill’s tensors 7 and A, for vector
fields £, F on M by

(2.7) ApF = VVygHF + HVygVFE,
(2.8) TeF = HVypVF + VVypHEF,
where V and H are the vertical and horizontal projections [7], and V is Levi-

Civita connection on M. On the other hand, from equations (2.7) and (2.8), we
have

(2.9) VxY = TxY 4 VyY,

(2.10) VxU =HVxU+ TxU,
(2.11) VX =Ap X +VVpy X,
(2.12) VuV =HVyV + AyV,

for X,Y € D(ker f,) and U,V € T(ker f,)*, where VWxV = VY. If U is basic,
then AxU = HV xU.

It is seen that for p € M, X € V, and U € H,, the linear operators A,
Tx : T,M — T, M, are skew-symmetric, that is

(213) g(AUEaF) = _g(EaAUF) and Q(TXE,F) = _Q(E,TXF),

for each E, F' € T,M. We have also defined the restriction of T to the vertical
distribution 7T |yxy is precisely the second fundamental form of the fibers of f.
Since Ty is skew-symmetric we get: f has totally geodesic fibers if and only
if T = 0. For the special case when f is horizontally conformal we have the
following:

Proposition 1 ([10], (2.1.2)). Let f be a horizontal conformal submersion be-
tween Riemannian manifolds (M, gy) and (N, gn) with dilation A and U,V be
horizontal vectors, then

(2.14) ApV = %{V[U, V] = Mg (U, V)grady(%)}.

We know that the skew-symmetric part of Al «7 measures the obstruction
integrability of the horizontal distribution H.
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Let f: (M,gn) — (N,gn) is a smooth map between Riemannian mani-
folds. Then the differential of f. of f can be observed a section of the bundle
Hom(TM, f~*TN) — M, where f'TN is the pullback bundle which has fibers
(f7'TN), = TtV has a connection V induced from the Riemannian connec-
tion and VM the pullback connection. Then the second fundamental form of f
is given by

(2.15) (VU V) = VEF(V) = f(VHV),

for vector fields U,V € I'(T' M), where V7 is the pullback connection. We know
that the second fundamental form is symmetric.

Next, we find necessary and sufficient condition for conformal anti-invariant
submersion to be totally geodesic. We recall that a differentiable map f between
two Riemannian manifolds is called totally geodesic if (V f)(V, W) = 0, for all
VW eT'(TM).

A geometric clarification of a totally geodesic map is that it maps every
geodesic in the total space into a geodesic in the base space in proportion to arc
lengths.

We know that the followings from [14]. Let B = M x N be a manifold with
Riemannian metric gp and assume that the canonical foliations Dj; and Dy
intersect perpendicularly everywhere. Then gp is the metric tensor of

(1) a twisted product M x g N if and only if Dy, is totally geodesic foliation
and Dy is totally umbilical foliation,

(7i) a warped product M x g N if and only if D)y is totally geodesic foliation
and Dy is a spheric foliation, i.e., it is umbilical and its mean curvature vector
field is parallel,

We note in this case, from [4] we have VxU = X (In F)U, for X € I'(T'M)
and U € T'(T'N), where V is the Riemannian connection on M X N.

(797) a usual product of Riemannian manifolds if and only if Dys and Dy
are totally geodesic foliations.

Next, we explain a decomposition theorem related to the concept of twisted
product manifold. However, we first define the adjoint map of a map. Let
f i+ (M,gn) — (N,gn) be a map between Riemannian manifolds (M, gps) and
(N,gn). Then the adjoint map *f. of f, is characterized gp/(X," fipY) =
gN(fpX,Y) by X € T,M, Y € Typ,)N and p € M. Considering fP at each
p € M as a linear transformation

ffp : ((ker f*)é;)agM(p)((kerf*);-)) — (rangef*(q)vgN(q)(rangef*)(q))a

we will denote the adjoint ff(p) by * ff(p). Let ff(p) be the adjoint of ff(p) :

(TpyM, gri(p)) — (T(q)N, gn(g))- The linear transformation (*fup) (rangef.py) —
(ker f*)é)) defined (*f*(p))hY =* ff(p)Y, where Y € (ranrgef,p),q = f(p), is

an isomorphism and ( f(p))_l = (*fup) =* f(p)’

Lastly, we recollection the subsequent lemma from [3].
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Lemma 1. Let (M,gy) and (N, gn) are two Riemannian manifolds. If f :
M — N horizontally conformal submersion between Riemannian manifolds,
then for any horizontal vector fields U,V and vertical vector fields X, Y, we have

OVdf(U, V) = U(InN)df(V)+ V(InN)df(U) — grm(U, V)df (gradin));
(i) Vdf(X,Y) = —df(AXY);
(1) Vadf (U, X) = —df(Vif X) = df(A")5X).

where (A™)% is the adjoint of (A¥) characterized by ((A™)5E, F) = (E, A"F),
(E,F e(TM)).

3. Conformal anti-invariant submersions

In this section we are going to introduce and study conformal anti-invariant
submersions from Kenmotsu manifolds onto Riemannian manifolds such that
the characteristic vector field £ is vertical vector field.

Definition 2. Let (M, $,&,n, 90 ) be a Kenmotsu manifold and (N,gn) be a
Riemannian manifold. A horizontally conformal submersion f: (M, ¢,&, 1, gnr)
— (N, gn) with dilation X is a called conformal anti-invariant submersion if the
distribution ker f, is anti-invariant with respect to ¢ i.e., ¢(ker f,) C (ker f.)L.
We have ¢(ker f.)* Nker f. # {0}. We denote the complementary orthonormal
distribution to ¢(ker f.) of u in (ker f,)*. Then we have

(3.1) (ker f.)* = ¢(ker f.) @ p.
For any U € T'(ker f,)*, we have
(3.2) ¢U = BU + CU,

where BUET (ker f,) and CUET (11). On the additional fact, since f.(T'(ker fi)*)
= TN and f is a conformal submersion, for every X € T'(ker f,) and U €
(I'(ker f,)+), using equation (3.2) we get %gN(f*gbU, f+xCX) =0, which denotes
that

(3'3) TN = f*(¢(ker f*)) @ f*(,u)

Lemma 2. Let (M,¢,&,n,90m) be a Kenmotsu manifold and (N,gn) be a
Riemannian manifold. If f : (M,¢,&,n,9m) — (N,gn) be a conformal anti-
mvariant submersion, then

