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Abstract. The study of tuples of commuting operators was the subject of intensive
study by many authors. Our aim in this work is to consider a generalization of the
notions of m-partial isometries and (m, q)-partial isometries (resp. m- left inverse and
m-right inverse) of a single operator done in [23] and [21] (resp. in [14],[19], [22]) to
the multivariable operators. We study some of the basic properties of these tuples of
commuting operators. A commuting d-tuple of operators T = (T1, . . . , Td) acting on a
Hilbert space H is called a joint (m; (q1, . . . , , qd))-partial isometry, if

Tq

( ∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTα

)
= 0.

Keywords: m-isometric tuple, partial isometry, m-left inverse, m-right inverse, joint
spectrum, joint approximate spectrum.

1. Introduction and terminologies

Let H be an infinite dimensional separable complex Hilbert space and denote
by B(H) the algebra of all bounded linear operators from H to H. For T ∈
B(H) we shall write N (T ) , R(T ) and N (T )⊥ for the null space, the range
of T and the orthogonal complement of N (T ) respectively. I = IH being the
identity operator. In what follows N,Z+ and C stands the sets of positive
integers, nonnegative integers and complex numbers respectively. Denote by λ
the complex conjugate of a complex number λ in C. We shall henceforth shorten
λIH − T by λ − T . The spectrum, the point spectrum, the approximate point
spectrum of an operator T are denoted by σ(T ), σp(T ) and σap(T ) respectively.
T ∗ means the adjoint of T.

The study of tuples of commuting operators was the subject of intensive
study by many authors as in [4], [9], [10], [11], [12], [13], [25] , [26] and the refer-
ences therein.
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Our aim in this paper is to extend the notions of m-partial isometries ([23])
and (m, q)-partial isometries ([21]) for single variable operators to the tuples of
commuting operators defined on a complex Hilbert space.

For d ∈ N, let T = (T1, . . . , Td) ∈ B(H)d be a tuple of commuting bounded
linear operators. Let α = (α1, . . . , αd) ∈ Zd

+ denote tuples of nonnegative inte-
gers multi-indices) and set |α| :=

∑
1≤j≤d |αj |, α! := α1! · · ·αd!. Further, define

Tα := Tα1
1 Tα2

2 · · ·Tαd
d where T

αj

j denotes the product of Tj times itself αj times.
One of the most important subclasses, of the algebra of all bounded linear

operators acting on a Hilbert space, the class of partial isometries operators. An
operator T ∈ B(H) is said to be an isometry if T ∗T = I and partial isometry
if TT ∗T = T. In recent years this classes has been generalized, in some sense,
to the larger sets of operators so-called m-isometries and m-partial isometries.
An operator T ∈ B(H) is said to be m-isometric for some integer m ≥ 1 if it
satisfies the operator equation∑

0≤k≤m

(−1)k
(
m

k

)
T ∗m−kTm−k = 0.(1.1)

It is immediate that T is m-isometric if and only if

(1.2)
∑

0≤k≤m

(−1)k
(
m

k

)
∥Tm−kx∥2 = 0,

for all x ∈ H. Major work on m-isometries has been done in a long paper
consisting of three parts by Agler and Stankus ([1], [2], [3]) and have since then
attracted the attention of several other authors (see for example [6], [7], [8], [15]).
More recently a generalization of these operators to m-partial isometries has
been studied in the paper of A. Saddi and the present author in [23] and by the
present author in [21].

An operator T ∈ B(H) is called a m-partial isometry for some integer m ≥ 1
(see [23]) if

(1.3) T

(
T ∗mTm−

(
m

1

)
T ∗m−1Tm−1+

(
m

2

)
T ∗m−2Tm−2−· · ·+(−1)mI

)
= 0.

and it is a (m, q)-partial isometry for m ∈ N and q ∈ Z+ (see ([21]) if

(1.4) T q

(
T ∗mTm−

(
m

1

)
T ∗m−1Tm−1+

(
m

2

)
T ∗m−2Tm−2−· · ·+(−1)mI

)
= 0.

Gleason and Richter [16] extend the notion of m-isometric operators to the case
of commuting d-tuples of bounded linear operators on a Hilbert space. The
defining equation for an m-isometric tuple T = (T1, . . . , Td) ∈ B(H)d reads:

(1.5)
∑

0≤k≤m

(−1)m−k

(
m

k

) ∑
|α|=k

k!

α!
T∗αTα = 0
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or equivalently

(1.6)
∑

0≤k≤m

(−1)m−k

(
m

k

) ∑
|α|=k

k!

α!
∥Tαx∥2 = 0 for all x ∈ H.

Recently, P. H. W. Hoffmann and M. Mackey in [20] introduced the con-
cept of (m, p)-isometric tuples on normed space. A tuple of commuting linear
operators T := (T1, . . . , Td) with Tj : X −→ X (normed space) is called an
(m, p)-isometry (or an (m, p)-isometric tuple) if, and only if, for given m ∈ N
and p ∈ (0,∞),

(1.7)
∑

0≤k≤m

(−1)m−k

(
m

k

) ∑
|α|=k

k!

α!
∥Tαx∥p = 0 for all x ∈ X.

Definition 1.1. Let T = (T1, . . . , Td) ∈ B(H)d be a tuple of operators.
(1) If TiTj = TjTi 1 ≤ i, j ≤ d, we say that T is a commuting tuple.
(2) If TiTj = TjTi, TiT

∗
j = T ∗

j Ti, 1 ≤ i ̸= j ≤ d, we say that T is a doubly
commuting tuple.

Definition 1.2 ([18]). A commuting tuple T = (T1, . . . , Td) ∈ B(H)d is called:
(1) matricially quasinormal if Ti commutes with T ∗

j Tk for all i, j, k ∈
{1, 2, . . . , d}.

(2) jointly quasinormal if Ti commutes with T ∗
j Tj for all i, j ∈ {1, . . . , d}

and

(3) spherically quasinormal if Tj commutes with |T| :=
(∑

1≤j≤d T
∗
j Tj

) 1
2

for all j = 1, . . . , d.

If M is a common invariant subspace of H for each Tj ∈ B(H), then T|M =
(T1|M, T2|M, . . . , Td|M) denote an d-tuple of compressions of M.

The contents of this paper are the following. Introduction and terminologies
are described in the first part. The second part is devoted to the study of some
basic properties of the class of (m; (q1, . . . , qd))-partial isometries tuples. Several
spectral properties of some (m; (q1, . . . , qd))-partial isometries are obtained in
section three; concerning the joint point spectrum,the joint approximate spec-
trum and the spectral radius. In the fourth section we present some results
concerning the m-left inverses and the m-right inverses for tuples of operators.

