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1. Introduction

Generalized open sets play a very important role in General Topology and they
are now the research topics of many topologists worldwide. Indeed a significant
theme in General Topology and Real Analysis concerns the various modified
forms of continuity, separation axioms etc. by utilizing generalized open sets.
One of the most well known notions and also an inspiration source is the notion
of semiopen sets introduced by Levine in 1963. A topological ordered space
(X,7,<) is a topological space (X,7) equipped with a partial order < (that
is, reflexive, transitive and antisymetric). A subset A of (X, 7, <) is said to
be increasing (resp. decreasing) if A = {z € X : a < z for a € A} (resp.
A={x € X :x < aforsomeac A}), that is, if A = agA[a, —] (resp. A =

agA[—>,a]), where [a,—] ={z € X : a <z} (resp. [=,a] = {z € X : x < a}).

In this paper, we introduce and study some new type of separation axioms in
topological ordered spaces via w-open sets.

2. Preliminaries

For a subset A of a topological space (X, 7), C1(A4) and Int(A) denote the closure
of A and the interior of A, respectively.
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Definition 2.1. A subset S of a topological space (X, T) is said to be semiopen
[3] if S C Cl(Int(S5)).

Definition 2.2 ([9]). A subset A of a topological space (X, T) is said to be an
w-closed set if CI(A) C U whenever A C U and U is semiopen in (X, 7). The

complement of an w-closed set is called an w-open set. The family of all w-open
(w-closed) subsets of (X, T) is denoted by 7, (resp. wC(X)).

Definition 2.3 ([10]). The intersection of all w-closed sets containing A C X
is called the w-closure of A and is denoted by w Cl(A). The union of all w-open
sets contained in A C X is called the w-interior of A and is denoted by w Int(A).

Definition 2.4 ([7]). A subset M(x) of a topological space (X, T) is called an
w-neighbourhood of a point x € X if there exists an w-open set S such that
r€eSC Mx).

Definition 2.5 ([10]). A function f: (X,7) = (Y, 0) is said to be w-irresolute
if f~Y(U) € 1, for every U € o,,.

Definition 2.6. A topological space (X, T) is said to be:

1. w-Ty [6] if for every x,y € X, © # vy, there exist U,V € 7, such that
xelU,y¢VandyeV,z¢U.

2. w-Ty [6] if for every x,y € X, x # y, there exist U,V € 7, such that
zeU,y¢VandyeV,2¢U andUNV = 0.

3. w-regular [10] if for any closed set F in X and a € X\F, there exist
disjoint w-open sets U and V in X containing a and F', respectively.

Definition 2.7 ([4]). A topological ordered space (X, T,<) is said to be upper
(resp. lower) Ti-ordered if for each pair of elements a £ b (that is, a is not
related to b) in X there exists a decreasing (resp. increasing) open set U con-
taining b (resp. a) such that a ¢ U (resp. b ¢ U). (X,71,<) is said to be
Ti-ordered if it is both lower and upper Ti-ordered.

Definition 2.8 ([4]). A topological ordered space (X,T,<) is said to be Ty-
ordered if for each pair of elements a £ b in x there exist disjoint open sets U
and V in X containing a and b respectively, U is increasing and V is decreasing.

Definition 2.9 ([4]). A topological ordered space (X, T,<) is said to be upper
(resp. lower) regularly ordered if for each increasing (resp. decreasing) closed
set F' in X and a ¢ F there exist disjoint open sets U and V' containing a and
F respectively, U is decreasing (resp. increasing) and V is increasing (resp.
decreasing). (X, 7, <) is said to be regularly ordered if it is both lower and upper
reqularly ordered.
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3. On w-T7 and w-T5 ordered spaces

Definition 3.1. Let (X, 7,<) be a topological ordered space and A a subset of
X. Define:

I¥(A) =n{F : F is an increasing w-closed subset of X containing A},

D¥(A) = {K : K is a decreasing w-closed subset of X containing A},

I“(A) = U{G : G is an increasing w-open subset of X contained in A},

D% (A) = U{H : H is an decreasing w-open subset of X contained in A},
Cleraly, I¥(A) (resp. D“(A)) is the smallest increasing (resp. decreasing) w-
closed subset of X containing A and [°“(A) (resp.D*(A)) is the largest increas-
ing (resp. decreasing) w-open subset of X contained in A.