(34) g (CV,¢X) =0,

and

35)  gu(VyOV,¢X) = —gu(CV, pAuX) + n(X)gm (CU,CV),
for X € T'(ker f,) and U,V € (T'(ker f,)b).
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Proof. For X € T'(ker f,) and U,V € (T'(ker fi)*), since BV € T'(ker f,) and
¢X € (T'(ker f,)*), using equations (3.2) and (2.3), we have g (CV,¢X) =
0. Now, using equations (2.3), (2.11) and (3.4), we get gp(VyCV,0X) =
—gm(CV,Vu¢X),= —gu(CV,0AuX) + n(X)gu(CU,CV), since $YVyX €
L (p(ker f)). [

Theorem 1. Let (M, $,&,n,90) be a Kenmotsu manifold and (N,gn) be a
Riemannian manifold. If f : (M,¢,&,n,90m) — (N,gn) be a conformal anti-
invariant submersion, then the followings are equivalent to each other:

(i) (ker f,)* is integrable,

(1) g (V] £.CU = V] £.0V, £.6X) = gur(Ay BV — Ay BU, ¢X)
— g (Hgradin\, CV)gn (U, X ) + gy (Hgradin, CU) g (V, 9 X)
— 290 (Hgradin\, 9 X)gar (CU, V), for X € T'(ker f.) and U,V € (I'(ker f.)*).

Proof. For X € T'(ker f,) and U,V € (T'(ker f,)*), since ¢V € (I'ker f, @ p)
and ¢X € (T'(ker f,)*). Using equations (2.1),(2.3), (2.4) and (3.2), we get
gu([U V], X) = gu(¢VoV,¢X) +n(X)n(VuV)
—gm (Vv U, ¢X) = n(X)n(VyU),
= gu(VuoV,9X) — gu(VvoU, ¢X) — gu([U, V], En(X),
= gu(VuBV,9X) + gu(VuCV,¢X) — gu (Vv BU, $X)
—gm(VvCU, ¢X) — gu([U, V], E)n(X).

Since f is a conformal submersion, using equations (2.11) and (2.12), we get
1
1

A
Using equations (2.5), (2.15), (3.4) and lemma 1(7), we get

gu([U V], X) = gu(AuBV — AyBU, $X) — gn(Hgradin, CV) gy (U, $X)
+gnm (Hgradinh, CU) g (V, ¢ X)
—2gm (Hgradin, ¢ X)gn (CU, V')

1

which implies (i) < (7). O

Theorem 2. Let (M,$,&,m,90m) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,¢,&,n,9m) — (N,gn) be a conformal anti-
wvariant submersion, then any two of the following conditions imply the third:

(i) (ker f,)* is integrable,

(#i) f is horizontally homothetic,

(ii1) S5 gn (V] f.OU =V £.CV, f.6X) = gr(Au BV — Ay BU, ¢X), for X €
[(ker f,) and U,V € (I'(ker f.)F).
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Proof. For X € I'(ker f.) and U,V € (T'(ker f,)*), using Theorem (1), we get

g ([U, V], X) = gu(AyBV — Ay BU, ¢ X ) — gy (U, 9 X) g (HgradinA, CV)
+90 (V, 9 X)gnr (HgradinA, CU)—2gp (CU, V) g (Hgradin, ¢ X)

1
Now, using conditions (i) and (i7), we get (ii7)
1
32N (VUCU = Vi [.CV, f16X) = g (AyBY — Ay BU, 6 X).
Similarly, one can obtain the other assertions. O

Remark 1. Let f be a conformal anti-invariant submersion is conformal La-
grangian submersion, if ¢(ker f.) = (ker fi)*. Then equation (3.3), we have

TN = f.(¢(ker f.)*).

Corollary 1. Let (M, ¢,&,n,g90m) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,®,&,m,9m) — (N,gn) be a conformal La-
grangian submersion, then the following assertions are equivalent to each other:

(i) (ker fi)* is integrable,

(i) AoV = Ay oU,

(ii7) (VE)(V,9U) = (VLU ¢V),  for U,V € (D(ker f.)F).

Proof. For X € D'(ker f,) and U,V € (I'(ker f,)1), since X € (T'(ker f.)1)
and ¢V € I'(¢p(ker f,)). From Theorem (1), we have

gu([U, V], X) = gri(AyBV — Ay BU, 6X) — gn(Hgradink, CV) g (U, ¢ X)
+ gu(Hgradin, CU) g (V, ¢ X)—2gn (Hgradin, X )gn (CU, V)

1
— 529V (VL £:.CU = V1.0V, £.6X).

Since f conformal Lagrangian submersion, we have
g ([U, V], X) = g (Au BV — Ay BU, ¢ X),

which implies (i) < (i7). On the further using definition (2) and equation (2.11),
we get

g (AuBV —AyBU, 9X) = gu(AuBV, ¢ X) — gu(Av BU, ¢ X),

= %QN(JC*AUBV» [ X) — %gN(f*.AvBU, f+0X),

1

= SN (TUBY), [.6X) = 350w (£ (T BU), [.6X).
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Now, using equation (2.15) we have

N (V0 BY), L.6X) = 3505 (Vy BU), f,6X)

_ %QN(—(Vf*)(U, BV) + Vi f.BV, f.6X)

_ %QN(_(Vf*)(V, BU) + Vi, f.BU, f.¢X),
1

= F[QN((VJC*)(V7 BU) - (Vf*)(U, BV),f*(Z)X)],

which proves that (i7) < (ii7). O

Theorem 3. Let (M,$,&,m,9m) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,¢,&,n,90m) — (N,gn) be a conformal anti-
invariant submersion, then the followings are equivalent to each other:

(i) (ker f,)* defines a totally geodesic foliation on M,

(1) = 329N (Vi OV, £ X) = gu (A BV, 6X)
—gm (U, 0 X)gnr(Hgradin\, CV') + gy (U, CV)gar (Hgradin, ¢ X)
—n(X)gnm (U, V), for X € I'(ker f,) and U,V € (I'(ker f.)*).

Proof. For X € I'(ker f,) and U,V € (I'(ker f,)+), using equations (2.3), (2.4),
(2.11),(2.12) and (3.2), we have

g (VuV, X) = gu(VuoV,¢oX) +n(X)n(VyV),
= gu(AuBV,9X) + gu(HVyCV, ¢ X) +n(X)n(VyV).

Since f is conformal submersion, using equation (2.15), lemma 1(7), definition
(2) and equation (3.4), we get

g (VuV, X) = gy (Au BV, ¢ X) — gy (Hgradinh, CV) gy (U, X))
—n(X)gm (U, V) + gy (Hgradin, ¢ X ) g (U, CV)

1
+ 529N (VELCV, f0X),

which implies (i) < (7). O

Theorem 4. Let (M, $,&,1n,90) be a Kenmotsu manifold and (N,gn) be a
Riemannian manifold. If f : (M,¢,&,n,90m) — (N,gn) be a conformal anti-
invariant submersion, then any two of the following conditions imply the third:

(i) (ker f.)* defines a totally geodesic foliation on M,

(7i) f is horizontally homothetic,

(ii1) g (AuBV, ¢X) — n(X)gn(U. V) = — 5 gn (VL .CV, foX), for X €
['(ker f,) and U,V € (I'(ker f.)*).
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Proof. For X € I'(ker f,) and U,V & (I'(ker f,)*), using Theorem (3), we have
g (VuV, X) =g (Ay BV, ¢ X)—gn (HgradinX, CV) ga (U, 9 X)—n(X ) g (U, V)

1
+ gur(Hgradin, $X)ga (U, CV) + ﬁgN(vg F.CV, oo X).

