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Abstract. In this article, a class M2 of admissible perturbations of the special expres-
sion M0 =

∑r
k=0 ckt

αkDρk
t in the weighted space L2

ω([1,∞)) will be presented. It will

be shown that the operator ω
1
2M2ω

− 1
2 , where ω belongs to the family of completely

monotonic functions, is an admissible perturbation of M0 in the non-weighted space
L2([1,∞)), and eventually preserves the essential spectrum and nullity of M0 in that
space. Our discussion will be limited only to special expressions with α1 < ρ1.
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1. Introduction

In 2014, a new class of admissible perturbations in the weighted space L2
ω([1,∞))

of the special expression M0 was identified and studied by J. B. Bacani in [4].
We recall that this differential operator is of the form

(1) M0 =
r∑

k=0

ckt
αkDρk

t

where ck ∈ C and Dt =
d
dt with

i) ρk ∈ N for every k, such that

(2) 0 = ρ0 < ρ1 · · · < ρr = n

ii) αk ∈ R for every k, satisfying

(3) α0 = 0 and α1 6 ρ1,
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and

(4) 1 > αk − αk−1

ρk − ρk−1
> αk+1 − αk

ρk+1 − ρk
,

for k = 1, . . . , r − 1 if r > 1.

The perturbation, which the author denoted it by M1, satisfies the following
conditions:

AP1) For every i > l,

sup
t∈I

∣∣∣∣ ai(t)

ti−lal(t)

∣∣∣∣ exists,

where al(t) ∈ C l(I), I = [1,∞), l = 0, 1, . . . , n− 1; and

AP2) There exist auxiliary functions bl(t) such that∣∣∣∣al(t)bl(t)

∣∣∣∣ is bounded,

where 0 < bl(t) ∈ C∞([1,∞)) for all l and bl(t) = o(tγ(l+1)) and bl(t) =
o(tγ(l)) as t → ∞.

The perturbation was shown to be different from the one presented in [3] and
the one published in [2].

In the current work, another class of admissible perturbations of the special
expression M0 in the weighted space, which we denote by M2, will be presented.
It will be shown that the operator ω

1
2M2ω

− 1
2 , where ω belongs to the family

of completely monotonic functions, is an admissible perturbation of M0 in the
non-weighted space L2([1,∞)), and eventually preserves the essential spectrum
of M0 in that space. As in [4], our discussion will be limited only to special
expressions with α1 < ρ1. We point out that this new class of perturbation is
indeed different from what has been presented in [4] by giving an example. For
other related works in the study of special expression M0, we offer the following
articles: [5, 7, 9, 10] and [11].

In this section, we provide further discussion about special expressions, as
well as some basic definitions and notations used in this paper.

The special expression M0, its essential part, and the polygonal path it
generates are defined as follows (cf. [10]).

Definition 1.1. A special expression M0 is a differential expression in L2([1,∞))
of the form (1) where ρk and αk satisfy (2), (3), and (4). We denote σ1 < σ2 <
· · · < σs−1 those indices k(k = 1, . . . , r−1) for which the strong inequality holds
in (3) and with σ0 = 0 and σs = r. The coefficients ck are arbitrary complex
constants and for k = σ1, . . . , r,

cσ ∈ C \ {0}, and
∑

ρδ + ρx = 2σ
σi 6 δ, x 6 σi+1

(−1)ρδ+σcδcx > 0
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where σ = ρσi , . . . , ρσi+2 , i = 1, . . . , s− 1. The indices σ1, . . . , σs are called kink
indices. The essential part of M0 is given by

M0,0 =

σ1∑
k=0

ckt
αkDρk

t .

We can give a graphical interpretation of the special expression M0 in
R2 by plotting and joining by a line the points (ρk, αk) and (ρk+1, αk+1) for
k = 0, 1, . . . , r. The resulting graph is called the polygonal path generated by
M0. If we let mσi(i = 1, . . . , s) be the slope of the line connecting the points
(ρσi−1 , ασi−1) and (ρσi−1 , ασi−1), then

1 > mσ1 > mσ2 > · · · > mσs .