Proposition 3.2. For any subset A of a topological ordered space (X, T,<), the
following hold:

1. X\I¥(A) = D*(X\A).

)
2. X\D¥(A) = I**(X\A).
3. X\I*(A) = D*(X\A).

)

4. X\D*(A) = I“(X\A).

Proof. We shall prove (1) only, (2), (3) and (4) can be proved in a similar
manner.

(1) Since I¥(A) is an w-closed increasing set containing A, X\I¥(A) is an
w-open decreasing set such that X\I¥(A4) € X\ A. Let U be an another w-open
decreasing set such that U C X\A. Then X\U is an w-closed increasing set
such that X\U D A. It follows that I¥(A) € X\U. That is U C X\I¥(A4).
Thus, X\I¥(A) is the largest w-open decreasing set such that X\I¥(A4) C X\ A.
That is X\I¥(A) = D*(X\A). O

Lemma 3.3. Let (X, 7,<) be a topological ordered space and A a subset of X.
Then x € I¥(A) (resp. © € D¥(A)) if and only if for every decreasing (resp.
increasing) w-open subset U of X containing x, U N A # ().

Proof. Let U be a decreasing w-open subset of X containing x such that UNA =
(). Then X\U is an increasing w-closed subset of X containing A. Therefore,
I¥(A) ¢ X\U. Thus = ¢ I¥(A). Conversely, if z ¢ I“(A). Then X\I“(A) is a
decreasing w-open subset of X containing x, but disjoint from A. The case of
D¥(A) can be deal similarly. O

Definition 3.4. A topological ordered space (X, T, <) is said to be upper (resp.
lower) w-Ty-ordered if for each pair of elements a £ b (that is, a is not related
to b) in X there exists a decreasing (resp. increasing) w-open set U containing
b (resp. a) such that a ¢ U (resp. b ¢ U). (X, 7,<) is said to be w-T1-ordered
if it is both lower and upper w-11-ordered.
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Clearly every Tj-ordered space is w-Tj-ordered and every w-T1-ordered space
is w-T7 but the converses are not true, in general.

Example 3.5. Let X = {a,b,c} be equipped with the topology 7 = {0, X, {a},
{b},{a,b}} and with the partial order < defined as a < a, a < b, a < ¢,b <
b,c < b,c <c. Then (X, 7, <) is an w-T} space but not T3j-ordered.

Example 3.6. Let X = {a,b,c} be equipped with the topology 7 = {0, X, {a},
{b},{a,b}} and with the partial order < defined as a < a, a < b, a < ¢,b <
b,c < b,c <c. Then (X, 7, <) is an w-T} space but not w-T ordered.

Theorem 3.7. For a topological ordered space (X,7,<), the following state-
ments are equivalent:

1. (X,7,<) is lower (resp. upper) w-Tj-ordered,

2. for each pair a £ b of X, there exists an w-open set U containing a (resp.
b) such that x £ b (resp. a £ ) for all z € U,

3. for each x € X, [+, z] (resp. [z, —]) is w-closed,

4. when the net {z4}qaeca w-converges to a and x, < b (resp. b < z,,) for all
a € A, then a < b (resp. b < a).

Proof. We shall prove the theorem for lower w-T}-ordered spaces only. (1) =
(2): Let a £ b. Then by hypothesis, there exists an increasing w-open set U
containing a such that b ¢ U. If x € U and x < b, then b € U, a contradiction.
(2) = (3): Let y € X\[¢—,2]. Then y £ x. Then there exists an w-open set U
containing y such that u £ x for all u € U. That is, y € U C X\[¢—, z]. Hence
[+, 2] is w-closed.

(3) = (1): Obvious.

(1) = (4): Let {xn}aca be anet in X w-converges to a and z,, < b for all a € A.
If possible a £ b, then by hypothesis, X\[¢<—,z] is an w-open set containing a.
Then there exists A € A such that x, € X\[¢—, 2] for all @ < A\. That is 2 £ b
for all & > A, which is a contradiction.