2. The joint (m; (q1, . . . , qd))-partial isometries tuples of commuting
operators

In this Section, we introduce and study some basic properties of a joint
(m; (q1, . . . , qd))-partial isometry operators tuples. All of these results are fairly
straightforward generalizations of the corresponding single variable results that
was proved in [21] and [23].
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Definition 2.1. Given m ∈ N and q = (q1, . . . , qd) ∈ Zd
+. An commuting d-tuple

of operators T = (T1, . . . , Td) ∈ B(H)d is called a joint (m; (q1, . . . , qd))-partial
isometry (or joint (m; (q1, . . . , qd))-partial isometric d-tuple ) if and only if

Tq

( ∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTα

)
= 0.

Remark 2.1. (1) When d = 1 and q ∈ N, the Definition 2.1 coincides with
Definition 2.1 in [21].

(2) Every m-isometric d-tuple of commuting operators on H is a joint
(m; (q1, . . . , qd))- partial isometry d-tuple.

(3) Every joint (m; (q1, . . . , qd))-partial isometry of commuting operators
T = (T1, . . . , Td) such that T is entry-wise invertible, T is an m-isometric d-
tuple.

Remark 2.2. Let T = (T1, T2) ∈ B(H)2 be a commuting operator 2-tuple, we
have that

(i) T is a joint (1; (1, 1))-partial isometry pair if

T1T2

(
I − T ∗

1 T1 − T ∗
2 T2

)
= 0.

(ii) T is a joint (2; (1, 1))-partial isometry pair if

T1T2

(
I − 2T ∗

1 T1 − 2T ∗
2 T2 + T ∗2

1 T 2
1 + T ∗2

2 T 2
2 + 2T ∗

1 T
∗
2 T1T2

)
= 0.

Remark 2.3. Let T = (T1, T2, . . . , Td) ∈ B(H)d be a commuting operator d-
tuple. Then T is a joint (1; (1, . . . , 1))-partial isometry if and only if

T1...Td

(
I − T ∗

1 T1 − T ∗
2 T2 − · · · − T ∗

dTd

)
= 0.

Example 2.1. Consider T =

 0 0 1
0 0 0
1√
2

1√
2

0

 ∈ B(C3) and letT = ( 1√
d
T, 1√

d
T,

. . . , 1√
d
T ) ∈ B(C3)d. It is easy to see that T is a joint (1; (1, . . . , 1))-partial isom-

etry d-tuple.

Remark 2.4. If T = (T1, . . . , Td) ∈ B(H)d be a doubly commuting d-tuple of
operators on H. Then T is a joint (1; (1, . . . , 1)-partial isometry if and only if
T∗ := (T ∗

1 , T
∗
2 , . . . , T

∗
d ) is so.

The following example of a joint (m; (q1, . . . , qd))-partial isometry is adopted
form [20].
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Example 2.2. Let S ∈ B(H) be a (m, q1)-partial isometry operator,d ∈ N and
λ = (λ1, . . . , λd) ∈ (Cd, ∥.∥2) with

∥λ∥22 =
∑

1≤j≤d

|λj |2 = 1.

Then the operator tuple T = (T1, . . . , Td) with Tj = λjS for j = 1, . . . , d is a
joint (m; (q1, . . . , qd))-partial isometry d-tuple.

In fact,it is clair that TiTj = TjTi for all 1 ≤ i; j ≤ d. Further, by the
multinomial expansion, we get(
|λ1|2 + |λ2|2 + · · ·+ |λd|2

)k

=
∑

α1+α2+···+αd=k

(
k

α1, α2, . . . , αd

) ∏
1≤i≤d

|λi|2αi

=
∑
|α|=k

k!

α!
|λα|2.

Thus, we have

Tq
∑

0≤j≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTα

= Tq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!

∏
1≤j≤d

|λ|2αjS∗|α|S|α|

=
∏

1≤j≤d

λ
qj
j S|q|

∑
0≤k≤m

(−1)k
(
m

k

)
S∗kSk

=
∏

1≤j≤d

λ
qj
j S|q|−q1 Sq1

∑
0≤k≤m

(−1)k
(
m

k

)
S∗kSk

︸ ︷︷ ︸
=0

= 0.

Consequently, T is a joint (m; (q1, . . . , qd))-partial isometry d-tuple as required.

The following example shows that the question about joint (m; (q1, . . . , qd))-
partial isometry for d-tuple is non trivial. There exists a d-tuple of commuting
operators T = (T1, . . . , Td) ∈ B(H)d such that each Tj is a (m, qj)-partial isom-
etry for j = 1, . . . , d, but T = (T1, . . . , Td) is not a joint (m; (q1, . . . , qd))-partial
isometry.

Example 2.3. Let us consider H = C3 and define T1 =

 0 i 0
0 0 i
i 0 0

 and

T2 =

 1 0 0
0 1 0
0 0 1

 . It is straightforward that T1 and T2 commute. Moreover,T1

and T2 are joint (2; 1)-partial isometry but (T1, T2) is not a joint (2; (1, 1))-partial
isometry.



ON THE JOINT (m, q)-PARTIAL ISOMETRIES 443

Lemma 2.1. Let Sd be the group of permutation on d symbols {1, 2, . . . , d}
and let T = (T1, . . . , Td) ∈ B(H)d be a d-tuple of commuting operators. If
T is a joint (m; (q1, . . . , qd))-partial isometry , then for every σ ∈ Sd, Tσ :=
(Tσ(1), Tσ(2), . . . , Tσ(d)) is a joint (m; (qσ(1), . . . , qσ(d)))-partial isometry.

Proof. The proof follows from the condition that
∏

1≤j≤d Tj =
∏

1≤j≤d Tσ(j)

and the identity∏
1≤j≤d

T
qj
j

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!

∏
1≤j≤d

T
∗αj

j

∏
1≤j≤d

T
αj

j = 0.

Theorem 2.1. Let m ∈ N and q = (q1, . . . , qd) ∈ Zd
+. Let T = (T1, . . . , Td) ∈

B(H)d be a commuting d-tuple operators such that N (Tq) is a reducing subspace
for Tj for all j = 1, 2, . . . , d. Then the following properties are equivalent.

(1) T is a joint (m; (q1, . . . , qd))-partial isometry.
(2) ∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
∥TαT∗qx∥2 = 0, for all x ∈ H.

Proof. First, assume that T is a joint (m; (q1, . . . , qd))-partial isometry. We
have that for all x ∈ H

Tq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTαT∗qx = 0

=⇒ ⟨Tq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTαT∗qx, x⟩ = 0

=⇒
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
∥TαT∗qx∥2 = 0.