Using conditions (¢) and (i), we get (i)

1
g(Au BV, X) = 1(X)gur (U, V) = =508 (VL CV. [.6X).
Similarly, one can obtain the other assertions. O

Corollary 2. Let (M,¢,&,n,gm) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,®,&,m,90m) — (N,gn) be a conformal La-
grangian submersion, then the followings are equivalent to each other:

(i) (ker fi)* defines a totally geodesic foliation on M,

(i) gu(Au oV, ¢ X) = n(X)gm (U, V),

(iii) — 2 gn (VL) (U, 6V), f.6X) = n(X)gar(U, V), for X € T(ker f.) and
U,V e T'(ker f,)*.

Proof. For X € I'(ker f,) and U,V € (T'(ker f.)*), from definition (2), ¢V €
I'(¢(ker f.)) and ¢X € T'((ker f,)*). Using Theorem (3), we have

g (Vo V, X) = gy (Au BV, ¢ X ) — g (Hgradin\, CV) gy (U, 9 X)
—n(X)gm (U, V) + gu(Hgradin, ¢ X ) gr (U, CV)

1
+ 339N (VEICV, o6 X)),

Since f is conformal Lagrangian submersion, we get
gu(VoV, X) = gu(AuBV,¢X) —n(X)gm(U, V)
which implies (i) < (7).
On the further needed, using equation (2.11), we get
gm(Au BV, ¢X) = gu(Vu BV, ¢.X).

Since f is conformal submersion, we get

Gu(AuBY, 6X) = 55on(LVUBY, £.6X)

Using equation (2.15), we get

1

g (AuBV,¢X) = _FQN((Vf*)(Uv BV), f«¢X)

_ _%QN«W*)(U,W)J@X),

which shows (i) < (4i7). O
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Theorem 5. Let (M, $,&,n,90m) be a Kenmotsu manifold and (N,gn) be a
Riemannian manifold. If f : (M,¢,&,n,90m) — (N,gn) be a conformal anti-
invariant submersion, then the followings are equivalent to each other:
(i) (ker f.) defines a totally geodesic foliation on M,
(i) — 3298 (Vy f0X, fodCU) = gr(Tx Y, BU)
+9rm (oY, 0 X)gnr (HgradinX, oCU), for X, Y € I'(ker fi) and
U € (T(ker fi)b).

Proof. For X,Y € I'(ker f,) and U € (I'(ker f,)"), using equations (2.3), (2.4),
(2.10) and (3.2), we get

gm(VxY,U) = gu(oVxY,oU) +n(VxY)n(U),
= gu(Tx Y, BU) 4+ gu(HVx Y, CU).
Since V is torsion free and [X, ¢Y] € I'(ker f,), we get
gu(VxY,U) = gu(Tx¢Y, BU) + gu(Vey X, CU),
using equations (2.3) and (2.4), we get
g (VxY,U) = gu(Tx¢Y, BU) + gu(Vgy X, 9CU),

here we have used p is invariant. Since f is conformal submersion, using equation
(2.15) and Lemma 1(7), we get

Gu(VXY,U) = gu(TxoY, BU) ~ s ou(Hgradinh, ¥ g (f.6X, £.6CU)
~ o (Mgradin, 6X)g(f.6Y, f.6CT)

1008V, 6X)gx (. Hgradind, f.6CU)

1
+3298 (Viy [:0X, [6CU).
Next, using definition (2) and equation (3.4), we have
g (VxY,U) = gu(TxoY,BU)+ gm (oY, ¢X)gm (Hgradin, ¢CU)
1
3398 (Vi f6X, £u6CU),
which shows (i) < (7). O

Theorem 6. Let (M,$,&,m,90) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,¢,&,n,9m) — (N,gn) be a conformal anti-
invariant submersion, then any two of the followings conditions imply the third:

(1) (ker f.) defines a totally geodesic foliation on M,

(7i) A is constant on T'(u),
(i) g (Vi .0, Fu6CU) = ~gui(Tx Y, 60),

for X,Y € T'(ker f,) and U € (I'(ker f,)+).
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Proof. For X,Y € I'(ker f.) and U € (I'(ker f,)*), from Theorem (5), we have

gu(VxY,U) = gu(TxdY, BU) + gu(9Y, ¢X)gu (HgradinA, ¢CU)
1
+3298 (Viy 10X, £:6CU).
Now, using conditions (i) and (i), we havegys(9Y, ¢ X)grr (Hgradin, ¢CU) =

0. From above equation A is constant on I'(x). Similarly, one can obtain the
other assertions. O

Corollary 3. Let (M,$,&,m,90m) be a Kenmotsu manifold and (N, gn) be
a Riemannian manifold. If f : (M, ®,&,m,9m) — (N,gn) be a conformal La-
grangian submersion, then the following statements are equivalent to each other:
(i) (ker f.) defines a totally geodesic foliation on M,
(i1) TxoY =0, for X,Y € I'(ker f,).

Proof. For X,Y € I'(ker f,) and U € T'(ker f,)*, from Theorem (5), we have
g (VxY,U) = gu(TxoY,BU) + gm (oY, 0 X)gn (HgradinA, ¢CU)

3308 (Vhy fo0X, £.6CT).

Since f is a conformal Lagrangian submersion, we get i/ (VxY,U) = gu(Tx @Y,
¢U)), which proves (i) < (7). O

Theorem 7. Let (M,$,&,m,90m) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,¢,&,n,9m) — (N,gn) be a conformal anti-
invariant submersion, then f is a totally geodesic map if and only if

—VIEW = fu(@AvoW + ¢VVyBWa + ¢ Ay CWy + CHV v oW,
+C Ay BWy + CHVyCWo — n(W1)V + gu (V, W2)§),

for any V € (T(ker f)1),W € I(TM), where W = Wy + Wa, Wy € T'(ker f)
and Wy € (T'(ker f.)*).