(4) = (1): Let X be not lower w-Tj-ordered. Then there exists a pair a £ bin X
such that for every w-open set U containing a, there exists x, € U with z,, < b.
Let U be the collection of all w-open sets containing a, then I/ is directed by
inclusion and the net {x, },cy w-converges to a. By hypothesis a < b, which is
a contradiction. O

Corollary 3.8. If (X,7,<) is lower (upper) w-Ti-ordered and T < 7*, then
(X, 7%, <) is also lower (upper) w-T}-ordered.

Theorem 3.9. A topological ordered space (X, T, <) is w-T1-ordered if and only
if for each x € X, there exists an w-T)-ordered w-open set in X which is both
increasing and decreasing containing x.
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Proof. If X is w-Ti-ordered, then X is the required set for each x € X. Con-
versely, let @ £ b in X. Then, by hypothesis, there exist w-T}-ordered w-open
sets Uy and Us in X containing a and b, respectively, where U; and Us are both
increasing and decreasing sets. If b ¢ U; and a ¢ Us, then there is nothing to
prove. But if b € Uj (resp. a € Us), then there exist w-open sets V and W in Uy
(resp. Usy) containing a and b, respectively, V' is increasing and W is decreasing
in Uy (resp. Us) also b ¢ V and a ¢ W. Since U; (resp. Us) is both increasing
and decreasing and it also an w-open subset of X, V is an increasing and W is
a decreasing w-open subsets of X. Hence (X, 7, <) is w-Tj-ordered. O

Theorem 3.10. Let f be an order preserving (that is, x <y in X if and only
if f(x) <* f(y) in X*) w-irresolute function from a topological ordered space
(X,7,<) to a topological ordered space (X*,7*,<*). If (X*,7%,<*) is w-T}-
ordered, then (X, 7,<) is also w-T}-ordered.

Proof. Let a ¢« b in X. Then f(a) £* f(b) in X. Then there exists an
increasing w-open set U* in X* containing f(a) but f(b) ¢ U*. Since f is order
preserving and w-irresolute, f~1(U*) = U is an increasing w-open subset of X.
Also, a € U and b ¢ U. Hence (X, 7,<) is lower w-Tj-ordered. Similarly, we
can prove (X, 7, <) is upper w-Tj-ordered. O

Definition 3.11. A topological ordered space (X, T,<) is called a Cy,-space if
whenever F is an w-closed subset of X. i(F') and d(F) are also w-closed subsets
of X, where i(F) = U{[z,—]:z € F} and d(F) = U{[+,z] : x € F}.

Definition 3.12 ([5]). Let f be a function from (X, T, <) onto (X, 7*,<*). Then
<* is called a quotient order of < induced by f if x* <* y* for x*,y* € X* if
and only if there exist x € f~1(a*), y € f~1(y*) such that x < y.

Theorem 3.13. Suppose (X, 7,<) is a Cy-space, w-T1-ordered space and f an
w-irresolute w*-closed function of (X,7,<) onto (X*,7*,<*), where <* is the
quotient order induced by f. Then (X*, 7%, <*) is also w-T1-ordered space.

Proof. We will first show that (X* 7%, <*) is a C,-space. Let F* be an w-
closed subset of X*. Then f~!(F*) is an w-closed subset of X. Then ix«(F*) =
Flix(FAF), dy-(F*) = f(dx (£~ (F"))). Hence ix-(F*) and dy-(F*) are
w-closed sets in X* as f is w-irresolute and w-closed function. Now, to prove
the theorem it is sufficient to show that every w-T1, C-space is w-T7-ordered.
If (X,7,<) is an w-T} C,-space, then {z} is w-closed for all x € X. Since
(X,7,<) is an C,-space, [z, —] and [«—, z] are w-closed subsets of X for all z.
Hence (X*, 7%, <*) is also w-Tj-ordered space. O

Definition 3.14. A topological ordered space (X, T, <) is said to be w-T-ordered
if for each pair of elements a % b in x there exist disjoint w-open sets U and V
in X containing a and b, respectively, U is increasing and V is decreasing.
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Example 3.15. Let X = {a, b, ¢} be equipped with the topology 7 = {0, X, {a},
{b}, {a,b}} and with the partial order < defined as a < a, a < b, a < ¢,b <
b,c < b,c <c. Then (X, 7, <) is an w-Ty space but not Ty-ordered.

