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Abstract. The study of tuples of commuting operators was the subject of intensive
study by many authors. Our aim in this work is to consider a generalization of the
notions of m-partial isometries and (m, ¢)-partial isometries (resp. m- left inverse and
m-right inverse) of a single operator done in [23] and [21] (resp. in [14],[19], [22]) to
the multivariable operators. We study some of the basic properties of these tuples of
commuting operators. A commuting d-tuple of operators T = (17, ...,Ty) acting on a
Hilbert space H is called a joint (m;(q1,...,,qq))-partial isometry, if

Tq<0<%;m(—1)’c (T]:) 3 ZT*“T“) = 0.
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1. Introduction and terminologies

Let H be an infinite dimensional separable complex Hilbert space and denote
by B(H) the algebra of all bounded linear operators from H to H. For T €
B(H) we shall write N'(T) , R(T) and N(T)* for the null space, the range
of T and the orthogonal complement of N (T) respectively. I = I being the
identity operator. In what follows N;Z, and C stands the sets of positive
integers, nonnegative integers and complex numbers respectively. Denote by A
the complex conjugate of a complex number A in C. We shall henceforth shorten
My — T by X —T. The spectrum, the point spectrum, the approximate point
spectrum of an operator T are denoted by o(T'),0,(T') and o4,(T) respectively.
T* means the adjoint of 7T

The study of tuples of commuting operators was the subject of intensive
study by many authors as in [4], [9], [10], [11], [12], [13],[25] , [26] and the refer-
ences therein.
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Our aim in this paper is to extend the notions of m-partial isometries ([23])
and (m, q)-partial isometries ([21]) for single variable operators to the tuples of
commuting operators defined on a complex Hilbert space.

Ford € N, let T = (Ty,...,Ty) € B(H)? be a tuple of commuting bounded
linear operators. Let o = (aq,...,qq) € Zi denote tuples of nonnegative inte-
gers multi-indices) and set [af := 37 ;<4 laj|, al:= ai! - aq!. Further, define
T := T 152 - - - T4 where T;lj denotes the product of Tj times itself a; times.

One of the most important subclasses, of the algebra of all bounded linear
operators acting on a Hilbert space, the class of partial isometries operators. An
operator T' € B(H) is said to be an isometry if 7*T = I and partial isometry
if TT*T = T. In recent years this classes has been generalized, in some sense,
to the larger sets of operators so-called m-isometries and m-partial isometries.
An operator T' € B(H) is said to be m-isometric for some integer m > 1 if it
satisfies the operator equation

(1.1) > (1F <TZ> Tm—krm=k —
0<k<m
It is immediate that 7" is m-isometric if and only if
(12 > ()il <o
0<k<m

for all x € H. Major work on m-isometries has been done in a long paper
consisting of three parts by Agler and Stankus ([1], [2], [3]) and have since then
attracted the attention of several other authors (see for example [6], [7], [8], [15]).
More recently a generalization of these operators to m-partial isometries has
been studied in the paper of A. Saddi and the present author in [23] and by the
present author in [21].

An operator T' € B(H) is called a m-partial isometry for some integer m > 1
(see [23]) if

(13) T (T*me . (Tln> T*m—le—l + (?) T*m—QTm—Q — 4 (_1)mI> =0.
and it is a (m, ¢)-partial isometry for m € N and ¢ € Z4 (see ([21]) if

(1.4) T9 <T*me— (T) rm-lpm=14 <";) em-2pm=2_ -+(—1)m1) = 0.

Gleason and Richter [16] extend the notion of m-isometric operators to the case
of commuting d-tuples of bounded linear operators on a Hilbert space. The
defining equation for an m-isometric tuple T = (T1,...,Ty) € B(H)? reads:

(1.5) S (-t (7:) az %T*“T” =0

0<k<m
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or equivalently

|
(1.6) > (=t (Z‘) > %HT%HQ =0 forallz e M.

0<k<m la|=k

Recently, P. H. W. Hoffmann and M. Mackey in [20] introduced the con-
cept of (m, p)-isometric tuples on normed space. A tuple of commuting linear
operators T := (T1,...,Ty) with T} : X — X (normed space) is called an
(m, p)-isometry (or an (m,p)-isometric tuple) if, and only if, for given m € N
and p € (0,00),

|
(1.7) > (=pmk @) > ’i‘|||T%||P =0 forall z€X.
(6%

0<k<m |ae|=k

Definition 1.1. Let T = (Ty,...,Ty) € B(H)? be a tuple of operators.

(1) If T =TT 1 <4, j <d, we say that T is a commuting tuple.

(2) If TiT; = TT;, LT =T;T;,1 <i# j < d, we say that T is a doubly
commuting tuple.

Definition 1.2 ([18]). A commuting tuple T = (Ty,...,Ty) € B(H)? is called:
(1)  matricially quasinormal if T; commutes with T;‘Tk for all i,j,k €
{1,2,...,d}.
(2) jointly quasinormal if T; commutes with T;T; for alli,j € {1,...,d}
and

(ST

(3) spherically quasinormal if Tj commutes with |T| := <21<j<d T]*TJ>
forallj=1,...,d.

If M is a common invariant subspace of H for each T; € B(H), then T, =
(T a5 T2 a5 - - - Tajpmq) denote an d-tuple of compressions of M.

The contents of this paper are the following. Introduction and terminologies
are described in the first part. The second part is devoted to the study of some
basic properties of the class of (m;(q1, ..., qq))-partial isometries tuples. Several
spectral properties of some (m;(qi,...,qq))-partial isometries are obtained in
section three; concerning the joint point spectrum,the joint approximate spec-
trum and the spectral radius. In the fourth section we present some results
concerning the m-left inverses and the m-right inverses for tuples of operators.