Proof. Taking equation (2.15) and using equations (2.1), and (2.4), we get
(VI)VW) = VLW + f(6Vy oW — (W)Y —n(VyW)E),

for any V € (I'(ker f,)1), W € T(TM).
Now using equations (2.15) and (3.2), we get

(VEIV,W) = VL LW + F(¢Av oWy + BHVy oWy + CHV oWy
+ BAy BWo+C Ay BWo+¢pVVy BWo+ o Ay CWo+BHVyCWy
+ CHVyCWa +n(W1) BV — n(W1)V + gu (V, Wa)§),

for W = Wy + Wy € I(TM), where Wy € T'(ker f,) and Wy € (I'(ker fi)+).
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Thus taking into account the vertical terms, we get

(VE)V, W) =V LW + £{(¢(Av oWy + VVy BWa + Ay CWa)
+ C(HVV¢W1+AvBW2+HVVCW2) — U(Wl)V)—i-gM(V, Wg)f}

Thus
(Vi)V, W) = 0&

VLW = fu((AyeWy + Vv BWs + Ay CWa) + gar(V, Wa)E
+C(HVy oW1 + Ay BWy + HVyCWy) — n(Wh)V).

Therefore, we obtain the result. O

Definition 3. Let (M, ¢,&,n,gm) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,¢,&,n,9m) — (N,gn) be a conformal anti-

invariant submersion, then f is called a (¢ ker fi, u)—totally geodesic map pro-
vided (V f)(¢X,U) =0, for X € T'(ker f.) and U € (T'(ker f,)*).

Theorem 8. Let (M,$,&,m,9m) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,¢,&,n,90m) — (N,gn) be a conformal anti-
invariant submersion, then f is called a (pker fi, p)—totally geodesic map if
and if f is horizontally homohtetic map.

Proof. For X € I'(ker f,) and U € I'(i), using lemma 1(3), we get
(V) (X, U) = ¢X(InA) f+(U) + U(InA) fo(¢X) — gn (¢ X, U) fx(gradinA),
From above equation, if f is a horizontally homothetic, then (V f,)(¢X,U) =

Conversely, if (V f.)(¢X,U) =0, we find
(3.6) X (InN) f(U) + U(InX) f«(¢X) = 0.

Taking inner product in above equation with f,(¢X) and since f is conformal
submersion, we have

gu(Hgradin, o X )gn (fU, f+0X) + gn(HgradinA, U)gn (f+0 X, f+¢X) = 0.

Above equation shows that A is a constant I'(p).
On the other hand taking inner product in equation (3.6) with f. X, we get

g (Hgradin, ¢ X )gn (fU, fxdU) + g (Hgradin, U)gn (f«¢ X, fxU) = 0.

From above equation shows that A is a constant on I'(¢(ker f,)). Thus A is
a constant on I'((ker f,)*). O

Theorem 9. Let (M,$,&,m,9m) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. Let f : (M,¢,&,m,90m) — (N, gn) be a conformal anti-
wvariant submersion. Then f is totally geodesic map if and only if
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(1) ¢TxY —n(Y)X 4+ gu(X,Y)€) =0 and HVy¢X € I'(pker f,),
(i4) f is horizontally homothetic map,
(tit) VxBU = —=TxCU and TxBU + HVxCU € I'(¢ker f,).

Proof. For X,Y € I'(ker f,), using equations (2.1),(2.4) and (2.15), we get

(VLIXY) = fu((Vx oY) =n(Y)X +n(X)n(Y)E = n(VxY)E).

Now, using equations (2.10) and (3.2), we get
(VI)X,Y) = fu(¢Tx oY + CHV x Y —n(Y)X + g (X, Y)E).

Thus shows that ¢Tx @Y —n(Y)X +gn(X,Y)E) = 0and HV x oY € I'(¢ker f).
On the other hund lemma 1(i), we get

(VL)W V) = U(lnA) f(V) + V(InX) fo(U) = gu (U, V) fi(gradin),

for U,V € T'(u). Tt is obvious that if f is horizontally homothetic, it follows
that (Vf.)(U,V) = 0. Conversely, if (Vf.)(U,V) = 0, taking V = ¢U in above

equation, we have
(3.7) U(InA) £o(8U) + GU (1) fu(U) = 0.
Taking inner product in equation (3.7) with f.¢U, we get
gu (HgradinX, U)gn (f«@U, f+oU) + gy (Hgradin, U )gn (f«U, froU) = 0.

From above equation A is constant on I'(i). On the other hand, for X,Y €
[(ker f.), from lemma 1(7), we get

(VI)(9X, 9Y) = dX(InA) f(9Y) +¢Y (InA) £ (0 X) — gar (X, §Y) fi(gradin).

Again if f is horizontally homothetic, then (V f.)(¢X, ¢Y) = 0. Conversely,
if (Vf)(¢0X,9Y) =0, putting X =Y in above equation, we get

26X (InN) £.(6X) — ga1(6X, 6X) f. (gradin)) = 0.

Taking inner product in above equation with f,¢X and since f is conformal
submersion, we have gy (¢X, ¢ X)gnr(gradinA, X ) = 0.

From above equation, A is constant on I'(¢ker f,). Thus A is constant on
P ((ker f.)5).

Now, for X € T'(ker f,) and U € T'((ker fi)1), using equations (2.1), (2.4)
and (2.15), we get (Vf)(X,U) = fu(6(VxoU) —n(VxU)E). Now, again using
equations (2.10) and (3.2), we get

(V) (X,U) = fo(CTxBU + ¢V x BU + CHV xCU + ¢TxCU).

Thus (V£.)(X,U) =0 < f.(CTxBU + ¢V xBU + CHV xCU + ¢TxCU) = 0.
Therefore, we obtain the result. O
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From Theorems (3) and (5) in terms of the second fundamental forms of
such submersions.

Theorem 10. Let (M,$,&,m,90) be a Kenmotsu manifold and (N, gn) be
a Riemannian manifold. Let f : (M,$,&,n,9m) — (N,gn) be a conformal
anti-invariant submersion. Then M is a locally product manifold of the form

Mxer )1 x Mker 1.) o

(38) 0N (VLLCV, £.6X) = gai(AuBY, 6X)
— gu(HgradinA, CV)gn (U, ¢X) + gu(Hgradin, X )gu (U, CV),
and
1
(3.9) —3298(Viy [+0X, [.6CU)

= gu(Tx9Y,BU) + grm(9Y, X )gn (Hgradin, ¢CU),

for X, Y € T(ker f.) and U, V,W € (T(ker f.)*), where Myer £y1 and M ,)
are integral manifolds of the distributions T'(ker f.) and (T'(ker f.)*). Conversely,
if M is a locally product manifold of the form My, )1 x Mxer 1,y then we have

1
~ 3298 (V[ £.CV. f.6X)
= gm(Hgradin, X )gn (U, CV') — g (Hgradin, CV) gy (U, 9 X),

and — 3 gn (V] f.0 X, fodCU) = g (6, $X)gnr(Hgradin, ¢CU).
Again, from Corollaries (2) and (3), we have the following theorem.