Thus, (2) holds.
To prove the converse, assume that the equality in (2) is holds. It follows

that,

⟨Tq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTαT∗qx, x⟩ = 0, ∀ x ∈ H

=⇒ Tq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTαT∗qx = 0, ∀ x ∈ H.

Hence,

Tq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTα = 0 on R(T∗q) = N (Tq)⊥.
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As N (Tq) is a reducing subspace for each Tj (1 ≤ j ≤ d), we have that

Tq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTα = 0 on N (Tq)

and hence,

Tq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTα = 0.

The following corollary is an immediate consequence of Theorem 2.1.

Corollary 2.1. Let m ∈ N and q = (q1, . . . , qd) ∈ Zd
+. Let T = (T1, . . . , Td) ∈

B(H)d be a commuting d-tuple of operators such that N (Tq) is a reducing sub-
space for each Tj, 1 ≤ j ≤ d. Then the following properties are equivalent

1. T is a joint (m; q1, . . . , qd))-partial isometry.

2. T|N (Tq)⊥ :=

(
T1|N (Tq)⊥ , T2|N (Tq)⊥ , . . . , Td|N (Tq)⊥

)
is an m-isometric

tuple.

Remark 2.5. It is easy to see that every joint (m; (1, . . . , 1))-partial isometry
d-tuple of commuting operators is a joint (m; (q1, . . . , qd))-partial isometry.

In the following theorem we show that by imposing certain conditions on a joint
(m; (q1, . . . , qd))-partial isometry of operators it becomes a joint (m; (1, . . . , 1))-
partial isometry.

Theorem 2.2. If T = (T1, . . . , Td) ∈ B(H)d be a commuting d-tuple of operators
such is a joint (m; (q1, . . . , qd))-partial isometry and N (Tj) = N (T 2

j ) for each
j, 1 ≤ j ≤ d, then T is a joint (m; (1, . . . , 1))-partial isometry.

Proof. By the assumption we have for j = 1, . . . , d that N (Tj) = N (Tn
j ) for

all positive integer n. It follows that

Tq

( ∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTα

)
= 0

implies

∏
1≤j≤d

Tj

( ∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTα

)
= 0.

The following proposition generalized ([23], Proposition 3.1)
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Proposition 2.1. If T = (T1, . . . , Td) ∈ B(H)d is a jointly quasinormal and
a joint (m; (1, . . . , 1))-partial isometry, then T is a joint (1; (1, . . . , 1))-partial
isometry.

Proof. SinceT = (T1, . . . , Td) is a jointly quasinormal and a joint (m; (1, . . . , 1))-
partial isometry, it follows that∏

1≤j≤d

Tj

(
I −

∑
1≤j≤d

T ∗
j Tj

)m
= 0.

A straightforward computation using this last equation yields that∏
1≤j≤d

Tj

(
I −

∑
1≤j≤d

T ∗
j Tj

)
= 0.

The proof is complete.

Definition 2.2. Let T = (T1, . . . , Td) and S = (S1, . . . , Sd) are two commuting
d-tuples of operators on a common Hilbert space H. We said that S is unitary
equivalent to T if there exists an unitary operator V ∈ B(H) such that

S = (S1, . . . , Sd) = (V ∗T1V, V
∗T2V, . . . , V

∗TdV ).

Proposition 2.2. Let T = (T1, . . . , Td) and S = (S1, . . . , Sd) ∈ B(H)d are two
commuting d-tuple of operators such that S is unitary equivalent to T, then T is
a joint (m, (q1, . . . , qd)-partial isometry if and only if S is a joint (m, (q1, . . . , qd)-
partial isometry.

Proof. Suppose that S and T are unitary equivalent,that is there exists a uni-
tary operator V ∈ B(H) such that Sj = V ∗TjV, (1 ≤ j ≤ d). Since TiTj = TjTi;
it follows that

(V ∗TjV )(V ∗TiV ) = (V ∗TiV )(V ∗TjV ) for all 1 ≤ i, j ≤ d.

Using the observations above, we get the following identity

Sq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
S∗αSα

= V ∗TqV
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
V ∗T∗αTαV

= V ∗
(
Tq

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
V ∗T∗αTα

)
V.

In the proof of the following theorem, we need the following formula
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Remark 2.6. For n, d, k1, k2, . . . , kd ∈ N with k1 + ... + kd = n, n ≥ 1 and
d ≥ 2, we have (

n

k1 · · · kd

)
=
∑

1≤j≤d

(
n− 1

k1 · · · kj − 1 · · · kd

)
.

It will known that if T = (T1, . . . , Td) is an m-isometric tuple then T is an
n-isometric tuple for n ≥ m. This result is not true for joint (m; (q1, . . . , qd))-
partial isometric tuple. Since it was shown in [21] that a (m, q)-partial isometry
operator need not be a (m+ 1, q)-partial isometry and vice versa.

Theorem 2.3. Let T = (T1, . . . , Td) ∈ B(H)d be a (m; (q1, . . . , qd))-partial isom-
etry d-tuple of commuting operators such that N (Tq) is a reducing subspace for
each Tj for 1 ≤ j ≤ d. Then T is a (m+n; (q1, . . . , qd))-partial isometry d-tuple
for n ∈ N.

Proof. To prove thatT is a joint (m+n; (q1, . . . , qd))-partial isometry, it suffices
to prove that T is a joint (m+ 1; (q1, . . . , qd))-partial isometry.

Indeed, for x ∈ H we have

∑
0≤k≤m+1

(−1)k
(
m+ 1

k

) ∑
|α|=k

k!

α!
∥TαT∗qx∥2

= ∥T∗qx∥2+
∑

1≤k≤m

(−1)k
[(m

k

)
+

(
m

k − 1

)] ∑
|α|=k

k!

α!
∥TαT∗qx∥2−(−1)m

∑
|α|=m+1

(m+ 1)!

α!
∥TαT∗qx∥2

=
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|−k

k!

α!
∥TαT∗qx∥2

−
∑

0≤k≤m−1

(−1)k
(
m

k

) ∑
|α|=k+1

(k + 1)!

α!
∥TαT∗qx∥2

− (−1)m
∑

|α|=m+1

(m+ 1)!