Hence, the polygonal path generated by M0 lies on or below the bisectrix.
Furthermore, the polygonal path generated by M0 corresponds to the graph of
the function γ : [0, n] → R defined by

(5) γ(k) =
1

ρσi+1 − ρσi

{
(k − ρσi)ασi+1 + (ρσi+1 − k)ασi

}
for k ∈ [ρσi , ρσi+1 ], i = 0, 1, 2, . . . , s− 1.

In [11], Schultze evaluated the essential spectrum and nullity of M0 and
showed that the essential spectrum and nullity of the essential part of M0 and
the essential spectrum and nullity of M0 are indeed equal. In short, he had the
following results for α1 < ρ1:

Theorem 1.2. Let M0 be a special expression. Then, for α1 < ρ1,

(6) σe(M0) = σe(M0,0) =

{
σ1∑
k=0

ckz
ρk : Re(z) = 0

}
,

and for every x ∈ C \ σe(M0),

(7) nul(M0 − x) = nul(M0,0 − x) +
s−1∑
i=1

#

z|
σi+1∑
k=σi

ckz
ρk = x,Re z < 0

 ,

where

nul(M0,0 − x) = #

{
z|

σ1∑
k=0

ckz
ρk = x,Re z < 0

}
.

Also, in the usual L2-space, a different class of perturbations, called admissi-
ble perturbations M of special expressions was determined by Mumpar-Victoria
[9] in her paper, and was shown to preserve essential spectrum and nullity of
special expressions.
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Definition 1.3. Let M be a differential expression of the form

(8) M =

n−1∑
l=0

al(t)D
l
t.

We say that M is an admissible perturbation of the special expression M0 if
there exists a B such that the coefficients al(t) satisfy the following

(9) sup
[x,x+1]⊂I

∫ x+1

x

∣∣∣∣al(t)bl(t)

∣∣∣∣2 dt < B

where bl(t) ∈ C l(I) for l = 0, 1, . . . , n− 1 and 0 < bl(t) is an auxiliary function
in C∞(I) satisfying

(10) bl(t) = o(tγ(l+1)) and bl(t) = o(tγ(l))

as t −→ ∞.
For the invariance of nullity, we can only admit a somewhat less general

class of perturbations consisting of expressions (8) satisfying

(11) sup
[x,x+1]⊂I

∫ x+1

x

∣∣∣∣∣a
(j−l)
j (t)

bl(t)

∣∣∣∣∣
2

dt < B̃

for l = 0, . . . , n− 1 and j = l, . . . , n− 1.

Theorem 1.4. Let M0 be a special expression and M be an admissible pertur-
bation of M0 of the form (8) satisfying (9) and (10). Then

σe(M0 +M) = σe(M0).

In addition, if M satisfies (11), then, nul(M0+M−x) = nul(M0−x) for every
x ∈ C \ σe(M0).

2. Completely monotonic functions and the weighted L2-space

A function f belongs to the class of completely monotonic (c.m.) functions on
I if it possesses derivatives f (n)(x) for n = 1, 2, . . ., and (−1)kf (k)(x) > 0 for
all k = 0, 1, 2, . . . on I. The well-known Bernstein’s Theorem (see [12], p. 161)
states that a necessary and sufficient condition for f to be a c.m. function on
(0,∞) is that

(12) f(x) =

∫ ∞

0
e−xtdχ(t),

where χ(t) is non-decreasing and the integral converges for 0 < x < ∞. From
this, one can easily infer that a non-identically zero c.m. function f(x) cannot
vanish for any positive x. A more precise characterization of c.m. functions,
also known as their Bernstein representation, is given as follows.
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Theorem 2.1 (Bernstein). If f(x) is a c.m. function on (0,∞), then it is the
Laplace transform of a unique Radon measure µ on [0,∞); that is,

(13) f(x) =

∫ ∞

0
e−xtµ(dt),

for all x > 0. Conversely, if µ is a Radon measure on [0,∞) such that the above
integral is convergent for x > 0, then it defines a c.m. function.