Theorem 11. Let (M, ¢,&,m,90) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M, ¢,&,m, gr)— (N, gn) be a conformal anti-inva-
riant submersion, then f is a locally product manifold if and only if g (AudV,
#X) = n(X)gm (U, V) and Tx¢Y =0, for X, Y€l (ker f,) and U,V € (T (ker fi)*).

Theorem 12. Let f be a conformal anti-invariant submersion from a Ken-
motsu manifolds (M, ¢,&,m, gar) to a Riemannian manifold (N, gn). Then M is
a locally twisted product manifold of the form Mer f,) X Myer )1 tf and only if

(310)  — 5o (Viy fu0X, £u6CT)
= u(Tx @Y, BU) + gas(6Y, 6X )gus (Hgradin, 6CU),
and
(3.11)  gu(U,V)H = —BAyBV + CV(In\)BU — B(Hgradin\)ga (U, CV)

— ¢* [V £.0V),

for X, Y € T'(ker f.) and U,V € (T'(ker f.)*), where Mer 1) and Mie, 5.y are
integral manifolds of the distributions (ker f.)* and (ker f.) and H is the mean
curvature vector field of M ey f,)1-
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Proof. For X,Y € I'(ker f,) and U € (I'(ker f.)"), using equations (2.3), (2.4),
(2.10) and (3.2), we get g (VxY,U) = gu(TxoY,BU) + gu(HV x9Y,CU).
Since V is torsion free and [X, ¢Y] € I'(ker f.), we get

g (VxY,U) = gu(Tx¢Y, BU) + gu(HV 4y X, CU).
Using equations (2.3), (2.4) and (2.12), we have

gM(VXy, U) = gM(Tx(;SY, BU) + gM(V¢y¢X, QZ)CU).

Since f is conformal submersion, using equation (2.15) and lemma 1(), we find

Gu(VXV,U) = gu(TxdY, BU) = s5on(Hgradind, 6¥ g (f-6X., £.6C0)
— o (Hgradind, 6 X)gn (£.6Y. £.6CU)
+3500(0X, 0V )gx (. Hgradin), £.60U)

3508 (Vhy f20X, .6CU).
Next, using definition (2) and equation (3.2), we obtain
gu(VxY,U) = gu(Tx¢Y, BU) + gm (60X, ¢Y )gu (HgradinA, ¢CU)
435N (Vhy £20X, .6CU).
Thus shows that My, 1,) is totally geodesic if and only if

1
— 329N (Viy F:0X, .6CU)
= 9u(Tx Y. BU) + 9a1(6X, Y )gns (Hgradin, oCU).

On the other hand for X,Y € T'(ker fi) and U,V € (I'(ker f,)*), using
equations (2.3), (2.4), (2.11),(2.12) and (3.2), we get

g (VuV, X) = gu(AuBV, ¢ X) + gu(HVyCV, ¢ X).

Since f is conformal submersion, using equation (2.15) and lemma 1(7), we
obtain that

1
gu(VuV, X) = gu(AuBV,¢X) — ﬁgM(HgmdlnA’ U)gn(f<CV, f.pX)
1
—ﬁgM(ngadlnA,CV)gN(f*U, f+9X)
1
+FQM(U’ CV)gn(fiHgradln, f ¢ X)

g (VI OV, 1.6X) +(X)n(VoV),
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Moreover, using definition (2) and (3.4), we get
g (VuV, X) = gu(AyBV, ¢ X) — gy (Hgradinh, CV)ga (U, ¢ X)
+n(X)n(VoV) + gu(U, CV)gu (Hgradind, $X)

(Vi FLOV. 6X) +n(Xn(Vi ).

Then, we have

gu(U,VYH = —BAyBV + CV(In\)BU — B(Hgradin\) gy (U,CV)
~0f (VI FOV) = gu (U, V)E +n(U)n(V)E,
which proves. ]

Theorem 13. Let (M, ¢,&,n,90) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. Let f : (M, ¢,&,n,90m) — (N,gn) be a conformal anti-
invariant submersion with rank(ker f.) > 1. If M s a locally warped product
manifold of the form My, 1 Xx Mxer f,), then either f is horizontally homo-
thetic submersion or the fibers are one dimensional.

Proof. Since f is a conformal submersion, for X,Y € T'(ker f.) and U €
(I (ker f,)1), using, equations (2.3), (3.4) and lemma 1(), we obtain

—U(InX)gu (¢ X, 9Y) = ¢Y g (U, 9 X).

For U € I'(u), we get —U(In\)gnm (9 X, Y ) = 0.
From above equation, we find that A is a constant on I'(u).
For U = ¢X € I'(¢(ker f,)), we have

(3.12) o X (InX)gm (9X, 9Y) = oY (InA)gn (X, ¢ X).
Interchanging the roles of ¥ and X in equation (3.12), we get

(3.13) OY (InA\)gu (¢ X, ¢X) = ¢ X (InA)gus (¢Y, 9Y).
From equations (3.12) and (3.13), we get

(3.14) X (InA) || 6X [Pl Y [*= ¢X (InN) (gas (6X, 9Y')).

From (3.14), either X is a constant on I'(¢(ker f)) or I'(¢(ker fy)) is 1-dimen-
sional. O

4. Conformal anti-invariant submersions admitting horizontal
structure vector field

In this section, we study conformal anti-invariant submersions from Kenmotsu
manifolds onto Riemannian manifolds such that the characteristic vector field &
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is horizontal vector field. Using definition (2), we have (ker f,)* = ¢(ker f.) @ u,
where p = ¢(p)® < &€ > . Thus, for any U € I'(ker f,)*, we have

(4.1) ¢U = BU + CU,

where BU € I'(ker f,) and CU € T'p(u).
Now, we suppose that X is vertical and U is horizontal vector fields. Using
equations (2.3), (4.1), (2.4) and (2.10), we have

(4.2) g (CU, pX) = 0.

(4.3) g (VuCV,¢X) = —gu (CU, 9 Ay X).

Since f is conformal submersion, using equation (4.2), we have

(44) “3ON(f.CV, f.6%) =0,

for X € T'(ker f,) and U,V € T'(ker f,)*.

Theorem 14. Let (M, ¢,&,n,90) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,¢,&,n,9m) — (N,gn) be a conformal anti-
imvariant submersion, then followings are equivalent to each other:

(i) (ker f,)* is integrable,

(i1) 59N (Vi f.CU = VI £.CV, f.¢X) = grr(Au BV — Ay BU, $X)

—gn (Hgradin\, CV) gy (U, pX)

+gr (Hgradin, CU)ga (V, X ) — 2ga (Hgradin, ¢ X)ga (CU, V), for X €
I'(ker f) and U,V € I'(ker fi)*.