2. The joint (m;(qi,...,qq))-partial isometries tuples of commuting
operators

In this Section, we introduce and study some basic properties of a joint
(m;(q1,-..,qq))-partial isometry operators tuples. All of these results are fairly
straightforward generalizations of the corresponding single variable results that
was proved in [21] and [23].
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Definition 2.1. Givenm € N andq = (q1,...,qq4) € Zi. An commuting d-tuple
of operators T = (Ty,...,Ty) € B(H)? is called a joint (m; (q1, ..., qq))-partial
isometry (or joint (m;(qi, ... ,qq))-partial isometric d-tuple ) if and only if

T‘1< > (—1)’“@‘) |a|:k‘lj!T*aTa> = 0.

0<k<m

Remark 2.1. (1) When d = 1 and ¢ € N, the Definition 2.1 coincides with
Definition 2.1 in [21].

(2) Every m-isometric d-tuple of commuting operators on H is a joint
(m;(qu,-..,qq))- partial isometry d-tuple.

(3) Every joint (m;(qi,...,qq))-partial isometry of commuting operators
T = (T1,...,Ty) such that T is entry-wise invertible, T is an m-isometric d-
tuple.

Remark 2.2. Let T = (T1,T») € B(H)? be a commuting operator 2-tuple, we
have that
(i) T is a joint (1;(1,1))-partial isometry pair if

T, <I -T7T — TQ*T2> = 0.
(ii) T is a joint (2;(1,1))-partial isometry pair if
T, (I — 2TYTy — 2T5 T + T2 TE + T3*Ty + 2T1*T2*T1T2> = 0.

Remark 2.3. Let T = (T3, T3,...,Ty) € B(H)? be a commuting operator d-
tuple. Then T is a joint (1;(1,...,1))-partial isometry if and only if

.. T, <I ST - Ty — e — Tde> _o.
0 0 1
i _ 3 (i1
Example 2.1. Consider T' = i g 8 € B(C%)andlet T = (\/&T’ T,
V2 V2

ce %T) € B(C?)%. Tt is easy to see that T is a joint (1;(1,...,1))-partial isom-
etry d-tuple.

Remark 2.4. If T = (Ty,...,Ty) € B(H)? be a doubly commuting d-tuple of
operators on H. Then T is a joint (1;(1,...,1)-partial isometry if and only if
T = (17, 15,...,Ty) is so.

The following example of a joint (m; (q1, ..., qq))-partial isometry is adopted
form [20].
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Example 2.2. Let S € B(H) be a (m, q1)-partial isometry operator,d € N and
A= (e M) € (€, []a) with

M= > NP=1
1<j<d

Then the operator tuple T = (T7,...,Ty) with T; = \;S for j =1,...,d is a
joint (m;(qi,-..,qq))-partial isometry d-tuple.

In fact,it is clair that T;7; = T;T; for all 1 < ¢; 7 < d. Further, by the
multinomial expansion, we get

k
k
( 1‘ —|—| 2| + +’ d|> Z (al’ag,...,ad> H | |

a1 toag+-+ag=k 1<i<d

k!
= > b

la|=k
Thus, we have

k[T k! *armpa
™ > (-1) <k> STeT
|a|=k

0<j<m

= T¢ Z (_1)k<TIZ) ZIOCT" H |A‘2ajS*|a\S|a\

0<k<m la|=k — 1<j<d

_ % qlq| k[T oxk gk
= I »s > (-1 </<;>S S

1<j<d 0<k<m
_ % alg|— k(T oxk gk _
= H )\jJS\fH a1 ga Z (_1) (k>s Sk — 0.

1<j<d 0<k<m

=0
Consequently, T is a joint (m;(q1,. .., qq))-partial isometry d-tuple as required.

The following example shows that the question about joint (m; (q1,...,qq))-
partial isometry for d-tuple is non trivial. There exists a d-tuple of commuting
operators T = (T1,...,T;) € B(H)? such that each Tj is a (m, gj)-partial isom-
etry for j =1,...,d, but T = (T1,...,Ty) is not a joint (m;(qi,...,qq))-partial
isometry.

Example 2.3. Let us consider # = C? and define T} =

<. OO

0
7 and
0

O O =,

1 00
To=1 0 1 0 |.Itisstraightforward that 77 and T commute. Moreover,T;
0 01

and T are joint (2; 1)-partial isometry but (77, T») is not a joint (2; (1, 1))-partial
isometry.
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Lemma 2.1. Let S; be the group of permutation on d symbols {1,2,...,d}
and let T = (Ty,...,Ty) € B(H)? be a d-tuple of commuting operators. If
T is a joint (m;(qu,-..,qq))-partial isometry , then for every o € Sy, Ty :=
(Tr1)s To(2)s - -+ > To(ay) 18 @ joint (m; (qo(1), - - - » Go(d)))-Partial isometry.

Proof. The proof follows from the condition that [],<;<,Tj = [i<j<a To(j)
and the identity

q; k m k" EYe 7
Mz > cor(y) S5 o I o -o
1<j<d  0<k<m laj=k  1<j<d 1<j<d
O

Theorem 2.1. Let m € N and q = (q1,...,q4) € Zi. Let T = (Th,...,Ty) €
B(H)? be a commuting d-tuple operators such that N'(T?) is a reducing subspace
for T for all j =1,2,...,d. Then the following properties are equivalent.

(1) T is a joint (m;(qi,-..,qq))-partial isometry.