α!
∥TαT∗qx∥2

= −
∑

0≤k≤m−1

(−1)k
(
m

k

) ∑
|α|=k+1

k!(α1 + ...+ αd)

α1!.α2....αd!
∥TαT∗qx∥2

− (−1)m
∑

|α|=m+1

m!(α1 + ...+ αd)

α1!.α2....αd!
∥TαT∗qx∥2

= −
∑

1≤j≤d

∑
0≤k≤m−1

(−1)k
(
m

k

) ∑
|α|=k+1

(−1)k
(
m

k

)
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k!αj

α1!.α2!....αd!
∥Tα1 ...T

αj−1
j T

αj+1

j+1 ...Tαd
d TjT

∗qx∥2

− (−1)m
∑

1≤j≤d

∑
|α|=m+1

m!αj

α1!.α2!....αd!
∥Tα1 ...T

αj−1
j T

αj+1

j+1 ...Tαd
d TjT

∗qx∥2

= −
∑

1≤j≤d

∑
0≤k≤m−1

(−1)k
(
m

k

) ∑
|β|=k

(−1)k
(
m

k

)
k!

β!
∥TβTjT

∗qx∥2

− (−1)m
∑

1≤j≤d

∑
|α|=m

m!

β!
∥TβTjT

∗qx∥2

= −
∑

1≤j≤d

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|β|=k

k!

β!
∥TβTjT

∗qx∥2 = 0.

This completes the proof.

Proposition 2.3. Let T = (T1, . . . , Td) ∈ B(H)d be a commuting d-tuple of
operators such that N (Tq) is a reducing subspace for each Tj for j = 1, 2, . . . , d.
Assume that T satisfies

(2.1)
∑

1≤j≤d

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
∥TjT

αT∗qx∥2 = 0 for all x ∈ H.

Then T is a joint (m; (q1, . . . , qd))-partial isometry if and only if T is a joint
(m+ 1; (q1, . . . , qd))-partial isometry.

Proof. If T is a joint (m; (q1, . . . , qd))-partial isometry, then T is a joint (m+
1; (q1, . . . , qd))-partial isometry by Theorem 2.3.

Conversely, assume that T is a joint (m + 1; (q1, . . . , qd))-partial isometry
and satisfies the equation (2.1). It follows that

Tq
∑

1≤j≤d

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

β!
T ∗
j T

∗αTαTjT
∗q = 0

and hence

Tq
∑

1≤j≤d

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T ∗
j T

∗αTαTj = 0 on R
(
T∗q

)
= N

(
Tq
)⊥

.

On the other hand, since Tj

(
N (Tq)

)
⊂ N (Tq) and T ∗

j

(
N (Tq)

)
⊂ N (Tq), we

have T ∗
j T

∗αTαTj N
(
Tq
)
⊆ N

(
Tq
)
. Thus,

Tq
∑

1≤j≤d

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|β|=k

k!

β!
T ∗
j T

∗βTβTj = 0 on N
(
Tq
)
.
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From the above equalities we conclude that

Tq
∑

1≤j≤d

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

β!
T ∗
j T

∗αTαTj = 0 on H = N (Tq)⊕N (Tq)⊥.

Since T is a joint (m+ 1, q)-isometry, we get

0 = Tq
∑

0≤k≤m+1

(−1)k
(
m+ 1

k

) ∑
|α|=k

k!

α!
T∗αTα

= Tq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTα

−Tq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k+1

(k + 1)!

α!
T∗αTα.

Therefore,

Tq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTα

= Tq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k+1

(k + 1)!

α!
T∗αTα

= Tq
∑

1≤j≤d

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

β!
T ∗
j T

∗αTαTj = 0.

Consequently, T is a joint (m, (q1, . . . , qd))-isometry.

Proposition 2.4. Let T = (T1, . . . , Td) ∈ B(H)d be a joint (m; (q1, . . . , qd))-
partial isometry d-tuple. The following statements hold:

(i)T is a joint (m+1; (q1, . . . , qd))-partial isometry d-tuple if and ifT satisfies

(2.2) Tq

( ∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k+1

(k + 1)!

α!
T∗αTα

)
= 0.

(ii) If N (Tj) = N (T 2
j ) for each j; 1 ≤ j ≤ d, then T is a joint (m +

1, (q1, · · · , qd))-partial isometry d-tuple if and only if T satisfies (2.1)

Proof. (i) Since T is a joint (m, (q1, · · · , qd))-partial isometry d-tuple, we have

Tq
∑

0≤k≤m+1

(−1)k
(
m+ 1

k

) ∑
|α|=k

k!

α!
T∗αTα

= −Tq
∑

1≤j≤d

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|β|=k

k!

β!
T ∗
j T

∗βTβTj .
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Thus, T is a joint (m+1, (q1, . . . , qd))-partial isometry d-tuple if and only if

(2.3) Tq
∑

1≤j≤d

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|β|=k

k!

β!
T ∗
j T

∗βTβTj = 0,

which is equivalent to the equation (2.2).
(ii) Suppose that T is a joint (m + 1, (q1, · · · , qd))-partial isometry d-tuple.

Then

Tq
∑

1≤j≤d

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|β|=k

k!

β!
T ∗
j T

∗βTβTj = 0,

and the equation (2.1) is satisfied.
Conversely, suppose that (2.1) is fulfilled. Under the conditions N (Tj) =

N (T 2
j ) for each j; 1 ≤ j ≤ d, we see easily that

N (Tq) = N (
∏

1≤j≤d

Tj) =
∩

1≤j≤d

N (Tj),

and therefore we have (2.3). Now, from (i), T is a joint (m + 1, (q1, · · · , qd)-
partial isometry d-tuple.

3. Spectral properties of joint (m; (q1, . . . , qd))-partial isometries tuples

Spectral properties of commuting d-tuples of operators received important at-
tention during last decades. For more details, the interested reader is referred
to [9], [10], [11], [12], [13], [24] and the references therein.

First, we recapitulate very briefly the following definitions.

Definition 3.1. Let T = (T1, . . . , Td) be a d-tuple of operators on a complex
Hilbert space H.

1. A point λ = (λ1, . . . , λd) ∈ Cd is called a joint point eigenvalue of T if
there exists a non zero vector x ∈ H such that

(Tj − λj)x = 0 for j = 1, . . . , d.

Or equivalently if there exists a non-zero vector x ∈ H such that x ∈∩
1≤j≤dN (Tj − λj),i.e.;

σp(T) = {λ ∈ Cd :
∩

1≤j≤d

N (Tj − λj) ̸= {0}}.

2. The joint point spectrum, denoted by σp(T) of T is the set of all joint
eigenvalues of T.
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Definition 3.2. For a commuting d-tuple T = (T1, . . . , Td) ∈ B(H)d. A number
λ = (λ1, . . . , λd) ∈ Cd is in the joint approximate point spectrum σap(T) if and
only if there exists a sequence of unit vector (xn)n such that

(Tj − λj)xn −→ 0 as n −→ ∞ for every j = 1, ..., d.