Proof. For X € I'(ker f,) and U,V & I'(ker f,)*, since ¢X € T'(ker f,)* and
¢V € (I'ker f. @ p). Using equations (2.3),(2.4) and (4.1), we have

—gM(VvCU, ¢X)

Since f is a conformal submersion, using equation (2.10), we get
1
gu([U V], X) = gu(AuBYV — AvBU, ¢X) + 1598 (£ VU OV, f.9X)

1
_FQN(f*vVCUv [« X).
Thus using equation (2.15), (4.2) and lemma 1(7), we have

g (U, V], X) = gu(Ay BV — Ay BU, $X) — gar(U, 6 X )gar(Hgradin, CV)
+ gm(V, 0X) g (HgradinA, CU) =29y (CU, V) g (Hgradin, ¢ X)

1
~ 329N (V] £.CU = V1.0V, f.6X),

which proves (i) < (i4). O
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Theorem 15. Let (M, ¢,&,m,90) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,¢,&,n,9m) — (N,gn) be a conformal anti-
invariant submersion, then any two of the following conditions imply the third:

(i) (ker f,)* is integrable,

(73) f is horizontally homothetic,

(ii1) S gn (V] f.CU =V £.CV, f.0X) = g (Au BV — Ay BU, ¢X), for X €
[(ker f,) and U,V € (I'(ker f.)*).

Proof. For X € I'(ker f,) and U,V € (T'(ker f.)*), using Theorem (14), we get

gM([U7 V]v X)
= gu(AuBV — AvBU, ¢X) — gu (U, 9X)gn (HgradinA, CV)

+9m (V, 0 X) g (HgradinA, CU) — 29y (CU, V) gn (Hgradin, ¢X)

1
—ﬁgN(V{/f*CU — Vi 1.CV, f.0X).

Since (ker f,)* is integrable and f is horizontally homothetic, we get
1
2N (VU FCU = VL.V, £.0X) = gu(AuBV — Av BU, 6 X),

using conditions (i) and (i7), we get (7i7). Similarly, one can obtain the other
assertions. Ul

Remark 2. Let f : (M,¢,&,m,9m) — (IN,gn) be a conformal anti-invariant
submersion. If ¢(ker f,)® < & >= (ker fi)1, then C = 0 from equation (4.1).

Corollary 4. Let (M,¢,&,m,9m) be a Kenmotsu manifold and (N, gn) be
a Riemannian manifold. If f : (M, ®,&,m,9m) — (N,gn) be a conformal La-
grangian submersion. Then the following assertions are equivalent to each other:

(i) (ker f,)* is integrable,
(11) AugV = Ay ¢U,
(i41) (V1) (V, oU) = (V£.)(U, 8V, for X € T(ker fo) and U, V € (T(ker fo)b).

Proof. For X € I'(ker f,) and U,V & (I'(ker f,)"), since ¢X € I'(ker f,)* and
¢V € I'(¢ker fi), from Theorem (14), we have

gu([U, V], X) = gr(AyBV — Ay BU, X)) — gn (U, 6 X ) gar (Hgradink, CV)
+ gm (V. 0 X) g (Hgradin, CU) =29y (CU, V) gn (Hgradin, ¢ X)

1
— 329N (V{f.CU = V[ £.CV, [.0X).
Since f is a conformal Lagrangian submersion, we get

g ([U, V], X) = gu(AuBV — Ay BU, ¢X) =0,
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which proves (i) < (i4).
On the other hand, since f is a conformal submersion, using equations
(2.3),(2.11) and (2.15), we get

gu(AuBV — Ay BU, ¢ X)

= 2 {on (V1)U BV), £.0X) — gx(V£)(V, BU), f.6X)),
which proves (i) < (ii7). O

Theorem 16. Let (M, ¢,&,n,90) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,¢,&,n,90m) — (N,gn) be a conformal anti-
tnvariant submersion, then the followings are equivalent to each other:

(i) (ker f)* defines a totally geodesic foliation on M.

(1) — S5 gn (VL F.CV, fo6X) = gr(Au BV, 6X)
—gm (U, X )gnr(Hgradln, CV')
+g0 (U, OV)gar(Hgradin, 9 X), for X € T'(ker f,) and U,V € (T'(ker f,)*).

Proof. For X € I'(ker f.) and U,V € (T'(ker f.)*), using equations (2.3), (2.4),
(4.1),(2.10) and (2.11), we get

gm(VoV, X) = gu(AvBV, ¢X) + gu(HVy CV, ¢X),

Since f is a conformal submersion, using equation (2.15) and lemma 1(7),
we have

g (VuV, X) = gu(AuBV, 0 X) — gu (U, 0 X ) g (Hgradin, CV)
1
+ g (U, CV)gpr (HgradinA, pX) + ﬁgN(V{] £.CV, f.0X),

which shows that (i) < (i). O

Theorem 17. Let (M, ¢,&,n,90m) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,¢,&,n,9m) — (N,gn) be a conformal anti-
invariant submersion, then any two of the following conditions imply the third:

(i)(ker f,)* defines a totally geodesic folation on M,
(73) f is horizontally homothetic,

(ii1) — sogn (VL F.OV, f0X) = gu(AuBV,¢X), for X € D(ker f.) and
U,V e (T'(ker fi)b).

Proof. For X € I'(ker f,) and U,V € (I'(ker f,)*), from Theorem (16), we have
g (Vo V, X) = gu(Av BV, ¢X) — gu (U, $X) g (HgradinA, CV)
1
+ gn (U, CV) grr (Hgradin, $X) + FgN(vgf*Cv, f.6X),
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Since (ker f,)* defines a totally geodesic foliation on M and f is horizon-
tally homothetic, we have —%gN(Véf*CV, fx0X) = gu(AyBV,¢X), which
haves any two conditions imply the three. Similarly, one can obtain the other
assertions. O

Corollary 5. Let (M, ¢$,&,n,g9m) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f be a conformal Lagrangian submersion, then the
following statements are equivalent to each other:

(i) (ker f,)* defines a totally geodesic foliation on M,
(i) ApgV =0,
(i) (V) (U, V) =0, for U,V € (I'(ker fi)+).