(2)
k!
> (-1)’6(’5) > =TT 2| =0, for allx € H.
0<k<m lo|=k o«

Proof. First, assume that T is a joint (m;(qi,...,qq))-partial isometry. We
have that for all z € H

k(™ k! [le%g aleds atl _
T ) (-1) (k)Za'T TYT* g = ()

0<k<m |a|=k
= (T7 Y (-1)F " > ET*O‘TO‘T*%, z) =0
k al
0<k<m |a|=F
k m k' * 2
= ) (-1 <k) > a||TO<T Iz)|2 = 0.
0<k<m la|=k

Thus, (2) holds.
To prove the converse, assume that the equality in (2) is holds. It follows
that,

|
(T > (-1)’“(”}3) ET*O‘TO‘T*%, ) =0,VzeH

ol
0<k<m |a|=k
=1 Y ")) B praporpray — 0 vz e
k o! ’ '
0<k<m la|=k

T ) (-1)F (Z) > Z—!!T*O‘T“ =0 on R(T*) = N(T?" .



444 OULD AHMED MAHMOUD SID AHMED

As N (T1Y) is a reducing subspace for each T; (1 < j < d), we have that

k(T k! xamo
T ) (-1) <k> > ST T =0 on N(TY)
0<k<m |o|=k

and hence,

™ Y (-1)’“(2‘) D loi—!!T*aTa = 0.

0<k<m

The following corollary is an immediate consequence of Theorem 2.1.

Corollary 2.1. Let m € N and ¢ = (q1,...,qq4) € Z4. Let T = (Ty,...,Ty) €
B(H)? be a commuting d-tuple of operators such that N'(T9) is a reducing sub-
space for each Tj, 1 < j < d. Then the following properties are equivalent

1. T is a joint (m;qu,...,qq))-partial isometry.
2. Tlprepayr = <T1’N(T4)L,TQN(Tq)L,...’Td’N(Tq)L) is an m-isometric
tuple.

Remark 2.5. It is easy to see that every joint (m; (1,...,1))-partial isometry
d-tuple of commuting operators is a joint (m;(qi, ..., qq))-partial isometry.

In the following theorem we show that by imposing certain conditions on a joint
(m;(qu,-..,qq))-partial isometry of operators it becomes a joint (m; (1,...,1))-
partial isometry.

Theorem 2.2. If T = (T1,...,T;) € B(H)? be a commuting d-tuple of operators
such is a joint (m;(qi,...,qq))-partial isometry and N (T}) = /\/’(Tf) for each
Jj, 1 <j<d, then T is a joint (m;(1,...,1))-partial isometry.

Proof. By the assumption we have for j = 1,...,d that N(T};) = N(I}) for
all positive integer n. It follows that

q _1\k m ki *oo _

T( > (-1 <k)za!T T>_O
0<k<m la|=k

implies

(5 () S B ) <o

1<j<d  \0<k<m la|=k

The following proposition generalized ([23], Proposition 3.1)
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Proposition 2.1. If T = (T3,...,Ty) € B(H)? is a jointly quasinormal and
a joint (m;(1,...,1))-partial isometry, then T is a joint (1;(1,...,1))-partial
1sometry.

Proof. Since T = (T1,...,Ty) is a jointly quasinormal and a joint (m; (1,...,1))-
partial isometry, it follows that

m
Il n(r- X mm)" =0
1<j<d 1<j<d
A straightforward computation using this last equation yields that
I n(r- X 7m) =0
1<j<d 1<j<d
The proof is complete. O

Definition 2.2. Let T = (11,...,Ty4) and S = (S1,...,Sq) are two commuting
d-tuples of operators on a common Hilbert space H. We said that S is unitary
equivalent to T if there exists an unitary operator V€ B(H) such that

S =(S1,...,8:) = (V*TUV,V*TLV, ..., V*T,V).

Proposition 2.2. Let T = (T1,...,Ty) and S = (S1,...,Sq) € B(H)? are two
commuting d-tuple of operators such that S is unitary equivalent to T, then T is
a joint (m, (q1, . . ., qq)-partial isometry if and only if S is a joint (m, (q1, ..., qq)-
partial isometry.

Proof. Suppose that S and T are unitary equivalent,that is there exists a uni-
tary operator V' € B(H) such that S; = V*T;V, (1 < j < d). Since T;Tj = T;T5;
it follows that

(V*GVY(VTLV) = (VILV)(VIT;V) forall 1<i,5 <d.

Using the observations above, we get the following identity

Y (-1)’f<’£) 3 gs*asa

0<k<m |a|l=k
_ * E(T k' * ko
=V'TW ) (-1) <k> > SVITTV
0<k<m |a|l=k
_ * B[ k' * Qo
=V (Tq > (-1 <k> > VT )v.
0<k<m |a|=k

In the proof of the following theorem, we need the following formula
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Remark 2.6. For n,d, ki, ko,..., kg € N with k&1 + ... + kg = n, n > 1 and

d > 2, we have
n n—1 )

It will known that if T = (71,...,Ty) is an m-isometric tuple then T is an
n-isometric tuple for n > m. This result is not true for joint (m; (q1,...,q4))-
partial isometric tuple. Since it was shown in [21] that a (m, g)-partial isometry
operator need not be a (m + 1, ¢)-partial isometry and vice versa.

Theorem 2.3. Let T = (Ty,...,Ty) € B(H)? be a (m; (qi, . . ., qa))-partial isom-
etry d-tuple of commuting operators such that N'(T?) is a reducing subspace for
each T for 1 < j < d. Then T is a (m+n;(q1,...,qq))-partial isometry d-tuple
forn € N.