Lemma 3.1. ([16]) Let T = (T1, . . . , Td) ∈ B(H)d be a commuting tuples of
bounded operators. Then

σap(T) =

{
λ = (λ1, . . . , λd) ∈ Cd : ∃ (xn)n ⊂ H,

∥xn∥ = 1, / lim
n−→∞

∑
1≤j≤d

∥(Tj − λj)xn∥ = 0

}
.

Definition 3.3 ([26]). The Taylor spectrum of commuting d-tuple = (T1, . . . , Td)
∈ B(H)d is the set of all complex d-tuple λ = (λ1, . . . , λd) ∈ Cd with the property
that the translated d-tuple (T1 − λ1, . . . , Td − λd) is note invertible. The symbol
σ(T) will stand for the Taylor spectrum of T.

Remark 3.1 ([26]). Let T = (T1, . . . , Td) ∈ B(H)d be an d-tuple of commuting
operators on H. (λ1, . . . , λd) /∈ σ(T) if there exist operators U1, . . . , Ud, V1, . . . ,
Vd ∈ B(H)) such that∑

1≤k≤d

Uk(Tk − λkI) = I and
∑

1≤k≤d

(Tk − λkI)Vk = I.

The spectral radius of T is

r(T) = max{∥λ∥2, λ ∈ σ(T)}

where ∥λ∥2 =
(∑

1≤j≤d |λj |2
) 1

2

.

In the following results we examine some spectral properties of a joint
(m; (q1, . . . , qd))-partial isometries.That extend the case of single variable m-
partial isometries studied in [23].

We put

B(Cd) := {λ = (λ1, . . . , λd) ∈ Cd / ∥λ∥2 =
( ∑

1≤j≤d

|λj |2
) 1

2

< 1 }

and

∂B(Cd) := {λ = (λ1, . . . , λd) ∈ Cd / ∥λ∥2 =
( ∑

1≤j≤d

|λj |2
) 1

2

= 1 }.

In ([16], Lemma 3.2), the authors proved that if T is a m-isometric tuple,
then the joint approximate point spectrum of T is in the boundary of the unit
ball B(Cd). This is not true for a joint (m; (q1, . . . , qd))-partial isometry tuple
as shown in the following example.
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Example 3.1. Let T = (T, 0, ..., 0) ∈ B(C2)d, where T is the matrix opera-

tor T =

(
a 0
1 0

)
with |a|2 = 1+

√
5

2 . It is easily to show that T is a joint

(2; (1, 0, 0, . . . , 0))-partial isometry and further σ(T) = {0, a} × {0} × ...× {0}.

However, if in addition assume that Tj reduces N (Tq) for 1 ≤ j ≤ d, we
obtain the following result.

Theorem 3.1. Let T = (T1, . . . , Td) ∈ B(H)d be a joint (m; (q1, . . . , qd))-partial
isometry of d-tuple of operators such that N (Tq) is a reducing subspace for each
Tj (1 ≤ j ≤ d). Then σap(T) ⊂ ∂B(Cd) ∪

[
0
]
where[

0
]
:= {(λ1, . . . , λd) ∈ Cd :

∏
1≤k≤d

λk = 0}.

Proof. Let λ = (λ1, . . . , λd) ∈ σap(T), then there exists a sequence (xn)n≥1 ⊂
H, with ||xn|| = 1 such that (Tj − λjI)xn −→ 0 for all j = 1, 2, . . . , d. Since for
αj > 1,

T
αj

j − λ
αj

j = (Tj − λj)
∑

1≤k≤αj

λk−1
j T

αj−k
j .

By induction, for α ∈ Zd
+, we have

(Tα − λαI) =
∑

1≤k≤d

(∏
i≤k

λαi
i

)(
T
αj

j − λαi
j

)∏
i>k

Tαi
i .

Since, R(Tq) ⊂ N (Tq)⊥ we have from Corollary 2.1 that, for all n ≥ 1

0 = λq⟨
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTαTqxn , xn⟩

= λq⟨
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTα(Tq − λq)xn, xn⟩

+ λ2q
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
||Tαxn||2

= λq⟨
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTα(Tq − λqxn|xn⟩

+ λ2q

{ ∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!

(
||(Tα − λα)xn||2

+ 2Re⟨(Tα − λα)xn|λαxn⟩+ |λα|2
)}

as
(
Tα − λαI

)
xn → 0 as n −→ ∞ for all α ∈ Zd

+ we obtain that

0 = λq
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
|λα|2 = λq(1− ∥λ∥22)m,
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where ∥λ∥2 =

(∑
1≤k≤d |λk|2

) 1
2

. We deduce that λq = 0 or ∥λ∥2 = 1. This

implies that

λ ∈ {(λ1, λ2, ..., λd) ∈ Cd :
∏

1≤k≤d

λk = 0} or λ ∈ ∂B(Cd).

Corollary 3.1. If T = (T1, . . . , Td) ∈ B(H)d is a joint (m; (q1, . . . , qd))-partial
isometry d-tuple of operators such that N (Tq) is a reducing subspace for each
Tj (1 ≤ j ≤ d), then r(T) = 1.

Proof. It is known (see for example [24]) that the convex envelopes of all spectra
coincide. Thus from Theorem 3.1 we have that the approximate point spectrum
of T = (T1, . . . , Td) is contained in the boundary of the unit ball, it follows that
r(T) = 1.

We have also, the following properties.

Proposition 3.1. Let T = (T1, . . . , Td) ∈ B(H)d be a joint (m; (q1, . . . , qd))-
partial isometry d-tuple such that N (Tq) is a reducing subspace for Tj (1 ≤ j ≤
d). The following properties hold.

1. If λ = (λ1, . . . , λd) ∈ σap(T)\
[
0
]
, then 1 ∈ σap(

∑
1≤j≤d λjT

∗
j ).

2. If λ = (λ1, . . . , λd) ∈ σp(T)\
[
0
]
, then 1 ∈ σp(

∑
1≤j≤d λjT

∗
j ).

3. Eigenvectors of T corresponding to two joint eigenvalues λ = (λ1, . . . , λd)
and µ = (µ1, . . . , µd) such that

∑
1≤j≤d λjµj ̸= 1 are orthogonal.

Proof. 1. Let λ = (λ1, . . . , λd) ∈ σap(T)\{(λ1, . . . , λd) ∈ Cd :
∏

1≤k≤d λk = 0},
choose a sequence (xn)n ⊂ H, such that ∥xn∥ = 1 and (Tj − λj)xn −→ 0 for all
j = 1, 2, . . . , d. Following similar arguments it is easy to see that for all αj ≥ 0.
(T

αj

j − λ
αj

j )xn −→ 0 as n −→ ∞ and

(Tα − λα)xn −→ 0.