Example 3.16. Let X = {a, b, ¢} be equipped with the topology 7 = {0, X, {a},
{b},{a,b}} and with the partial order < defined as a < a, a < b, a < ¢,b <
b,c < b,c <c. Then (X, 7, <) is an w-Ty space but not w-T5 ordered.

Theorem 3.17. A topological ordered space (X,7,<) is w-Ty-ordered if and
only if for each x € X, there exists an increasing (resp. decreasing) w-clopen
subset of X containing x which is w-Ty-ordered.

Proof. If X is w-Ts-ordered, then X is the required increasing (resp. decreas-
ing) w-clopen subset of X for all # € X. Conversely, let z £ y in X. By
hypothesis, there exists an increasing w-clopen set V in X containing z. If
y € V, then nothing to prove. If y ¢ V. Then X\V is a decreasing w-clopen
subset of X containing y. Hence (X, 7, <) is w-Ty-ordered. Dually, we can prove
the theorem for decreasing w-clopen subsets of X. O

Theorem 3.18. A topological ordered space (X, T,<) is w-Ty-ordered if and
only if for each pair of points x £ y in X, there exists an increasing (resp.
decreasing) w-irresolute function f of a space (X, 7, <) into a w-Ty-ordered space

(X*, 7%, <*) such that f(z) #* f(y) (resp. f(y) £* f(z)).

Proof. If (X, 7, <) is w-Th-ordered then the identity mapping is the required
function. Conversely, let z £ y in X. By hypothesis, there exists an increasing
w-irresolute mapping f of a space X into an w-Thy-ordered space (X*,7*, <*)
with f(z) #° f(y). Therefore, there exist disjoint w-open sets U* and V* in
X* containing f(x) and f(y), respectively, where U* is increasing and V* is
decreasing. Since f is increasing w-irresolute, f~1(U*) is an increasing w-open
set containing x and f~!(V*) is a decreasing w-open set containing y. Also
YU N f74(V*) = 0. Hence (X,7,<) is w-Te-ordered. Analogously we can
prove the theorem for decreasing functions. O

Theorem 3.19. A topological ordered space (X, T,<) is w-To if and only if
for each x € X the intersection of all increasing (resp. decreasing) w-closed
i-w-neighbourhoods (resp. d-w-neighbourhoods) of  is [x*,—] (resp. [+, x]).

Proof. Let (X, 7,<) be an w-Ts-ordered space and x € X. If G* =N{F : F is
an increasing w-closed i-w-neighbourhood of z}. Clearly, [x*, —] C G*. Let y ¢
[#*,—]. Then = £ y. Then there exist disjoint w-open sets U and V' containing
x and y, respectively such that U is increasing and V is decreasing. Hence
x € U C X\V. Therefore, X\V is an increasing w-closed i-w-neighbourhood of
x and y ¢ X\V. Hence G* = [z*, —]. Similarly, we can show that intersection
of all decreasing w-closed i-w-neighbourhoods of x is [«+—,z|. Conversely, let
x <yin X. Then y ¢ [z*,—]. By hypothesis, there exists an increasing w-
closed i-w-neighbourhood F' of x such that y ¢ F. Then y € X\F, X\F is



470 S. SHANTHI AND N. RAJESH

a decreasing w-open set. Also. there exists an increasing w-open set U such
that x € U C F. Clearly, U (X\F) = . Hence (X, 7, <) is w-Th-ordered. By
dual argument we can prove that w-Th-ordered if intersection of all decreasing
w-closed d-w-neighbourhoods of z is [z*, —] for all z € X. O

Theorem 3.20. Suppose (X, 7,<) is an w-Ty-ordered space and f an one-to-
one w*-open and w*-closed mapping of (X, 7, <) onto (X*,7*,<*), where <* is
the quotient order induced by f. Then (X*, 7%, <*) is also w-Ts-ordered.