Proof. To prove that T is a joint (m+n; (q1,- . -, ¢q))-partial isometry, it suffices
to prove that T is a joint (m + 1; (q1,. .., qq))-partial isometry.
Indeed, for x € H we have

Z (_1)k<m2—1> Z Z—!!‘|TQT*Q$||2

0<k<m+1 la|=k

i 3 G0t () (7)) X STy

1<k<m la|=k

> Ot D e
|
|a|=m~+1 o

= ¥ t(}) X A

0<k<m |a|—k

- Y e (]) B S

0<k<m—1 o =k+1

1)!
_(_1)m E : (m—i_' ) HTaT*quQ
ol
|a|=m—+1

m ]f!(Ozl—l-...—i-Odd) 2
=— —1)k T
2, (1) <k> 2. otosogl | |

0<k<m—1 |a|=k+1

_(_1)m Z m!(a1+...—|—ad)HTaT*qu2

| |
a1..09....04-
P 1.2 d

52 ) 2 )

1<j<d 0<k<m—1 || =k+1
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7||T°“1 T T T T T |2

mlo; 1

oy > {177 T T T T ||
aql. ] j+1 d *J

1<j<d |a|]=m+1

RIS (‘”k@Z(—l)’“(f)giuTﬁTjT*w

1<j<d 0<k<m—1 |B=F

EDSID DI Ikttt
1<j<d |a|]=m
- Y cr(}) T -
1<j<d 0<k<m |8|=k
This completes the proof. O

Proposition 2.3. Let T = (T1,...,Ty) € B(H)? be a commuting d-tuple of
operators such that N (T?) is a reducing subspace for each T for j =1,2,...,d.
Assume that T satisfies

(2.1) >y (-1)’6(2‘) > %H]}TO‘T*%HQ =0 forall x €H.

1<j<d 0<k<m la|=k

Then T is a joint (m;(qi,...,qq))-partial isometry if and only if T is a joint
(m+1;(qq,---,qq))-partial isometry.

Proof. If T is a joint (m;(qu1,...,qq))-partial isometry, then T is a joint (m +
1;(q1, . ., qq))-partial isometry by Theorem 2.3.

Conversely, assume that T is a joint (m + 1;(q, ..., qq))-partial isometry
and satisfies the equation (2.1). It follows that

T Z Z < ) g‘T*T*aTC‘T T* =

1<5<d 0<k<m la|=k
and hence
T HE(™ W pepragar, — g R(T*) = N (T?) "
> Y () X Brrerr o o Rw = v
1<j<d 0<k<m o=k

On the other hand, since T} (N (T?)) C N(T?) and T} (N(T9)) C N(T9), we
have T; T**T*T; N'(T9) € N'(T?). Thus,

™ > Y (-1 ( ) > B|T*T*BT5T =0 on N(TY).

1<j<d0<k<m |81=k
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From the above equalities we conclude that

Y S (7)) X GmTeTn 0 o0 M= (T 0 (T
1<j<d 0<k<m la|=k

Since T is a joint (m + 1, ¢)-isometry, we get

0=T1 (—1)’“(”‘;1) 3 z—!!T*O‘T“

0<k<m+1 lal=k

Y (-1)’“(7;;) 3 gT*aTQ

0<k<m o=k

-y (—1)*@@) > (k;l)!T*“Ta.

0<k<m la|=k+1

Therefore,

™ ) (—1)’“(73) 3y %T*O‘T"

0<k<m la|=k

=T > (—1)’“<7:> > (kzll)!T*aT(X

0<k<m | =k+1

|
B (-1)"?(73) 3 g'!T;‘T*O‘TO‘Tj = 0.

1<j<d 0<k<m |a|=k

Consequently, T is a joint (m, (q1,. .., qq))-isometry. O

Proposition 2.4. Let T = (Ty,...,Ty) € B(H)? be a joint (m;(q1,...,qq))-
partial isometry d-tuple. The following statements hold:
(i) Tis ajoint (m+1;(qi, ..., qq))-partial isometry d-tuple if and if T satisfies

(2.2) T‘I< 3 (1)’“(7:) 3 (kl'!l)!T*aTa> = 0.

0<k<m la|=k+1

(ii) If N(Tj) = N(T}) for each j;1 < j < d, then T is a joint (m +
1,(q1,- -+ ,qq))-partial isometry d-tuple if and only if T satisfies (2.1)

Proof. (i) Since T is a joint (m, (q1,- - , gq))-partial isometry d-tuple, we have

|
v Y (") X R

a!
0<k<m+1 |a|=k
_ k(™ ks
- Y Y Cor(]) X ST
1<j<d 0<k<m |B|=k
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Thus, T is a joint (m+1,(q1, ..., qq))-partial isometry d-tuple if and only if

(2.3) WIS (-1)’“(7:) 3 Z!!T;‘T*BTBTJ- =0,

1< <d 0<k<m |8|=k

which is equivalent to the equation (2.2).
(ii) Suppose that T is a joint (m + 1,(q1,- - , qq))-partial isometry d-tuple.

Then .
™) > (—1>'“<7Z> > FLTITL =0,

1<5<d 0<k<m |8|=k

and the equation (2.1) is satisfied.
Conversely, suppose that (2.1) is fulfilled. Under the conditions N (T};) =
J\/'(T]Q) for each j; 1 < j < d, we see easily that

N =N(]] )= (] M),

1<j<d 1<j<d

and therefore we have (2.3). Now, from (i), T is a joint (m + 1, (¢q1,- -, qd)-
partial isometry d-tuple.
O

3. Spectral properties of joint (m;(q,...,qq))-partial isometries tuples

Spectral properties of commuting d-tuples of operators received important at-
tention during last decades. For more details, the interested reader is referred
to [9], [10], [11],[12], [13], [24] and the references therein.

First, we recapitulate very briefly the following definitions.