On the other hand

T∗αTα(Tq − λq)xn = T∗αTαTqxn − λqT∗αTαxn

= T∗αTαTqxn − λqT∗α(Tα − λα
)
xn + λqT∗αλαxn −→ 0.

Since T is a joint (m; (q1, . . . , qd))-partial isometry, we observe that

λq
∑

1≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!

(
λT∗)αxn −→ 0.
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and hence,

λq

(
I−

∑
1≤j≤d

λjT
∗
j

)m

xn −→ 0.

Using the fact that λ = (λ1, . . . , λd) ∈ σap(T)\[0], we get(
I −

∑
1≤j≤d

λjT
∗
j

)m

xn −→ 0.

We deduce that (IH −
∑

1≤j≤d λjT
∗
j ) is not bounded below and hence 1 ∈

σap(
∑

1≤j≤d λjT
∗
j ),

and the proof of this implication is over.
2. Let λ = (λ1, . . . , λd) ∈ σp(T)\[0], there exists a non zero vector x ∈ H

such that
Tjx = λjx for j = 1, 2, .., d.

By using a similar argument as in 1 we show (IH −
∑

1≤j≤d λjT
∗
j )x = 0. From

which it follows that 1 ∈ σp(
∑

1≤j≤d λjT
∗
j ).

3. Let λ = (λ1, . . . , λd) and µ = (µ1, . . . , µd) be eigenvalues of T such that∑
1≤j≤d λjµj ̸= 1. Assume that Tjx = λjx and Tjy = µjy for j =

1, . . . , d. Since N (Tq) is a reducing subspace for each Tj for j = 1, . . . , d, we
have R(Tq) ⊆ N (Tq)⊥. Moreover since T is a (m; (q1, . . . , qd)-partial isometry
tuple,it follows from Corollary 2.1 that

0 =
⟨ ∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTαTqx, y

⟩
= λq

⟨ ∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTαx, y

⟩
= λq

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!

(
λ.µ
)α⟨x, y⟩

=

(
1−

∑
1≤j≤d

λjµj

)m

⟨x, y⟩.

where λ.µ = (λ1µ1, λ2µ2, , ..., λdµd).
Since 1−

∑
1≤j≤d λjµj ̸= 0, we obtain that ⟨x | y⟩ = 0.

Lemma 3.2. Let T = (T1, . . . , Td) ∈ B(H)d be an joint (m; (q1, . . . , qd))-partial
isometry such that N (Tq) is a reducing subspace for Tj , j = 1, . . . , d. Let
λ = (λ1, . . . , λd) and µ = (µ1, . . . , µd) ∈ σap(T) such that

∑
1≤j≤d λjµj ̸= 1. If

(xn)n and (yn)n are two sequences of unit vectors in H such that

∥(Tj−λj)xn∥ −→ 0 and ∥(Tj−µj)yn∥ −→ 0 (as n −→ ∞) for all j = 1, 2, ..., d,

then we have

(3.1) ⟨xn| yn⟩ −→ 0 (as n −→ ∞).
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Proof. Let {xn}n and {yn}n be two sequences of unit vectors in H such that

∥(Tj−λj)xn∥ −→ 0 and ∥(Tj−µj)yn∥ −→ 0 (as n −→ ∞) for all j = 1, 2, ..., d.

Then for all αj , qj ∈ N, we have limn→∞(T
αj+qj
j −λ

αj+qj
j )xn = 0 and limn→∞(T

αj

j −
µ
αj

j )yn = 0. On the other hand, we also have

lim
n→∞

(Tα+q − λα+q)xn = 0 and lim
n→∞

(Tα − µα)yn = 0.

Since T is a joint (m; (q1, . . . , qd))-partial isometric tuple such that N (Tq) is a
reducing subspace for each Tj for j = 1, . . . , d, it follows that

0 = lim
n→∞

⟨
( ∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αTαTqxn | yn⟩

= lim
n→∞

⟨
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗α(Tα+q − λα+q + λα+q

)
xn | yn⟩

= lim
n→∞

⟨
( ∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
T∗αλα+q

)
xn | yn⟩

= lim
n→∞

⟨xn |
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
λ
α
Tαyn⟩

= lim
n→∞

⟨xn |
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
λ
α(

Tα − µα + µα
)
yn⟩

= lim
n→∞

⟨xn |
∑

0≤k≤m

(−1)m−k

(
m

k

) ∑
|α|=k

k!

α!
λ
α
µαyn⟩

= lim
n→∞

⟨xn |
∑

0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!

(
λµ
)α

yn⟩

= lim
n→∞

⟨xn |
(
1−

∑
1≤j≤d

λjµj

)m

yn⟩

=

(
1−

∑
1≤j≤d

λjµj

)m

lim
n→∞

⟨xn | yn⟩.

By the assumption
∑

1≤j≤d λjµj ̸= 1, we obtain that limn→∞⟨xn | yn⟩ = 0.

4. The joint m-left inverse and joint m-right inverse of commuting
tuples of operators

An operator T ∈ B(H) is said to be a left invertible if there is an operator
S ∈ B(H) such that ST = IH, where IH, denotes the identity operator. The
operator S is called a left inverse of T . An operator T ∈ B(H) is said to be
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a right invertible if there is an operator R ∈ B(H) such that TR = IH. The
operator R is called a right inverse of T .

The left and right m-invertibility of operator have been introduced by the
present author in [22] and by B. P. Duggal and V. Müller in [14].

Given a positive integer m. A bounded linear operator T is called a m-left
invertible (resp. m-right invertible) if there exists a bounded linear operator S
such that∑

0≤k≤m

(−1)m−k

(
m

k

)
SkT k = 0

(
resp.

∑
0≤k≤m

(−1)m−k

(
m

k

)
T kSk = 0

)
.

The m-invertibility have been extensively studied in the recent paper [19] by C.
Gu. In [17] the author extends the notions of m-left and m-right invertibility
respectively to the notions of m-left generalized inverse and m-right generalized
inverse on Banach spaces.

The following definition generalize the definition of m-left invertibility and
m-right invertibility of a single operator to tuples of commuting operators.

Definition 4.1. Let T = (T1, · · · , Td) ∈ B(H)d be a commuting d-tuple of
operators on H,we say that T is a joint m-left invertible (resp. joint m-right
invertible) operator for some integer m ≥ 1, if there exists a commuting d-tuple
of operators S = (S1, . . . , Sd) ∈ B(H)d such that∑

0≤k≤m

(−1)m−k

(
m

k

) ∑
|α|=k

k!