Proof. Let z* € X* and F* = N{F* : F* is an increasing w-closed i-w-
neighborhood of z*}. Then [z*, =] C F*. Suppose y* ¢ [z*, =], that is 2* <* y*
does not hold. Thus z £ y for z,y € X such that f(z) = 2* and f(y) = y*.
Therefore, there exists an increasing w-closed i-w-neighborhood F' of x such
that y ¢ F. Since f is one to one w*-open and w*-closed, f(F') is an increasing
w-closed i-w-neighborhood of z* not containing y*, that is 7* = [x*, —|. Hence
by Theorem 3.19 (X*, 7%, <*) is w-Ts-ordered. O

4. Properties of w-regularly ordered spaces

Definition 4.1. A topological ordered space (X, 1,<) is said to be upper (resp.
lower) w-regularly ordered if for each increasing (resp. decreasing) closed set
F in X and a ¢ F there exist disjoint w-open sets U and V' containing a and
F respectively, U is decreasing (resp. increasing) and V' is increasing (resp.
decreasing). (X, 1,<) is said to be w-regularly ordered if it is both lower and
upper w-reqularly ordered.

Remark 4.2. Clearly, every reqularly ordered space is w-regularly ordered. How-
ever, the converse need not be true as can be true as can be seen from the fol-
lowing example.

Example 4.3. Let X = {a,b, ¢} be equipped with the topology 7 = {0, X, {a},
{b},{a,b}} and with the partial order < defined as a < a, a < b, a < ¢,b <
b,c <b,c <c. Then (X, 7, <) is w-regularly ordered, but not regularly ordered.

Example 4.4. Let X = {a,b, ¢} be equipped with the topology 7 = {0, X, {a},
{b},{a,b}} and with the partial order < defined as a < a, a <b, b < b,c <c.
Then (X, 7, <) is w-regular but not w-regularly ordered.

Theorem 4.5. Every upper (resp. lower) w-regularly ordered, upper (resp.
lower) Ty -ordered space is w-Ty-ordered.

Proof. Let (X, 7, <) be an upper w-regularly ordered, upper Tj-ordered space
and a £ b in X. Then [a, —] is an increasing closed subset of X not containing
b. Thus there exist disjoint w-open sets U, V in X such that [a,—] C U and
b € V,U is increasing and V is decreasing. Therefore, U and V are disjoint
w-open sets containing a and b respectively, U is increasing and V' is decreasing.
Hence, (X, 7, <) is w-Ty-ordered.
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Similarly, every lower w-regularly ordered, lower T1-ordered space is w-Ts-ordered.
O

Definition 4.6. A subset A of topological ordered space (X, T, <) is said to be i-
w-neighborhood (resp. d-w-neighborhood) of B C X, if there exists an increasing
(resp. decreasing) w-open set G in X such that B C G C A.

Theorem 4.7. For a topological ordered space (X, T, <), the following are equiv-
alent:

1. (X, 7,<) is lower (resp. upper) w-regqularly ordered.

2. For each x € X and each increasing (resp. decreasing) open set U in X
containing x, there exists an increasing (resp. decreasing) w-open set V
such thatx € V. C I¥(V) C U (resp. x € V.C D¥(V) CU).

3. For every decreasing (resp. increasing) closed set F, the intersection of
all decreasing (resp. increasing) w-closed d-w-neighborhoods (resp. i-w-
neighborhoods) of F' is exactly F'.

4. For every nonempty set A and an increasing (resp. decreasing) open subset
B of X such that ANB # (), there exists an increasing (resp. decreasing) w-
open set V in X such that ANV # 0 and I¥(V)) C B (resp. D*(V)) C B).

5. For every nonempty set A and a decreasing (resp. increasing) closed set
B such that AN B = (), there exist disjoint w-open sets U and V with
ANU #0, U is increasing (resp. decreasing) and B C V', V is decreasing
(resp. increasing) in X.

6. When a net {Xq}aea is residually in each increasing (resp. decreasing)
w-open set containing a and a net {Ya taca is residually contained in each
decreasing (resp. increasing) w-open set containing a decreasing (resp.
increasing) closed set F', xo < yo for a € A, then a € F.

Proof. We shall prove the theorem for lower w-regularly ordered spaces only.

(1)=-(2): Let U be an increasing open subset of X containing z. Then, X\U
is a decreasing closed subset of X such that x ¢ X\U. Thus there exist disjoint
w-open sets V and W containing = and X \U respectively, V' is increasing and
W is decreasing in X. Since, V' C X\W, X\W is increasing w-closed, therefore,
I*(V)c X\W CcU. Hencex € V. C I¥(V) c X\W C U.