Definition 3.1. Let T = (Th,...,Ty) be a d-tuple of operators on a complex
Hilbert space H.

1. A point X = (A1,...,\q) € C? is called a joint point eigenvalue of T if
there exists a mon zero vector x € H such that

(T —Xj)x=0 for j=1,....,d.

Or equivalently if there exists a non-zero vector x € H such that © €
mlgjng(Tj - /\j)ﬂ'-e-;

op(T)={AeCh: () NI -N) # {0}

1<j<d

2. The joint point spectrum, denoted by o,(T) of T is the set of all joint
etgenvalues of T.
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Definition 3.2. For a commuting d-tuple T = (Ty,...,Ty) € B(H)?. A number
A= (A1,..., ) € C? is in the joint approzimate point spectrum o4, (T) if and
only if there exists a sequence of unit vector (x, )y such that

(Tj — Xj)xp, — 0 as n — oo for every j=1,...,d.

Lemma 3.1. ([16]) Let T = (Ty,...,T;) € B(H)? be a commuting tuples of
bounded operators. Then

oap(T) = {)\ =(A1,...,Ag) € Cct: 3 (Tp)n CH,

foall =1/t 3 1T~ Al =0

1<j<d
Definition 3.3 ([26]). The Taylor spectrum of commuting d-tuple = (T4, ...,Ty)
€ B(H)? is the set of all complex d-tuple X = (A1, ..., \q) € C? with the property
that the translated d-tuple (T1 — A1,..., T3 — Aq) is note invertible. The symbol
o(T) will stand for the Taylor spectrum of T.

Remark 3.1 ([26]). Let T = (T1,...,Ty;) € B(H)? be an d-tuple of commuting
operators on H. (A1,...,Aq) ¢ o(T) if there exist operators Uy, ...,Uq, V1,...,
Vi € B(#H)) such that

> Un(Ti—MI)=Tand > (Th — M)V =1.
1<k<d 1<k<d
The spectral radius of T is
r(T) = max{|[A2, A€ o(T)}

1

3

where [|A[l2 = <Zl§j§d ’)‘j|2> .
In the following results we examine some spectral properties of a joint
(m; (q1,-..,4qq))-partial isometries.That extend the case of single variable m-

partial isometries studied in [23].
We put

B(CY) = {A=(A1,...,Ad) € CL/ [\|]2 = ( 2 |Aj‘2>2 <

1<j<d

and

OB(CY ;= {A=(\1,..., ) €CL/ N2 = ( > |Aj|2>2 =1}.

1<j<d

In ([16], Lemma 3.2), the authors proved that if T is a m-isometric tuple,
then the joint approximate point spectrum of T is in the boundary of the unit
ball B(C?). This is not true for a joint (m;(qi,...,qq))-partial isometry tuple
as shown in the following example.
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Example 3.1. Let T = (7,0, ...,0) € B(C?)?, where T is the matrix opera-

tor T = with |a|? = 1+T‘/5

611 8 It is easily to show that T is a joint
(2;(1,0,0,...,0))-partial isometry and further o(T) = {0,a} x {0} x ... x {0}.

However, if in addition assume that Tj reduces N (T?) for 1 < j < d, we
obtain the following result.

Theorem 3.1. Let T = (T1,...,T,;) € B(H)?¢ be a joint (m; (qu, ..., qq))-partial
isometry of d-tuple of operators such that N (T?) is a reducing subspace for each
Tj (1 <j <d). Then oqy(T) C OB(C?) U [0] where

0] :={(\,....x) €C®: [ Me=0}
1<k<d

Proof. Let A = (A1,...,A\q) € 04p(T), then there exists a sequence (xy,)n,>1 C
H, with ||z,|| =1 such that (T; — N\jI)xy, —> 0 for all j =1,2,...,d. Since for
o > 1,
Q; o Yy k—10o—k
TV =X = (1= ) Y N
1<k<a;
By induction, for a € Z‘i, we have
i ) i i
(T* =M1 = ) <H)\f‘><TjJ —A;“>HT;".
1<k<d “i<k i>k

Since, R(T9) € N(T9)* we have from Corollary 2.1 that, for all n > 1

0=X( > (-1)F < > Z T*aTaqun,mn>

0<k<m la|= k
|
=2y (—1)k<7§> gT*aTa(Tq—Aq)xn, )
0<k<m o=k
m k' o
w0 3 () X R
0<k<m o=k
k!
=X Y (-1)’“(2) ST T (T = Xy |ay)
0<k<m la|=k
m k! o o
perl 5 cnr(r) X (e - aa?
0<k<m laj=k

+ 2Re((T™ — Xz, | \Y2y,) + yAaP) }

as (TO‘ — /\aI):rn —0asn — oo forall a e Zi we obtain that

0=x1 3 (04(77) 3 Ebep = ana - I

0<k<m la|=k
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2
where [|A]|2 = <Z1gk§d|)\k2> . We deduce that A = 0 or |||z = 1. This
implies that

Ae{(A A2 dg) €CT: [ A =0} or AeaB(CY),
1<k<d

O]

Corollary 3.1. If T = (T1,...,T) € B(H)? is a joint (m;(qu,...,qq))-partial
isometry d-tuple of operators such that N'(T?) is a reducing subspace for each
T; (1<j<d), thenr(T)=1.

Proof. It is known (see for example [24]) that the convex envelopes of all spectra
coincide. Thus from Theorem 3.1 we have that the approximate point spectrum
of T = (T1,...,Ty) is contained in the boundary of the unit ball, it follows that
r(T) = 1. O

We have also, the following properties.

Proposition 3.1. Let T = (T1,...,Ty) € B(H)? be a joint (m;(q1,...,q4))-
partial isometry d-tuple such that N'(T?) is a reducing subspace for Tj (1 < j <
d). The following properties hold.

