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Abstract. In this article, a class My of admissible perturbations of the special expres-
sion My = >, _, cxt® Df* in the weighted space £2([1,00)) will be presented. It will
be shown that the operator w?Maw™ 2, where w belongs to the family of completely
monotonic functions, is an admissible perturbation of My in the non-weighted space
L£2([1,00)), and eventually preserves the essential spectrum and nullity of My in that
space. Our discussion will be limited only to special expressions with a3 < p;.
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1. Introduction

In 2014, a new class of admissible perturbations in the weighted space £2([1, 00))
of the special expression My was identified and studied by J. B. Bacani in [4].
We recall that this differential operator is of the form

r
(1) MO = chtakka
k=0

where ¢, € C and D; = % with

i) pr € N for every k, such that
ii) ay € R for every k, satisfying

(3) ap=0 and o < pq,
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and

@ 1 CRZOL Qhil DOk
Pk — Pk—1 Pk+1 — Pk
fork=1,...,r—1ifr > 1.
The perturbation, which the author denoted it by Mj, satisfies the following
conditions:

AP,) For every i > [,

where a;(t) € CY(I),1=[1,00),l =0,1,...,n — 1; and
APy) There exist auxiliary functions b;(¢) such that

ay(t)
bi(t)

where 0 < by(t) € C®([1,00)) for all I and b;(t) = o(t?¢+1) and b(t) =
o(t"®) as t — oo.

‘ is  bounded,

The perturbation was shown to be different from the one presented in [3] and
the one published in [2].

In the current work, another class of admissible perturbations of the special
expression My in the weighted space, v;/hich we denote by Mg, will be presented.
It will be shown that the operator w2Msaw™ 2, where w belongs to the family
of completely monotonic functions, is an admissible perturbation of My in the
non-weighted space £2([1,00)), and eventually preserves the essential spectrum
of My in that space. As in [4], our discussion will be limited only to special
expressions with a1 < p;. We point out that this new class of perturbation is
indeed different from what has been presented in [4] by giving an example. For
other related works in the study of special expression My, we offer the following
articles: [5, 7, 9, 10] and [11].

In this section, we provide further discussion about special expressions, as
well as some basic definitions and notations used in this paper.

The special expression My, its essential part, and the polygonal path it
generates are defined as follows (cf. [10]).

Definition 1.1. A special expression My is a differential expression in £2([1,00))
of the form (1) where py, and oy, satisfy (2), (3), and (4). We denote 01 < o3 <
- < 0g—1 those indices k(k = 1,...,7—1) for which the strong inequality holds
in (3) and with o9 = 0 and o5 = r. The coefficients cj are arbitrary complex
constants and for k =o1,...,r,

ce € C\ {0}, and Z (1) %¢csc, = 0

ps + px =20
0; <6, <0441
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where 0 = pPg;y- -5 Poi0yt = 1,...,8 — 1. The indices o1, ...,05 are called kink
indices. The essential part of My is given by

o1

MO,O = Z thakka.
k=0

We can give a graphical interpretation of the special expression My in
R? by plotting and joining by a line the points (pg, ax) and (pri1, aps1) for
k = 0,1,...,r. The resulting graph is called the polygonal path generated by
My. If we let my, (i = 1,...,s) be the slope of the line connecting the points
(Poi_1,@o,y) and (po,_y; 0, ), then

1>m01>mo’2>"'>m05'

Hence, the polygonal path generated by Mg lies on or below the bisectrix.
Furthermore, the polygonal path generated by My corresponds to the graph of
the function ~ : [0,n] — R defined by

(5) A(k) = ——

Poit1 — Po;

{(k - po'i)aO'H»l + (p0i+1 - k)am‘}

for k € [po;, po; 1], i =0,1,2,...,5 — 1.

In [11], Schultze evaluated the essential spectrum and nullity of My and
showed that the essential spectrum and nullity of the essential part of My and
the essential spectrum and nullity of M are indeed equal. In short, he had the
following results for a; < p1:

Theorem 1.2. Let My be a special expression. Then, for ai < p1,

(6) O'@(MO) = O’e(M0,0) = {Zl ckzp’“ . Re(z) = 0} N
k=0

and for every x € C\ o.(My),

s—1 O'i—‘rl
(7)) nul(Mp—2) =nul(Myg — ) + Z #< 2| Z 2’ =x,Re 2z <0 p,
=1 k=o;

where

o1
nul(Mog —z) = # {z[ chzp"' =z, Rez < 0} )

k=0

Also, in the usual £2-space, a different class of perturbations, called admissi-
ble perturbations M of special expressions was determined by Mumpar-Victoria
[9] in her paper, and was shown to preserve essential spectrum and nullity of
special expressions.