The cumulative distribution function for measure µ on [0,∞) is denoted by
χµ(t) = µ[0, t]. It is often written as χ(t), as in (12), for simplicity.

Completely monotonic functions appear naturally in various fields, such as in
probability theory, numerical analysis, physics and potential theory. A thorough
discussion of the main properties of these functions is given in Chapter IV of
[12]. Readers may also want to see [8] for a good survey of some properties of
completely monotonic functions.

The following elementary functions are examples of c.m. functions:

e−ax,
1

(β + µx)ν
, and ln

(
b+

c

x

)
,

where min{a, β, µ, ν} > 0 with β and µ are not both zero, b > 1, and c > 0.
Other examples of elementary c.m. functions are

e
a
x , a > 0, and

ln(1 + x)

x
.

Obviously, given any two c.m. functions f and g, their linear combination
and their product are also c.m. (cf. [8]).

The results of Schultze in [11] were generalized in the weighted L2-space by
Agapito (cf. [1]). The weighted space is defined as follows:

Definition 2.2. Suppose the function ω : [1,∞) −→ (0,∞) is measurable. The
space L2

ω(I) of weighted square integrable functions over I = [1,∞) is defined
by

L2
ω(I) :=

{
f : I → C|f is measurable and

∫
I
|f(t)|2ω(t)dt < ∞

}
,

with inner product given by

⟨f, g⟩ω :=

∫
I
f(t)g(t)ω(t)dt

for any functions f, g ∈ L2
ω(I). L2

ω(I) is commonly known as the weighted
L2-space with ω as the weight function.

Remark 2.3. It is easy to show that space L2
ω(I) together with the inner prod-

uct ⟨·, ·⟩ω is a Hilbert space. Furthermore, one can show that L2(I) is equivalent

to L2
ω(I) under the isometry W : L2

ω(I) → L2(I) given by Wf = ω
1
2 f.
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In [4], Bacani considered weight functions ω : [1,∞) −→ (0,∞) that satisfy
the following conditions in the study of a class of admissible perturbations:

(A1) ω ∈ C∞([1,∞)).

(A2)
xkω(k)

ω
= O(1) for k = 0, 1, . . . , n.

The next Lemma was also used in [4].

Lemma 2.4. If ω : [1,∞) −→ (0,∞) satisfies (A1) or (A2) then so does ωα,
for any α ∈ R.

In this current work, we consider weight functions ω belonging to the class
of completely monotonic functions but with the restriction that ω > 0 for all
x ∈ (0,∞).

Clearly, any c.m. function ω satisfies condition (A1) and we claim that it
also satisfies (A2). We formally state this result in the following Lemma.

Lemma 2.5. If ω is a c.m. function then it satisfies (A1) and (A2).

Proof. Let ω be a c.m. function. It is clear that (A1) is already satisfied.
Hence, we only need to prove (A2). First, we note that the following inequality
holds:

fk(x) = xke−
xk
k+1 6 (k + 1)ke−k, ∀x ∈ (0,∞), k > 1.

Indeed, by taking the derivative of fk(x) with respect to x, we get

f ′
k(x) = kxk−1e−

xk
k+1 − k

k + 1
xke−

xk
k+1 = kxk−1e−

xk
k+1

(
1− x

k + 1

)
.

Evidently, the above derivative is positive if x < k+1 and negative if x > k+1.
Thus fk(x) is increasing on (0, k + 1) and decreasing on (k + 1,∞). Therefore,
the global maximum is achieved at x = k + 1 with fk(k + 1) = (k + 1)ke−k.

Now, in view of the above inequality, we find that

yke−y 6 (k + 1)ke−ke−
y

k+1 , k > 1, y > 0.