1 If A= (A, ..., Aq) € 0ap(T)\[0], then 1 € Oap(Do1<j<aNiT})-
2. If A= (A1,..., ) € op(T)\[0], then 1 € op(X1<j<a NTT)-

3. Eigenvectors of T corresponding to two joint eigenvalues X = (A1,...,\q)
and 1= (p, ..., pa) such that 32y ;-4 A\jft; # 1 are orthogonal.

Proof. 1. Let A = (A1,..., A\d) € 0ap(T)\{(A1,- -, Aa) € CL: [[icpeyg Mk = O},
choose a sequence (), C H, such that ||z,|| =1 and (T; — A\;)x,, — 0 for all
j=1,2,...,d. Following similar arguments it is easy to see that for all a;; > 0.
(T;7 = X)7)an — 0 as n — 0o and

J
(T = Xz, — 0.
On the other hand
T T(T — Az, = TTTz, — NIT**T%%,
T**TT,, — XT*(T* — A\¥) 2y, + AT Nz, — 0.

Since T is a joint (m;(q1,...,qq))-partial isometry, we observe that
q BT k! *\
AN (-1) . Za()\T) Tn — 0.
1<k<m lal=k
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and hence,
A (I— > /\jT]T“> Ln — 0.
1<j<d
Using the fact that A = (A1,...,Aq) € 04p(T)\[0], we get

(I - > /\jT;‘>mxn —0.

1<j<d

We deduce that (I — > 1<;<4A;T;) is not bounded below and hence 1 €
Tap(Xo1<j<a i T5);
and the proof of this implication is over.
2. Let A = (A1,...,Aq) € 0p(T)\[0], there exists a non zero vector z € H
such that
Tijx = \jx for j=1,2,..d.

By using a similar argument as in 1 we show (I — 31 <;<4 AT} )z = 0. From
which it follows that 1 € 0p(3 1 <<y AT}

3. Let A= (A1,...,Aq) and p = (p1,. .., 1q) be eigenvalues of T such that
Zlgjgd Ajpj # 1. Assume that Tjz = Aoz and Tjy = pjy for j =
1,...,d. Since N(TY) is a reducing subspace for each T for j = 1,...,d, we
have R(T?) C N(T?)L. Moreover since T is a (m; (qi, ..., qq)-partial isometry
tuple,it follows from Corollary 2.1 that

0= (> (-1)’“(?) 3 gT*aTO‘T%, y)

0<k<m |a|=k
= (Y (1)k<7:> 3 Ii!'T*aT%, y)

0<k<m o=k &

! o

VS (_m@b) > SO e v)

0<k<m lal=k
= <1_ Z )\j/lj> (z, y)-

1<j<d

where \.ix = (Alﬁly A2fhgy s eeey )‘dﬁd)'
Since 1 — 371 ;o4 AjH; # 0, we obtain that (z [ y) = 0. O

Lemma 3.2. Let T = (T1,...,Ty) € B(H)? be an joint (m; (qu, ..., qq))-partial
isometry such that N (T9) is a reducing subspace for T;, j = 1,...,d. Let

A= (A1, Aa) and p= (p1, .., pa) € oap(T) such that 3y ;g Nty # 1. If
(Tn)n and (yn)n are two sequences of unit vectors in H such that

(T;=Xj)xn|| — 0 and [[(Tj—p;)ynl| — 0 (as n — oo) forall j =1,2,...,d,
then we have

(3.1) (n| yn) — 0 (as n — 0).
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Proof. Let {z,}, and {y,}, be two sequences of unit vectors in H such that
|(Tj—Xj)xn]| — 0 and ||[(Tj—p)yn|| — 0 (as n —> o0) for all j =1,2,...,d.

T]f"j-i-‘lj _)\J‘?‘j +4; ):L,n = 0 and lim,,_ oo (Tjaj _

M?j )yn, = 0. On the other hand, we also have

Then for all a;,q; € N, we have lim;, o (

lim (T*T7 — \*™%) 2, =0 and lim (T* — u®)y, = 0.

n—o0 n—oo

Since T is a joint (m; (g1, ..., qq))-partial isometric tuple such that N (T?) is a
reducing subspace for each Tj for j =1,...,d, it follows that

0 = lim(( Y (—1)’“(2‘) 3 ]i!'T*aTaqunyW

" 0dkem o=k &
. k(M k! *ou a-+q a-+q a+q
= Jim (Y (=DF() Do ST (T - AT X ) | y)
0<k<m lal=k
. m k! *Qy
=t (3 C0f(F) X R i)a, )
0<k<m lal=k
. . k m k'—a @
= Jmd 3 E0H(}) X ST
0<k<m |a|=k
: m k!fa o a o
= e 30 04 X R
0<k<m la]=k
_ : _1\ym—k m E!—a «
= Jmfenl ¥ 1 Q)%m K0)
_ . L™ k' — o
= e | S C0H(]) X H G
0<k<m la|=k
= lim (z, | <1— > Am) Yn)
1<j<d
= <1— Z )\j,uj> n11_>1r010<:vn | Yn).
1<j<d

By the assumption Zl<j<d Ajfi; # 1, we obtain that lim, o (zy | yp) =0. O

4. The joint m-left inverse and joint m-right inverse of commuting
tuples of operators

An operator T' € B(H) is said to be a left invertible if there is an operator
S € B(H) such that ST = Iy, where I3, denotes the identity operator. The
operator S is called a left inverse of T. An operator T' € B(H) is said to be
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a right invertible if there is an operator R € B(H) such that TR = I. The
operator R is called a right inverse of T

The left and right m-invertibility of operator have been introduced by the
present author in [22] and by B. P. Duggal and V. Miiller in [14].