Proof. For X € I'(ker f,) and U,V € (T'(ker f.)1), since ¢V € I'(¢ ker f.) and
#X € (T'(ker fi)*). From theorem (16), we have

gm(VuV, X) = gu(AuBV, 6 X) — gu(V, ¢ X) g (Hgradin, CV')
1
+ 91 (U, CV)grr (Hgradin, $X) + 595 (V{ [.CV. [u6.X),
Since f is a conformal Lagrangian submersion, we get

(4.5) am(VuV, X) = gu(Au BV, ¢ X),

which proves (i) < (i7). On the other hand, using equation (4.5) and (2.11),
since f is a conformal Lagrangian submersion and using equation (2.15), we get
gu(Au BV, 6X) = 5598 ((Vf) (U, BV) +0(V) f.U, f¢X) which proves (ii) ¢
(iid). 0
Theorem 18. Let (M, ¢,&,m,90m) be a Kenmotsu manifold and (N, gn) be a

Riemannian manifold. If f : (M,¢,&,mn,90m) — (N,gn) be a conformal anti-
invariant submersion, then the following assertions are equivalent to each other:

(7) (ker f.) defines a totally geodesic foliation on M,

(i1) — 3295 (Viy f.0X, fo6CU) = gui(Tr ¢ X, BU)
+gM(¢Y7 ¢X)9M (ngadlnA> (Z)CU) - U(U)QM (X> Y)v for X,Y € F(ker f*)
and U € (I'(ker f,)1).

Proof. For X,Y € I'(ker f,) and U € (T'(ker f,)), using equations (2.3), (2.4)
and (4.1), we have

av(VxY,U) = gu(TxdY, BU) + gr(Vey ¢ X, 9CU) +n(U)n(VxY).

Since f is a conformal submersion, using equation (2.15) and lemma 1(i), we
have

g (VxY,U) = gu(TxoY,BU) + gum (oY, ¢X)gu(HgradinA, ¢CU)

3308 (Vi fo0X, £.0CU) = n(U)gu (X, ),
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If (ker f.) is a totally geodesic foliation on M, then we have
g (VxY,U) = gu(TxoY,BU) + gn (oY, ¢ X)gu (Hgradin, ¢CU)
350N (VI fo0X, F6CU) —n(0)gu (X, ),
which proves (i) < (ii). O

Theorem 19. Let (M, ¢,&,m,90) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f : (M,¢,&,n,9m) — (N,gn) be a conformal anti-
invariant submersion, then any two of the following conditions imply the third:

(i) (ker fy) defines a totally geodesic foliation on M,
(74) A is constant on I'(u),

(i) — 3298 (Vy 26X, £26CU) = grr(Tx 6, 6U)—n(U)gar (X, Y), for X, Y €
I'(ker f) and U € (I'(ker fi)4).

Proof. For X,Y € T'(ker f,) and U € (T'(ker f,)*), from Theorem (18), we have
gm(VxY,U) = gu(Tx¢Y, BU) + gn(9Y, o X)gu (Hgradink, ¢CU)
1
+3298 (Viy Le0 X, f.6CU) = n(U)gar(X.Y),

Now, if we have (i) and (éi), then we have
From above equation, A is a constant on I'(x). Similarly, one can obtain the
other assertions. O

Corollary 6. Let (M,$,&,n,90) be a Kenmotsu manifold and (N,gn) be a
Riemannian manifold. If f be a conformal Lagrangian submersion, then the
following assertions are equivalent to each other:

(i) (ker f.) defines a totally geodesic foliation on M.

(i3) TxoY =0, for X,Y € I'(ker f,).

Proof. For X,Y € I'(ker f.) and U € T'(ker f,)*, from Theorem (18), we have
g (VxY,U) = gu(TxoY,BU) + gm (oY, ¢X)gm (Hgradin, ¢CU)
1
+=5 98 (Vi £ X, £.6CU) — n(U)gar(X,Y).

A
Since f is conformal Lagrangian submersion, we get g (VxY, U)=gn (Tx @Y, ¢U)
—n(U)gm(X,Y), which proves (i) < (ii). O

Theorem 20. Let f be a conformal anti-invariant submersion from a Kenmotsu

manifolds (M, ¢,&,m, grr) to a Riemannian manifold (N, gn). Then f is a totally

geodesic map if and only if

(4.6) VLW = fu(dAvoWy + ¢VVyBWa + ¢ AyCWy + CHV y oWy
+C Ay CWy + CHVyCWy 4+ n(Wa)CV — n(VyW)E),

for any V € T'(ker f.)-, W € T(TM), where W = W1 + Wy, Wy € T'(ker f.) and
W3 € (D' (ker f*)L)
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Proof. Forany V € I'(ker f,)*, W € I'(T M), using equations (2.1), (2.4), (2.15)
and (4.1), we get

(VE)V,W) = VLW + fu(pAveWr + BHy oW1 + CHy oW
+BAy BWy + CAy BWy + ¢VVy BWs 4+ ¢p Ay CWoy
+BHVyCWy + CHVyCWo 4+ n(Wa) oV — n(VyW)E).

If (Vf)(V,W) =0, then we have

—VLEW = [($AVOW + 9VVy BWs + Ay CWa + CHy oWy
+C Ay BWy + CHV yCWa + n(Wa)pV — n(ViyW)E).

Thus (Vf)(V,W) = 0 < we get equation (4.6). O

Theorem 21. Let (M, ¢,&,n,90m) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. If f be a conformal Lagrangian submersion, then f is
called a (pker fi, p)—totally geodesic map if and if f is horizontally homohtetic
map.

Proof. For U € I'(ker f,) and X € (I'u), using lemma 1(4), we have
(V) (oU, X) = ¢U(In) f+(X) + X (InA) f«(oU) — g (9U, X) f+(HgradinA).
From above equation, if f is a horizontally homothetic then (V f.)(¢U, X) = 0.
Conversely, if (V f.)(¢U, X) = 0, we obtain
(4.7) OU(InN) £.(X) + X (InA) f. (6U) = 0.

Taking inner prouct above equation with f,(¢U) and since f is a conformal
submersion, we write

gu(HgradinX, oU)gn (f+ X, f+0U) + gnr(HgradinX, X)gn (.U, f+¢U) = 0.

Above equation implies that A is constant on I'(x). On the other hand, again
taking inner product with f. X, we get

gu(Hgradin, oU)gn (f+ X, [ X) + g (HgradinA, X)gn (f+oU, f. X) = 0,

From above equation, it follows that A is constant on I'(¢(ker fi)). Thus A
is constant on (I'(ker f,)+). O

Theorem 22. Let (M, ¢,&,n,90m) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. Let f : (M, ¢,&,n,9m) — (N,gn) be a conformal anti-
invariant submersion. Then f is totally geodesic map if and only if

(i) TxpY =0 and CHV xpY + gu(X,Y)E € T(¢pker f.),

(7i) f is horizontally homothetic map,

(iii) Vx BV + TxCV =0,

and TxBV + HVxCV € T'(¢ker f,), for X, Y € D(ker f,) and VW €
I'(ker f,)*.
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Proof. For X,Y € I'(ker f.), using equations (2.1),(2.4), (4.1) and (2.10), we
get (V)(X,Y) = fu(oTx oY + CHV x Y + gy (X, Y)E). If (Vf)(X,Y) =0,
then we have f.(¢TxdY +CHV x Y +gp (X, Y)E) = 0, which prove Tx¢Y =0
and CHV x oY + gy (X, Y)E € T'(pker fy).