CLASS OF ADMISSIBLE PERTURBATIONS OF SPECIAL EXPRESSIONS 413

Definition 1.3. Let M be a differential expression of the form

n—1
(8) M =) a(t)D].
=0

We say that M is an admissible perturbation of the special expression My if
there exists a B such that the coefficients a;(t) satisfy the following

z+1 al(t)
9 sup /
( ) [z, z+1]CIJz bi (t)

where by(t) € CY(I) for 1 =0,1,...,n— 1 and 0 < b(t) is an auziliary function
in C*°(I) satisfying

(10) bi(t) = oYY and  by(t) = o(t?V)

2
dt < B

ast — oo.
For the invariance of nullity, we can only admit a somewhat less general
class of perturbations consisting of expressions (8) satisfying

z+1
(11) sup /

[z,z+1]CI

2

(3=
a; t -
®) dt < B

bi(t)

forl=0,....n—1landj=1,...,n—1.

Theorem 1.4. Let My be a special expression and M be an admissible pertur-
bation of My of the form (8) satisfying (9) and (10). Then

O'e(M() + M) = O’e(Mo).

In addition, if M satisfies (11), then, nul(My+M —x) = nul(Mq —z) for every
x € C\ g.(My).

2. Completely monotonic functions and the weighted £2-space

A function f belongs to the class of completely monotonic (c.m.) functions on
I if it possesses derivatives f((z) for n = 1,2,..., and (=1)*f*)(z) > 0 for
all k =0,1,2,... on I. The well-known Bernstein’s Theorem (see [12], p. 161)
states that a necessary and sufficient condition for f to be a c.m. function on
(0,00) is that

(12) f(z) = /0 T ey (1),

where x(t) is non-decreasing and the integral converges for 0 < x < co. From
this, one can easily infer that a non-identically zero c.m. function f(x) cannot
vanish for any positive . A more precise characterization of c.m. functions,
also known as their Bernstein representation, is given as follows.
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Theorem 2.1 (Bernstein). If f(z) is a c.m. function on (0,00), then it is the
Laplace transform of a unique Radon measure p on [0,00); that is,

(13) f(x) = /0 " eetu(dt),

for all x > 0. Conversely, if u is a Radon measure on [0,00) such that the above
integral is convergent for x > 0, then it defines a c.m. function.

The cumulative distribution function for measure p on [0, 00) is denoted by
Xp(t) = pf0,t]. It is often written as x(t), as in (12), for simplicity.

Completely monotonic functions appear naturally in various fields, such as in
probability theory, numerical analysis, physics and potential theory. A thorough
discussion of the main properties of these functions is given in Chapter IV of
[12]. Readers may also want to see [8] for a good survey of some properties of
completely monotonic functions.

The following elementary functions are examples of c.m. functions:

1 c
e ——— and In (b —)
© (Bt px)r )
where min{a, 8, u, v} > 0 with § and p are not both zero, b > 1, and ¢ > 0.
Other examples of elementary c.m. functions are
a In(1
ex, a>0, and In(1+2) —|—x).
x

Obviously, given any two c.m. functions f and g, their linear combination
and their product are also c.m. (cf. [8]).

The results of Schultze in [11] were generalized in the weighted £2-space by
Agapito (cf. [1]). The weighted space is defined as follows:

Definition 2.2. Suppose the function w : [1,00) — (0, 00) is measurable. The
space L£2(I) of weighted square integrable functions over I = [1,00) is defined

by
L£2(1) = {f : I — C|f is measurable cmd/|f(t)\2w(t)dt < oo} ,
I

with inner product given by
()= [ FOD(0e
for any functions f,g € L2(I). L2(I) is commonly known as the weighted

L2-space with w as the weight function.

Remark 2.3. It is easy to show that space £2(I) together with the inner prod-
uct (-, ), is a Hilbert space. Furthermore, one can show that £2(I) is equivalent
to £2(I) under the isometry W : £L2(I) — Lo(I) given by W f = w%f
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In [4], Bacani considered weight functions w : [1,00) — (0, 00) that satisfy
the following conditions in the study of a class of admissible perturbations:

(A1) w e C™([1, 00)).