Given a positive integer m. A bounded linear operator T is called a m-left
invertible (resp. m-right invertible) if there exists a bounded linear operator S
such that

S -k (’Z) SETH = O(resp. S (- <”IZ> TkSh = o).

0<k<m 0<k<m

The m-invertibility have been extensively studied in the recent paper [19] by C.
Gu. In [17] the author extends the notions of m-left and m-right invertibility
respectively to the notions of m-left generalized inverse and m-right generalized
inverse on Banach spaces.

The following definition generalize the definition of m-left invertibility and
m-right invertibility of a single operator to tuples of commuting operators.

Definition 4.1. Let T = (T1,---,Ty) € B(H)? be a commuting d-tuple of
operators on H,we say that T is a joint m-left invertible (resp. joint m-right
invertible) operator for some integer m > 1, if there exists a commuting d-tuple
of operators S = (S, ...,Sq) € B(H)? such that

3 (-ymh <7Z> az Z—!!SO‘T“ =0

0<k<m o=
m—k [ k! aQa
resp. Z (-1) f Z JT S*=0].
0<k<m o=k &

S is called a joint m-left (resp. m-right) inverse of T.
We say that T = (Tt ..., Ty) € B(H)? is m-invertible d-tuple of commuting
operators if it has both a m-left inverse and a m-right inverse.

An interesting example of a m-left invertible commuting tuple of operators
is that of an m-isometric tuple of operators.

Remark 4.1. It is clear that S is a m-left inverse of T if and only if T* is a
m-left inverse of S*.

0 1 0
T = (T, Ty) is m-invertible tuple with m-inverse S = (Sy, S2) in B(C?)2.

Remark 4.2. 1. If S = (51, S2) and T = (Ty,T») € B(H)? be commuting pairs
of operators then S is a joint left inverse of T if S177 + SeT5 = I and it is a
joint 2-left inverse of T if

Example 4.1. Let T} = ( L1 > and S = < L _11 ) Then the pair

(4.1) SIT? + S3T5 + 28152 Ts — 2(S1 Ty + SoTs) + I = 0.



456 OULD AHMED MAHMOUD SID AHMED

2. S = (51,...,5q) is a joint left inverse (or joint 1-left inverse) of T =
(T1, T, ..., Ty) if

(4.2) S111 + SoTo + ... + SgTy = Iy

and it is a joint 2-left inverse of T if

(43)  Iy-2 ) ST+ > SiTr+2 Y ST =0.
1<j<d 1<j<d 1<j<k<d

For T = (T3,...,Ty) and S = (S4,...,84) € B(H)?, set
_ m—k (T k! ama
B8 = Y o (]) 3 Hsere
0<k<m |a|=k

Lemma 4.1. Let T = (T1,...,T;) and S = (S1,...,Sq) € B(H)¢ be commuting
d-tuples of operators, then the following identity holds for m € N:

Brn41(S,T) = —Bm(S,T) + > SiBm(S, T)T,

1<5<d
Proof.
_ (_1\ym+1 _1\k m m E amo
Bm+1(S,T) = (—1) I+ Z (=1 [<k)+<k—1>] Z a!S T
1<k<m |a|=k
m—i—l ama _ (T k! amo
+Z m+ Digop Z(—1)<k>Za!ST
|a| m+1 0<k<m \a|:k
UT (D) £ e
0<k<m—1 la|=k+1
1
Z Msoﬂra
o!
jal=m+1
_ . k m k!(a1+"'+ad) oarmo
0<k<m—1 | =k+1

m' Oél-l- +ozd)
ST = —5,,(S, T
.y men (5. T)

|a|=m~+1
m klos
_1k J
D >(k> S e
1<j<d 0<k<m—1 |o|=k-+1

gon . gu g%+t | gaapar | Tkl o
(S]S R SRRy AR W A SRR o TJ>
mla; —1 . 1 .
+ Y Y = T S CHRICH R RINCEL DO s S s
aq..Q
1<j<d |aj=m+1 & 2!
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= Bu(S T+ > > | ( ) > Z!'SjsﬁTﬁTj

1<]<d0<k<m 1 |8|=k
+ > > 75 SPTAT;
1<]<d|a‘
=Bu(ST)+ > > (- <>ZSSTT
1<j<d 0<k<m |8|=k
= —Bn(S.T)+ Y SiBu(S, T)T;
1<5<d
Which completed the proof. O

Remark 4.3. From Lemma 4.1, it is clear that if S is a joint m-left inverse
(resp. m-right inverse) of T, then S is an joint m-left inverse (resp. m-right
inverse) of T for all integer n > m.

For k,n € N denote the (descending Pochhammer) symbol by n®) ie.

0, if n=0
nk) — Oifn>0 and k>n
(Z)k" if n>0 and k<n.

Proposition 4.1. Let S = (S1,...,S4) € B(H)? and T = (T,...,Ty) € B(H)?

are commuting operators. Then the following properties hold:
1.
N oo n(k)
> ST = > 7 B(S.T), for all n=0,1, ...

laj=n 0<k<n

2. If S is a joint m-left inverse of T, then

1! Corea n(k)
> 8T = > 7 Be(S.T), for all n=0,1,...

laj=n 0<k<m-—1
Proof. 1. We prove the statement by indication on n. For n = 0,1 the state-

ment is true. Suppose that the statement is true for n.
Form the identity

|
Bus1(S,T) = <—1>”“"“<”Zl> > %S"T“

it follows that

Z (nl_ ! S*T* = 8,,1(S,T) — Z (_1)n+1—k (nz 1) Z ESQTQ.