From (13), we obtain

|xkω(k)(x)| = xk
∫ ∞

0
e−xttkµ(dt) =

∫ ∞

0
e−xt(xt)kµ(dt)

6
∫ ∞

0
(k + 1)ke−ke−

xt
k+1µ(dt)

= (k + 1)ke−k

[
ω

(
x

k + 1

)
− µ({0})

]
.
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Note that limx→∞ ω(x) = µ({0}). So, as x approaches infinity, we see that
limx→∞ xkω(k)(x) = 0, for all n > 1. Moreover, dividing both sides of the above
inequality by ω, we obtain

|xkω(k)(x)|
ω(x)

6 (k + 1)ke−k

[
ω
(

x
k+1

)
− µ({0})

]
ω(x)

.

Using the result stated in [6, Proposition D, p. 145], we see that the quotient
ω( x

k+1)/ω(x) is actually bounded. This, in turn, shows that |xkω(k)(x)|/ω(x) is
also bounded as desired. This proves the lemma.

Some of useful properties of ‘‘big O′s’’ are the following: f = O(f), O(f) ·
O(g) = O(f · g), and for n > 0, O(x−n) = O(1). Using these identities and by
(A2), we have

ω(k)(x)/ω(x) = x−k ·O(1) = O(x−k) ·O(1) = O(x−k) = O(1).

It can also be seen easily from the previous lemma that 0 6 limx→∞ ω(k)(x)/ω(x)
6 limx→∞Cx−k = 0. Finally, by Squeeze Theorem, we get limx→∞ ω(k)(x)/ω(x) =
0, or equivalently, ω(k)(x)/ω(x) = o(1) = O(1).

3. Main result

A new class of admissible perturbations of special expressions in the weighted
space has been identified and it is of the form

(14) M2 =

n−1∑
l=0

al(t)D
l
t

satisfying the following conditions:

(AP1) For every l = 0, 1, . . . , n− 1, al(t) is completely monotonic; and

(AP2) There exist auxiliary functions bl(t) such that

sup
l6i6n−1

∣∣∣∣ai(t)bl(t)

∣∣∣∣ < ∞,

where 0 < bl(t) ∈ C∞([1,∞)) for all l and bl(t) = o(tγ(l+1)) and bl(t) =
o(tγ(l)) as t −→ ∞.

Now we present the main result of our study.

Theorem 3.1. Let M0 be a special expression of the form (1) with α1 < ρ1. Let
M2, which is of the form (14) that satisfies (AP1) and (AP2), be an admissible

perturbation of M0 in L2
ω([1,∞)). If ω > 0 is a c.m. function, then ω

1
2M2ω

− 1
2

is an admissible perturbation of M0 in L2([1,∞)). In addition, ω
1
2M2ω

− 1
2 pre-

serves the essential spectrum and nullity of M0 in L2([1,∞)).
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Proof. We follow [4] for the proof. Consider the admissible perturbation M2

of the form (14) of M0 presented above. Let I = [1,∞) and for l = 0, 1, . . . , n−
1, al(t) is completely monotonic. Also, assume that ω > 0 is a c.m. function in
I.

Now, note that ω
1
2M2ω

− 1
2 is an operator that can be transformed, via Leib-

niz’s rule, as follows (cf. [4]):

ω
1
2M2ω

− 1
2 = ω

1
2

n−1∑
l=0

al(ω
− 1

2 y)(l) =
n−1∑
l=0

(Rl(t)) y
(l),

where

Rl(t) =
n−1∑
i=l

(
i

l

)
aiω

1
2 (ω− 1

2 )(i−l).

To show that ω
1
2M2ω

− 1
2 is an admissible perturbation of M0 in L2(I), we

need to show that Definition 1.3 is satisfied. Equivalently, we need to present
that there exists a B > 0 such that

sup
[x,x+1]⊂I

∫ x+1

x

∣∣∣∣Rl(t)

Sl(t)

∣∣∣∣2 dt < B,

where Rl(t) ∈ C1(I) for l = 0, 1, . . . , n− 1 and 0 < Sl(t) is an auxiliary function
in C∞(I) satisfying

Sl(t) = o(tγ(l+1)) and Sl(t) = o(tγ(l))

as t −→ ∞.