2Fw(k)

(A2) =0(1) for k=0,1,...,n.
w

The next Lemma was also used in [4].

Lemma 2.4. If w : [1,00) — (0,00) satisfies (A1) or (A2) then so does w®,
for any o € R.

In this current work, we consider weight functions w belonging to the class
of completely monotonic functions but with the restriction that w > 0 for all
x € (0,00).

Clearly, any c.m. function w satisfies condition (A1) and we claim that it
also satisfies (A2). We formally state this result in the following Lemma.

Lemma 2.5. If w is a c.m. function then it satisfies (A1) and (A2).

Proof. Let w be a c.m. function. It is clear that (Al) is already satisfied.
Hence, we only need to prove (A2). First, we note that the following inequality
holds:

zk

fe(z) = aPe w1 < (k+Dke ™ Vo € (0,00),k > 1.

Indeed, by taking the derivative of fi(x) with respect to =, we get

zk k xk ck x
() = kb le m+1 — ke=trt = kgb—le 71 (1 — )
fr(x) = k" "e Pl " e F 1

Evidently, the above derivative is positive if x < k+ 1 and negative if x > k+ 1.

Thus fx(x) is increasing on (0, %k + 1) and decreasing on (k + 1,00). Therefore,

the global maximum is achieved at = k + 1 with fy(k+ 1) = (k + 1)ke™".
Now, in view of the above inequality, we find that

yFe Y < (k+ 1)ke*ke_%+l, k>19>0.

From (13), we obtain
2 (2)] = o / etk (dt) = / e~ (2t u(dt)
0 0
< [T ntete
0

(dt
= (k+1)ke [w <k _T_ T M({O})] :
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Note that limg oo w(z) = p({0}). So, as x approaches infinity, we see that
limy o0 zFw®) (x) =0, for all n > 1. Moreover, dividing both sides of the above
inequality by w, we obtain

ko—k [W <’fi+1) B M({O})} .

w(z)

|#*w® ()]

(@) < (k+1)

Using the result stated in [6, Proposition D, p. 145], we see that the quotient
w(zF7)/w() is actually bounded. This, in turn, shows that |2Fw®) ()| Jw(x) is
also bounded as desired. This proves the lemma. ]

Some of useful properties of “big O’s” are the following: f = O(f), O(f) -
O(g) = O(f - g), and for n > 0, O(z™™) = O(1). Using these identities and by
(A2), we have

w® (2)/w(z) =27 01) = 0@@7F)-01) = 0(z7F) = 0(1).
It can also be seen easily from the previous lemma that 0 < lim, e w® (2) /w(z)
< limy 00 Cz~% = 0. Finally, by Squeeze Theorem, we get limg_, o0 w®) (2)/w(x) =
0, or equivalently, w®) (z)/w(z) = o(1) = O(1).
3. Main result

A new class of admissible perturbations of special expressions in the weighted
space has been identified and it is of the form

(14) My =) at)D!

satisfying the following conditions:
(AP1) For every I =0,1,...,n — 1, a;(t) is completely monotonic; and
(AP2) There exist auxiliary functions b;(¢) such that
a;(t) ‘ -
b(t)

where 0 < by(t) € C°°([1,00)) for all I and b;(t) = o(t"!*1) and by(t) =
o(t"®) as t — oo,

)
I<i<n—1

Now we present the main result of our study.

Theorem 3.1. Let My be a special expression of the form (1) with a; < py. Let
Mz, which is of the form (14) that satisfies (AP1) and (AP2), be an admissible

perturbation of Mg in £2([1,00)). If w > 0 is a c.m. function, then w2 Maw ™2
is an admissible perturbation of Mg in L?([1,00)). In addition, w2Maw ™2 pre-
serves the essential spectrum and nullity of My in L£2([1,00)).
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Proof. We follow [4] for the proof. Consider the admissible perturbation Mg
of the form (14) of My presented above. Let I = [1,00) and for [ =0,1,...,n—
1, a;(t) is completely monotonic. Also, assume that w > 0 is a c.m. function in
I

Now, note that w%MguF% is an operator that can be transformed, via Leib-
niz’s rule, as follows (cf. [4]):

where
n—1 .
i=l

To show that w2Maw ™2 is an admissible perturbation of My in £2(I), we
need to show that Definition 1.3 is satisfied. Equivalently, we need to present
that there exists a B > 0 such that

z+1
sup /
[z, z+1]CIJz

where Ry(t) € C*(I) for [ = 0,1,...,n—1 and 0 < S;(t) is an auxiliary function
in C*°(I) satisfying

2

Ru(t) dt < B

Si(t)

Si(t) = o)) and  S;(t) = o(t?W)

as t — 00.