(2)=(3): Let F be a decreasing closed subset of X and F* = N{K ::is a
decreasing w-closed, d-w-neighborhood of F'}, then FF C F*. Let x ¢ F. Then
x € X\F, X\F is an increasing w-open set. Thus, there exists an increasing w-
open set U such that x ¢ U C I¥(U) C X\F. Therefore FF C X\I*(U) Cc X\U,
which implies that X\U is a decreasing w-closed d-w-neighborhood of F' not
containing x. That is x ¢ F*. Hence F' = F*.
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(3)=-(4): Let A be a nonempty set of B an increasing open subset of X such
that AN B # (. Then, there exists x € X such that z € AN B. By hypothesis,
there exists a decreasing w-closed d-w-neighborhood K of X\ B such that z ¢ K.
Define, U = X\K. Then U is an increasing w-open set such that U N A # 0.
Since K is a d-w-neighborhood of X\ B, there exists a decreasing w-open subset
W of X such that X\B ¢ W C K. That is, U = X\K C X\W C B. Then
I*(U) c X\W C B.

(4)=-(5): Let A be a nonempty set and let B a decreasing closed subset of
X such that ANB = (). Then, X\ B is an increasing open subset of X such that
AN (X\B) # 0. Thus by hypothesis, there exists an incresing w-open set U in
X such that ANU # 0 and I¥(U) C X\B. Define X\I¥(U) = V. Then, V is
a decreasing w-open subset of X containing B and disjoint from U.

(5)=(6): Let a and F' be as given in (5) of the theorem with a ¢ F. Then
by hypothesis, there exist disjoint w-open sets U,V in X such that a € U, U
is increasing and F' C V, V is decreasing in X. Thus there exists A € A such
that 2 € U and y, € V for all @ > \. Then, z, £ yo for all @ > A, otherwise
UNYV #0, which is contradiction. Hence a € F.

(6)=(1): Suppose (X, 7, <) is not lower w-regularly ordered. Then, there
exists a decreasing closed set F' in X and x € X\F such that every increasing
w-open set containing x intersects every decreasing w-open set containing F'.
Let U denote the family of all increasing w-open subsets of X containing  and
V be the family of all decreasing w-open subsets of X containing F. Then both
U and V are ordered and directed by inclusion. The product & x V may be
ordered by agreeing that (U, V1) < (Ug, V2) if and only if Us C U; and Va C V7.
For each (U, V) € U x V, an element ;) may be selected in U N'V. The net
{5U(U,V)}(U,V)euxv is residually contained in each increasing w-open subset of X
containing x and in each decreasing w-open subset of X containing F'. Hence
(6) does not hold. O

Definition 4.8 ([4]). Let (X, 7,<) be a topological ordered space and Y C X.
then, (Y, 1,,<,) with the induced order and induced topology is said to be T-
compatibly ordered if and only if for each T,-closed set F', increasing (resp. de-

creasing) in Y, there exists a T-closed set F*, increasing (resp. decreasing) in
X, such that F = F*NY.

Definition 4.9 ([1]). Let F' be a mapping of (X, 7,<) onto (X*,7%,<*). Then
f s called dual isotomic if f(x) <* f(y) implies z < y.

Definition 4.10. A mapping f : (X, 7,<) — (X*, 7%, <*) is called weakly order
continuous if for each increasing (resp. decreasing T-open, T*-closed set U*,
f~H(U™) is increasing (resp. decreasing) T-open, T-closed, respectively in X .

Theorem 4.11. Let (X, 7,<) be an w-reqularly ordered space and f a dual
isotonic, w*-open and weakly order continuous mapping from (X,T,<) onto
(X*, 7%, <*). Then (X*,7*,<*), is also w-regularly ordered.



SEPARATION AXIOMS IN TOPOLOGICAL ORDERED SPACES 473

Proof. Let F* be an increasing closed subset of X* and a ¢ F*. then f~!(F™*)
is an increasing closed subset of X and f~!(a) ¢ f~'(F*). Thus by hypothesis,
there exist disjoint w-open sets U and V such that f~!(a) € U, U is decreasing
and f~1(F*) C V, V is increasing. Since f is dual isotonic and w*-open, f(U) =
U* and f(V) = V* are disjoint w-open subset of X* such that a € U*. U* is
decreasing and F* C V, V* is increasing. Hence, (X*, 7%, <*) is upper w-
regularly ordered. Similarly (X*, 7%, <*) is lower w-regularly ordered. O
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