α!
SαTα = 0

(
resp.

∑
0≤k≤m

(−1)m−k

(
m

k

) ∑
|α|=k

k!

α!
TαSα = 0

)
.

S is called a joint m-left (resp. m-right) inverse of T.
We say that T = (T1, . . . , Td) ∈ B(H)d is m-invertible d-tuple of commuting

operators if it has both a m-left inverse and a m-right inverse.

An interesting example of a m-left invertible commuting tuple of operators
is that of an m-isometric tuple of operators.

Remark 4.1. It is clear that S is a m-left inverse of T if and only if T∗ is a
m-left inverse of S∗.

Example 4.1. Let T1 =

(
1 1
0 1

)
and S1 =

(
1 −1
0 1

)
. Then the pair

T = (T1, T1) is m-invertible tuple with m-inverse S = (S1, S2) in B(C2)2.

Remark 4.2. 1. If S = (S1, S2) and T = (T1, T2) ∈ B(H)2 be commuting pairs
of operators then S is a joint left inverse of T if S1T1 + S2T2 = I and it is a
joint 2-left inverse of T if

(4.1) S2
1T

2
1 + S2

2T
2
2 + 2S1S2T1T2 − 2

(
S1T1 + S2T2

)
+ I = 0.
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2. S = (S1, . . . , Sd) is a joint left inverse (or joint 1-left inverse) of T =
(T1, T2, ..., Td) if

(4.2) S1T1 + S2T2 + ...+ SdTd = IH

and it is a joint 2-left inverse of T if

(4.3) IH − 2
∑

1≤j≤d

SjTj +
∑

1≤j≤d

S2
j T

2
j + 2

∑
1≤j<k≤d

SjSkTjTk = 0.

For T = (T1, . . . , Td) and S = (S1, . . . , Sd) ∈ B(H)d, set

βm(S,T) =
∑

0≤k≤m

(−1)m−k

(
m

k

) ∑
|α|=k

k!

α!
SαTα.

Lemma 4.1. Let T = (T1, . . . , Td) and S = (S1, . . . , Sd) ∈ B(H)d be commuting
d-tuples of operators, then the following identity holds for m ∈ N:

βm+1(S,T) = −βm(S,T) +
∑

1≤j≤d

Sjβm(S,T)Tj .

Proof.

βm+1(S,T) = (−1)m+1IH+
∑

1≤k≤m

(−1)k
[(m

k

)
+

(
m

k − 1

)] ∑
|α|=k

k!

α!
SαTα

+
∑

|α|=m+1

(m+ 1)!

α!
SαTα = −

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|α|=k

k!

α!
SαTα

+
∑

0≤k≤m−1

(−1)k
(
m

k

) ∑
|α|=k+1

(k + 1)!

α!
SαTα

∑
|α|=m+1

(m+ 1)!

α!
SαTα

= −βm(S,T) +
∑

0≤k≤m−1

(−1)k
(
m

k

) ∑
|α|=k+1

k!(α1 + · · ·+ αd)

α1!. · · · .αd!
SαTα

+
∑

|α|=m+1

m!(α1 + · · ·+ αd)

α1!.α2....αd!
SαTα = −βm(S,T)

+
∑

1≤j≤d

∑
0≤k≤m−1

(−1)k
(
m

k

) ∑
|α|=k+1

k!αj

α1!.α2! · · ·αd!(
SjS

α1 · · ·Sαj−1
j S

αj+1

j+1 · · ·Sαd
d Tα1 · · ·Tαj−1

j T
αj+1

j+1 · · ·Tαd
d Tj

)
+
∑

1≤j≤d

∑
|α|=m+1

m!αj

α1!.α2!....αd!
SjS

α1 ...S
αj−1
j S

αj+1

j+1 ...Sαd
d Tα1 ...T

αj−1
j T

αj+1

j+1 ...Tαd
d Tj
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= −βm(S,T) +
∑

1≤j≤d

∑
0≤k≤m−1

(−1)k
(
m

k

) ∑
|β|=k

k!

β!
SjS

βTβTj

+
∑

1≤j≤d

∑
|α|=m

m!

β!
SjS

βTβTj

= −βm(S,T) +
∑

1≤j≤d

∑
0≤k≤m

(−1)k
(
m

k

) ∑
|β|=k

k1

β!
SjS

βTβTj

= −βm(S,T) +
∑

1≤j≤d

Sjβm(S,T)Tj .

Which completed the proof.

Remark 4.3. From Lemma 4.1, it is clear that if S is a joint m-left inverse
(resp. m-right inverse) of T, then S is an joint m-left inverse (resp. m-right
inverse) of T for all integer n ≥ m.

For k, n ∈ N denote the (descending Pochhammer) symbol by n(k), i.e.

n(k) =


0, if n = 0
0 if n > 0 and k > n(
n
k

)
k! if n > 0 and k ≤ n.

Proposition 4.1. Let S = (S1, . . . , Sd) ∈ B(H)d and T = (T1, . . . , Td) ∈ B(H)d

are commuting operators. Then the following properties hold:

1. ∑
|α|=n

n!

α!
SαTα =

∑
0≤k≤n

n(k)

k!
βk(S,T), for all n = 0, 1, ....

2. If S is a joint m-left inverse of T, then

∑
|α|=n

n!

α!
SαTα =

∑
0≤k≤m−1

n(k)

k!
βk(S,T), for all n = 0, 1, ....

Proof. 1. We prove the statement by indication on n. For n = 0, 1 the state-
ment is true. Suppose that the statement is true for n.

Form the identity

βn+1(S,T) =
∑

0≤k≤n+1

(−1)n+1−k

(
n+ 1

k

) ∑
|α|=k

k!

α!
SαTα

it follows that∑
|α|=n+1

(n+ 1)!

α!
SαTα = βn+1(S,T)−

∑
0≤k≤n

(−1)n+1−k

(
n+ 1

k

) ∑
|α|=k

k!

α!
SαTα.
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By the assumption and similar calculation as in [5] we obtained

∑
|α|=n+1

(n+ 1)!

α!
SαTα

= βn+1(S,T)−
∑

0≤k≤n

(−1)n+1−k

(
n+ 1

k

) ∑
0≤j≤k

k(j)

j!
βj(S,T)

= βn+1(S,T)−
∑

0≤j≤n

βj(S,T)

( ∑
j≤k≤n

(−1)n+1−k

(
n+ 1

k

)
k(j)

j!