Since ai(t) is cm. for [ =0,1,...,n — 1, a;(t) € C*°((0,00)). In particular,
a(t) € CY(I) for I = 0,1,...,n — 1. Note that w is c.m. function. So, by using
Lemma 2.5, we can claim that w € C°°(I). Also, by using Lemma 2.4, one can
show that w? and w™? are elements of C°(I). It follows that w%,w_% c CY(I)
for 1 =0,1,...,n — 1. Therefore, R!(t) € CY(I) for | = 0,1,...,n — 1.

Now let S;(t) = w2b(t)w™2 = by(t). Since 0 < by(t) € C=(I), so is S(¢).
Clearly, S;(t) = o(t"+D) and Si(t) = o(t"®) because by(t) = o(t?*+1) and
bi(t) = o(t"®). Thus, there exists an auxiliary function S;(t).

2
We now proceed on evaluating the integral f;“ ‘PS{;((:)) ‘ dt, where 1 < z <

oo, as follows:

n—1 (1 Lo —I\N(— 2
/"’“qul Ry(t) 2dt = /Hl Zz_zl (}ai(t)w? (w 2)(=Y &t
T Sl(t) T bl(t)
z+1 n—1 i, 1 (i-1) 2
< Jz/ Doy @i(tw2 (w”2) gt
= " by t) ’
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(Where J = sup { <Z> })
I<i<n—1 l

T n—1 N 2
< Jz/+1 Y |e A
x i—l bl(t) w_% 7
(by A inequality)
T n—1 —1\(Gi— 2
< Jz/+1 S| e T D
x i—l bl(t) w_% 7
(where a(t) = sup {ai(t)}>
I<i<n—1
) z+1 n—1 \ 2 a(t 2
< J/ o1 1] |—=%| dt,
(by Lemma 2.4 and 2.5)
z+1 a(t) 2
< J2K2(n—l)2/ 0 dt, for some constant K,
w !
z+1
< J2K2(n—l)2/ M?dt, for some constant M

= JPK*(n—1)>M*.

Letting B = J?K2%(n — 1)2M?, we see that

/I+1
T

Consequently, taking the supremum of both sides over the interval [z, z + 1] C

[1,00), we have
z+1
sup /
[z, z+1]CIJz

where B = J2K?%(n — 1)2M?2.
For the invariance of nullity we need to show that equation (11) is satis-
fed. Let J = suplgjgn_l{(;)},a(t) = sup;<j<p—11@;(t)}, and M be some non-

2

R\ 1 < B.

Si(t)

2

Ri(t) dt < B

Si(t)

negative constant. Hence, for [ =0,...,n—1and j=1,...,n — 1, we have the
following
, 2
RY (1) 1 Ly ‘ » »
o A ) I D (a(ﬂ—l)w% w30 4 g (w3) =D (= 3) )
b0 i 2 () (7 HeH D b
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+ a0

alt)
bilt) =

N
<
N

(w%(w‘%)”*”-+(w%)0*0(w7%)afﬁ

n—1 2
t) 1, 1o
< o72]91) (i-7)
< 9J l(t)Zoﬂ(w 2)
=]
)12 [ (w2)ED
< 9.J2 &
bl(t) (; w %
—suQﬂQQ mn§f12
N bi(t) =
=]
= w%@m—02ﬂ32
bi(t)
< 9JK*(n —1)*M?
Hence,
Gy |2
R
(15) ;) < 9J2K%(n —1)2M>.
bi(t)

Let C = 9J2K2%(n—1)2M?. Integrating equation (15) over the interval [z, z + 1]
and using (AP2) we obtain