On the other hand, from lemma 1(i) we have (V f.)(V, W) = V(In\) f.(W)+
W(InX) f«(V) — gm (V, W) fu(Hgradin), for any V, W € I'(u). It is obvious that
if f is horizontal homothetic, it follows that (V f.)(V,W) = 0. Conversely, if
(V1) (V,W) =0, taking W = ¢V in above equation, we have
(4.8) VN £ (6V) + oV (InN) £.(V) = 0.

Taking inner product in equation (4.8) with f.¢V, we get

gu (Hgradin\, V)ga (6V, dV) + gy (Hgradin, ¢V )ga (V, V) = 0.

From above equation, A is constant on I'(x). On the other hand, from
lemma 1(i) we have (Vf.)(¢X,0Y) = ¢X(In\)f(¢Y) + ¢X(InX) f(¢Y) —
gum(9Y, 0 X) f(HgradinA),

Again if f is horizontal homothetic, it follows that (Vf.)(¢X,¢Y) = 0.
Conversely, if (Vf.)(¢X,¢Y) = 0, taking X = Y in above equation, we have
26X (In)) £2(6X) = gar(6X, 6X) £.(HgradinA) = 0.

Taking inner product above equation with f,¢X and since f is conformal
submersion, we get g (X, pX)gn (HgradinA, $X) = 0. From above equation,
A is constant on T'(ker f,)*. Thus ) is constant on I'(¢ ker f,).

Now, for U € T'(ker fi)* and X € I'(ker f,), from equations (2.15), (2.1),
(2.4), (4.1), (2.9) and (2.10), we get

(VFE)X,V) = fu(BTxBV + CTxBV + ¢VxBV + BHVxCV
+CHV xCV + ¢TxCV +n(V)BX +n(V)X).

Thus (V£)(X,V) =0 < fo(CTxBV + ¢VxBV + CHVxCV + ¢TxCV). O

Theorem 23. Let (M, ¢,&,n,90) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. Let f : (M,¢,&,m,90m) — (N, gn) be a conformal anti-
mwvariant submersion. Then M is a locally twisted product manifold of the form
Mer £.) X Myer p.y1 tf and only if

(L9) = 3w (T foov fubX, .60V
= gm(TxdY, BV) + gu (9Y, ¢V )gu (Hgradin, ¢ X) — gu (X, Y)n(V),
and
(4.10) gu(V,W)H = —BAyBW + CW (In\)BV — BHgradin\gy (V,CW)
— Of (Vi L.CW),

for X, Y € T'(ker f.) and V,W € (I'(ker f.)*), where Mer gy and My, 5,1 are
integral manifolds of the distributions (ker f.)* and (ker f.) and H is the mean
curvature vector field of M ey f,)1-
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Proof. For X,Y € I'(ker f.) and V € (I'(ker f)1), from equations (2.3), (2.4)
and (2.10), we have g (VxY, V) = gy (6VxY, oV)+n(VIn(VxY) = gu (Tx ¢Y,
BV) + gu(HVx¢Y,CV) — gu (X, Y )n(V).

Since V is torsion free and [X,¢Y] € I'(ker f.), we get g (VxY,V) =
gm(Tx9Y, BV) + gu(HV ey X, CV) — gu (X, Y)n(V).

Using equation (2.3), (2.4) and (2.11), we get gn(VxY, V) = gu(Tx 9Y, BV )+
I (Vey X, ¢CV) — g (X, Y )n(V). Since f is a conformal submersion, using
equations (2.15), (4.2) and lemma 1(i), we have

g (VxY, V) = gu(Tx oY, BV) + gu (¢ X, ¢Y ) gr (Hgradin, CV')

1

Thus it follows that My, r,) is totally geodesic if and only if equation (4.9) is
satisfied.

On the other hand, for X,Y € T'(ker f,) and V,W € (I'(ker fi)*), using
equations (2.3), (2.4) and (2.11), we have

gu(VvW, X) = gu(AvBW,¢X) + gu(HVvCW, ¢ X)
+n(Y)gm (X, 9V)

Since f is a conformal submersion, using equation (2.15) and lemma 1(7), we
have

1
g (Vv W, X) = gu(Av BW, ¢ X) — ﬁgM(/ngadln)\’ V)gn (f«CW, fi9X)

1
= ﬁgM(HgmdlnA, CW)gn (f+V, fxpX)

1 1
+ 52921 (V, CW)an (f-Hgradind, fodX)+5598 (V] f.CW, f.6X).
Moreover, using equation (4.2), we get
gu(VyW, X) = gu(AvBW,¢X) — gu(HgradinA, W)gn (V, $X)
+9m(HgradinA, X )ga (V, CW)

550N (T L.CW, L.6X) + (W )gar (V, 6)

Thus My, 7)1 is totally umbilical < equation (4.10) satisfied. O
Similarly, from Theorem (15), we deduce the following result.

Theorem 24. Let (M, ¢,&,n,90) be a Kenmotsu manifold and (N, gn) be a
Riemannian manifold. Let f : (M, ¢,&,n,90m) — (N,gn) be a conformal anti-
invariant submersion with rank(ker f.) > 1. If M is a locally warped product
manifold of the form Mey p.y1 X\ Mker 1), then either f is horizontally homo-
thetic submersion or the fibers are one dimensional.
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5. Example

Note that given an Euclidean space (z1,...... Zom, Tam+1) With coordinates we
can canonically choose an almost contact structure ¢ on R*"*! as follows:

0
O0%om+1

+ aoms—— + Gom11
O0%oam—1 O0xam

0
0%2m+1

in R. Let n = dxam,+1 and (
vector fields on R2™+1,

where £ = and ai,ao, ........ , G2m, Aam+1 are C°°—real valued functions

0 0 9 0
Ox1? Oxa? """ ? 0T2m ? OTam41

) is orthogonal basis of

Example 1. Defineamap f : R> — R? by f(z1, ...... , x5)=(e"2 cos x4, "2 sinxy).
Then we have
o 9 0 o 0
k * = Y ) d k * + - 9
erf < 8951 81‘3 8565 - an ( erf ) < 8.21?2 81‘4

Thus, f is a conformal anti-invariant submersion with A = e*2.

Example 2. Define a map f : R® — R? by
flzy, . ,x5) = (€™ sinxs, € cosxs, €t sinxs)

Then we have

o o0 0

0 0 1
ker f, =< ——, 5— > and (ker fi)" =< O, Oxs’ Ors

8952 ’ 8:64

Thus, f is a conformal anti-invariant submersion with A = e**.
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