)

= βn+1(S,T)−
∑

0≤k≤n

(n+ 1)(j)

j!
βj(S,T)

( ∑
0≤r≤n−j

(−1)n+1−j−r

(
n+ 1− j

r

)
︸ ︷︷ ︸

=−1

)

=
∑

0≤j≤n+1

(n+ 1)(j)

j!
βj(S,T).

2. The result follows immediately from the fact that if S is a m-left inverse
of T then βk(S,T) = 0 for all k ≥ m (see Lemma 4.1).

The following proposition is a generalization of [[22], Lemmas 3.1 and 3.2 ].

Proposition 4.2. Let T = (T1, . . . , Td) ∈ B(H)d be a commuting tuple of oper-
ators. The following statements hold.

(1) If T possesses a joint 2-left inverse S = (S1, . . . , Sd), then

(4.4)
∑
|α|=n

n!

α!
SαTα = (1− n)IH + n

( ∑
1≤j≤d

SjTj

)
, ∀ n ∈ N.

(2) If T possesses a joint 2-right inverse R = (R1, . . . , Rd), then

(4.5)
∑
|α|=n

n!

α!
TαRα = (1− n)IH + n

( ∑
1≤j≤d

TjRj

)
, ∀ n ∈ N.

Proof. We shall prove equality (4.4) by induction on n. For n = 0 or n = 1 it
is clear. Assume that (4.4) is true for n and prove it for n+1. Indeed, a simple
calculation shows that

∑
|α|=n+1

(n+ 1)!

α!
SαTα =

∑
α1+···+αd=n+1

(n+ 1)n!

α1! · · ·αd!
SαTα
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=
∑

α1+···+αd=n+1

(α1 + · · ·+ αd)n!

α1! · · ·αd!
SαTα

=
∑

1≤k≤d

( ∑
α1+···+αk−1+···+αd=n

n!

α1! · · · (αk − 1)! · · ·αd!
SkS

α1
1 · · ·Sαk−1

k · · ·Sαd
d

· Tα1
1 · · ·Tαk−1

k · · ·Tαd
d Tk

)
=
∑

1≤k≤d

Sk

( ∑
|β|=n

n!

β!
SβTβ

)
Tk.

Since T possesses a joint 2-left inverse tuple S, it follow from the induction
hypothesis and (4.3) that

∑
|β|=n+1

(n+ 1)!

α!
SαTα

=
∑

1≤k≤d

Sk

( ∑
|β|=n

n!

β!
SβTβ

)
Tk

=
∑

1≤k≤d

Sk

(
(1− n)IH + n

∑
1≤j≤d

SjTj

)
Tk

= (1− n)
∑

1≤k≤d

SkTk + n
∑

1≤j, k≤d

SkSjTkTj

= (1− n)
∑

1≤k≤d

SkTk + n

( ∑
1≤k≤d

S2
kT

2
k + 2

∑
1≤j<k≤d

SjSkTjTk

)

= (1− n)
∑

1≤k≤d

SkTk + n

(
− IH + 2

∑
1≤j≤d

SjTj

)

= −nIH + (n+ 1)

( ∑
1≤k≤d

SkTk

)
,

so that (4.4) holds for n+1. Exchanging S = R and T and similar to the above
proof, we can prove that (4.5) holds.

Theorem 4.1. Let T = (T1, . . . , Td) ∈ B(H)d be a commuting d-tuple such that
T possesses a joint m-left inverse S = (S1, . . . , Sd) ∈ B(H)d, then the following
statements hold:

(1) [0] ̸⊂ σap(T),

(2) If λ = (λ1, . . . , λd) ∈ σap(T), then 1 ∈ σap(
∑

1≤j≤d λjSj),

(3) If λ = (λ1, . . . , λd) ∈ σp(T), then 1 ∈ σp(
∑

1≤j≤d λjSj).
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Proof. (1) Suppose contrary to our claim that [0] ⊂ σap(T) and let λ =
(λ1, ..., λd) ∈ [0]. Then there exists a sequence (xn)n ∈ H such that

∥xn∥ = 1 and (Tj − λj)xn −→ 0 as n −→ +∞ for j = 1, 2, ..., d.

For αj ≥ 1 we deduce that

(T
αj

j − λ
αj

j )xn −→ 0 as n −→ +∞ for j = 1, 2, ..., d

which mean that (Tα − λα)xn −→ 0 and hence,(SαTα − λαSα)xn −→ 0.
Now, we get(

SαTα − λαSα

)
xn −→ 0

=⇒
∑

0≤k≤m

(−1)m−k

(
m

k

) ∑
|α|=k

k!

α!

(
SαTα − λαSα

)
xn −→ 0

=⇒ (−1)mxn +
∑

1≤k≤m

(−1)m−k

(
m

k

) ∑
|α|=k

k!

α!

( ∏
1≤j≤d

λ
αj

j

)
Sαxn −→ 0

=⇒ xn −→ 0 as n −→ 0 (since λ ∈ [0]),

which is impossible.
(2) Let λ = (λ1, ..., λd) ∈ σap(T), then there exists a sequence (xn)n ∈ H

such that

∥xn∥ = 1 and (Tj − λj)xn −→ 0 as n −→ +∞ for j = 1, . . . , d.

(
SαTα − λαSα

)
xn −→ 0

=⇒
∑

0≤k≤m

(−1)m−k

(
m

k

) ∑
|α|=k

k!

α!

(
SαTα − λαSα

)
xn −→ 0

=⇒
∑

0≤k≤m

(−1)m−k

(
m

k

) ∑
|α|=k

k!

α!

( ∏
1≤j≤d

λ
αj

j

)
Sαxn −→ 0

=⇒
(
IH −

∑
1≤j≤d

λjSj

)m

xn −→ 0 as n −→ ∞.

We deduce that (I −
∑

1≤j≤d λjSj) is not bounded from below. Consequently,
1 ∈ σap(

∑
1≤j≤d λjSj) as required.

(3) The argument is similar to one given in (2). This achieves the proof of
the Theorem.

The proof of the following theorem is similar to the proof of Theorem 4.1, so we
omit it.
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Theorem 4.2. Let T = (T1, . . . , Td) ∈ B(H)d be a commuting tuple of operators
such that T possesses a joint m-right inverse R = (R1, . . . , Rd) ∈ B(H)d, then
the following statements hold:

(1) [0] ̸⊂ σap(R).

(2) If λ = (λ1, . . . , λd) ∈ σap(R), then 1 ∈ σap(
∑

1≤j≤d λjTj).

(3) If λ = (λ1, . . . , λd) ∈ σp(R), then 1 ∈ σp(
∑

1≤j≤d λjTj).

Remark 4.4. When d = 1, the Theorem 4.2 is proved in ([22], Lemma 3.4).
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