/z—l—l
T

Now, taking the supremum of both sides over the interval [z,z + 1] C [1,00),

RY V(1) sl _ .
—L T ldt < / Cdt = C.
bl(t) x

we have ,
w+1 | RV (1) .
sup / —L___"ldt < C.
[z,z+1]CIJx bl(t)
Thus, we have shown that
L ) n—1
WMo h = 3 (Ri(0) .
=0

which is obviously of the form (1.3), is an admissible perturbation of My in

L2([1,00)). Moreover, as what we have shown previously, w2Maw™ 2 satisfies



420 J.B. BACANI anD J.F.T. RABAGO

(9) and (10). In addition, it also satisfies equation (11). We now conclude that,
using Theorem (1.4), the essential spectrum and the nullity of My are preserved
under this kind of admissible perturbation in £2-space, In short, we have proven
the following claim:

Ue(MO =+ W%MQW_%) = Ue(MO)

and
nul(Mp + My — z) = nul(My — z)

for every z € C\ o.(My). O

In the next section we provide an example of the admissible perturbation
presented above. We point out that our example does not satisfy condition
(APq) of [4]. This means that the class of admissible perturbation being studied
in the present paper is indeed different from the one presented in [4].

4. Example

Consider the following special expression
1,1, 3y
(16) Moy =y + 5t2y + tiy

1

2
and the weight function w(t) = (1 + IL‘_2) which is a c.m. function.
We will show that the differential expression My defined by

Moy = e_2ty +In(1+ t_l)y’

is an admissible perturbation of My in £2(I), i.e., it should satisfy (AP1) and
(AP2). We first show that ag(t) = e~ and a1(t) = In(1 + ¢~!) are c.m. func-
tions. Note that

and

It follows that
0 < (-DFalP ) =252 < 0o, VE>0,t€l,

and 0 < ai(t) =In(1 +t71) < oo, and for k > 1, we have

k—1
k_ (k)
0 < (-1)*ai™ @)= tkt+1kz<>t]<oo, vt el

M
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Thus, ap(t) and a;(t) are c.m. functions and condition (AP1) is satisfied.
Now, b;(t) must be of the following forms (for [ =0, 1):

(17) bo(y) = o(t7) = oft
(18) bi(y) = o(t"®)) = oft

) and bo(t)
) and  by(t) = o(t?M) = o(t

ENTCRENTE
Il
o)
~—~
~
2
—~
(=]
=
~—
I
QS
—~
[a—
N ~—

and, in addition,
sup{e 2, In(1 +¢t71)} ‘ @+t
bl(t) bl(t)

Let bo(t) = b1(t) =t~ L. Clearly, (17) and (18) are satisfied. Also, we have, by
L’Hopital’s rule, that

=1<oo, WI=0,1.

1
In(1+¢1 =) 1
hmuzimwzhm -1 < 0.
t00 t—1 tooo  —12 t—o0 1 4+ ¢!

Hence, condition (AP2) is satisfied. So, we have shown that May is an admis-
sible perturbation of Moy in £2(I).

Now we proceed on showing that w%Mzw_%y is an admissible perturbation
of Mgy in £2(I). Considering Moy = e~ ?!y+In(1+t~1)y’, we have the following:

-5 (Z (1)t l>) s,

=0 i=l

w\»—t
N\»—‘

Let Ry(t) = 1, (Hai(t)w? (w™2) D, where I = 0, 1. So,
It can be verified that Ro(t) and R4 (t) are c.m. functions. Hence, R;(t) satisfies
(AP1) for [ = 0,1. We can let S;(t) = b(t) =t~* for [ = 0,1 so that

) Jowd (w3)@) = =2 4 n(1+¢7").
% + 2>

”MH I MH

) w2 (w 2)0D = In(1 4+,

So(y) = o(tz) and So(t) =o(1), and S;(y)=o(t1) and S;(t) = o(t2),

and
—9t | Im(1+¢71) —
sup{e + oo Jn(1+¢ )} In(1+ 1)
= =1<oo, Vi=0,1.
Sl(t) t—1

We conclude that w2Maw 2 is an admissible perturbation of My in £2(I).

In addition, w%Mzw_% preserves the essential spectrum and nullity of My in

L2([1, 00)).
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Remark 4.1. We point out that the functions ag(t) = e and a1 (t) = In(1 +
t~1) do not satisfy (AP1), since the statement

ax(t) ' _

tl_oao(t)

In(1+t71)

—ro0 as t— o0
te—2t

implies that the supremum

al(t)

’ In(1+¢1)
_@lt) 2T )
t1=0aq(t) tel

sup te—%

tel

does not exist.
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