‘a|:n+1 ’ 0§k<n
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By the assumption and similar calculation as in [5] we obtained

Z (n + 1)!SaTa

al

|a|=n+1
L CED S C e (I D ER J

0<k<n 0<j<k 7’
= Bur1(S,T) = Y BJST( > =yt ’“( N ),)

0<j<n j<k<n J:

n+1)0) milip (M1 =]

= Bn+1(S,T) = Y (.,)Bj(SaT)< > (pm ( . ))

o<k<n I 0<r<n—j

=1

-y s,

0<j<n+1

2. The result follows immediately from the fact that if S is a m-left inverse
of T then S, (S,T) =0 for all £ > m (see Lemma 4.1). O

The following proposition is a generalization of [[22], Lemmas 3.1 and 3.2 |.

Proposition 4.2. Let T = (T4, ...,Ty) € B(H)¢ be a commuting tuple of oper-
ators. The following statements hold.

(1) If T possesses a joint 2-left inverse S = (S1,...,Sq), then

|
(4.4) > ZSQTQ—(1—nIH+n< > ST>, VneN.

laj=n 1<j<d

(2) If T possesses a joint 2-right inverse R = (Ry, ..., Rq), then

(4.5) Z TO‘RO‘— 1—n)IH+n< Z TjRj>, VneN.

la|=n 1<j<d

Proof. We shall prove equality (4.4) by induction on n. For n =0 or n =1 it
is clear. Assume that (4.4) is true for n and prove it for n+ 1. Indeed, a simple
calculation shows that

(n+ 1! carpa _ (n+Dn! carma
>, L ST= ) ST
|a|l=n+1 a1+-tag=n+l
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_ Z (14 +agnlgora
041! s Oéd!

ai+-Fag=n+1

— Z < Z n d!SkS?l ... Sgrl L. G

ap!l (o =D«
1<k<d “oq+-+op—1+-+ag=n 1 ( k )

ST '-T,?k_l . "Tdek>

- Z Sk( Z ;isﬁTﬁ>Tk.

1<k<d |8|=n

Since T possesses a joint 2-left inverse tuple S, it follow from the induction
hypothesis and (4.3) that

Z (TL + 1)!S(XTO<

!

|8|=n+1
n! s
-3 s X s
1<k<d 18]=n
1<k<d 1<j<d
=(1-n) Z ST +n Z SiS; Ty T
1<k<d 1<j, k<d
= (1 - n) Z STy + TL( Z S]%T]? + 2 Z SjSijTk>
1<k<d 1<k<d 1<j<k<d
=(1-n) Z Ska+n(_IH+2Z SjTj)
1<k<d 1<j<d
= —nly + (n+ 1)< > Ska),

1<k<d

so that (4.4) holds for n+ 1. Exchanging S = R and T and similar to the above
proof, we can prove that (4.5) holds.

O]

Theorem 4.1. Let T = (Ty,...,Ty) € B(H)? be a commuting d-tuple such that
T possesses a joint m-left inverse S = (S, ...,Sq) € B(H)?, then the following
statements hold:

(1) [0]  oap(T),
(2) If)\ = ()\1, Ce ,)\d) S Uap(T), then 1 € Uap(Zlgjgd )\ij),

(3) If A= ()\1, ce ,)\d) S Up(T), then 1 € O-P(Zlgjgd )\JS])
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Proof. (1) Suppose contrary to our claim that [0] C 04,(T) and let A =
(A, ...y Ag) € [0]. Then there exists a sequence (x,,), € H such that

|znl| =1 and (Tj — A\j)z, — O0as n — oo for j=1,2,...,d.
For a; > 1 we deduce that
(Tfj - )\?j)xn —0as n — +ooforj=1,2,....d

which mean that (T* — A*)z,, — 0 and hence,(S*T* — A*S*)z,, — 0.
Now, we get

(saTa - Aasa> Ty — 0
= Y (-ymt (Z) 3 Zi(saTO‘ - X"So‘>xn —0
= (-D)"zn+ Y (-)"F (7;;) > Z( 11 Ag‘f>s%n —0

la|=k 1<j<d
= 1z, — 0 as n — 0 (since \ € [0]),
which is impossible.
(2) Let A = (A1,..., A\q) € 0qp(T), then there exists a sequence (z,), € H
such that

|znl| =1 and (Tj — Aj)z, — 0as n — +ooforj=1,...,d.

<SD‘T0‘ - )\O‘So‘>xn — 0
(—1)m—’“<’,?> g::k
= > (-nym*h (’Z) g}k IZ'(K]H@ )\;)‘j)Samn —0

m
= <IH— Z )\ij> Tp — 0 as n — oo.
1<5<d

!
L (S"‘TO‘ _ >\O‘So‘> T — 0
al

We deduce that (I — >;<;<4A;5;) is not bounded from below. Consequently,
1 € 0ap(D_1<j<a2iSj) as required.

(3) The argument is similar to one given in (2). This achieves the proof of
the Theorem. O

The proof of the following theorem is similar to the proof of Theorem 4.1, so we
omit it.
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Theorem 4.2. Let T = (T4, ...,Ty) € B(H)? be a commuting tuple of operators
such that T possesses a joint m-right inverse R = (Ry, ..., Rq) € B(H)?, then
the following statements hold:

(1) [0] ¢ oup(R).

(2) If A= ()\1, ceey )\d) S Uap(R), then 1 € Uap(Zlgjgd )\]T])

B3) If A= (M1, Aa) € 0p(R), then 1 € 0p(D 21 << NTj)-

Remark 4.4. When d = 1, the Theorem 4.2 is proved in ([22], Lemma 3.4).
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