Since al(t) is c.m. for l = 0, 1, . . . , n − 1, al(t) ∈ C∞((0,∞)). In particular,
al(t) ∈ C l(I) for l = 0, 1, . . . , n− 1. Note that ω is c.m. function. So, by using
Lemma 2.5, we can claim that ω ∈ C∞(I). Also, by using Lemma 2.4, one can

show that ω
1
2 and ω− 1

2 are elements of C∞(I). It follows that ω
1
2 , ω− 1

2 ∈ C l(I)
for l = 0, 1, . . . , n− 1. Therefore, Rl(t) ∈ C l(I) for l = 0, 1, . . . , n− 1.

Now let Sl(t) = ω
1
2 bl(t)ω

− 1
2 = bl(t). Since 0 < bl(t) ∈ C∞(I), so is Sl(t).

Clearly, Sl(t) = o(tγ(l+1)) and Sl(t) = o(tγ(l)) because bl(t) = o(tγ(l+1)) and
bl(t) = o(tγ(l)). Thus, there exists an auxiliary function Sl(t).

We now proceed on evaluating the integral
∫ x+1
x

∣∣∣Rl(t)
Sl(t)

∣∣∣2 dt, where 1 6 x <

∞, as follows:

∫ x+1

x

∣∣∣∣Rl(t)

Sl(t)

∣∣∣∣2 dt =

∫ x+1

x

∣∣∣∣∣
∑n−1

i=l

(
i
l

)
ai(t)ω

1
2 (ω− 1

2 )(i−l)

bl(t)

∣∣∣∣∣
2

dt

6 J2

∫ x+1

x

∣∣∣∣∣
∑n−1

i=l ai(t)ω
1
2 (ω− 1

2 )(i−l)

bl(t)

∣∣∣∣∣
2

dt,
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(
where J = sup

l6i6n−1

{(
i

l

)})

6 J2

∫ x+1

x

(
n−1∑
i=l

∣∣∣∣∣ai(t)bl(t)

(ω− 1
2 )(i−l)

ω− 1
2

∣∣∣∣∣
)2

dt,

(by ∆ inequality)

6 J2

∫ x+1

x

(
n−1∑
i=l

∣∣∣∣∣ a(t)bl(t)

(ω− 1
2 )(i−l)

ω− 1
2

∣∣∣∣∣
)2

dt,(
where a(t) = sup

l6i6n−1
{ai(t)}

)

6 J2

∫ x+1

x

(
O(1)

n−1∑
i=l

1

)2 ∣∣∣∣ a(t)bl(t)

∣∣∣∣2 dt,
(by Lemma 2.4 and 2.5)

6 J2K2(n− l)2
∫ x+1

x

∣∣∣∣ a(t)bl(t)

∣∣∣∣2 dt, for some constant K,

6 J2K2(n− l)2
∫ x+1

x
M2dt, for some constant M

= J2K2(n− l)2M2.

Letting B = J2K2(n− l)2M2, we see that

∫ x+1

x

∣∣∣∣Rl(t)

Sl(t)

∣∣∣∣2 dt 6 B.

Consequently, taking the supremum of both sides over the interval [x, x+ 1] ⊂
[1,∞), we have

sup
[x,x+1]⊂I

∫ x+1

x

∣∣∣∣Rl(t)

Sl(t)

∣∣∣∣2 dt < B,

where B = J2K2(n− l)2M2.

For the invariance of nullity we need to show that equation (11) is satis-
fed. Let J = supl6j6n−1{

(
i
j

)
}, a(t) = supl6j6n−1{aj(t)}, and M be some non-

negative constant. Hence, for l = 0, . . . , n− 1 and j = l, . . . , n− 1, we have the
following

∣∣∣∣∣R
(j−l)
j (t)

bl(t)

∣∣∣∣∣
2

=

∣∣∣∣∣∣ 1

bl(t)

n−1∑
i=j

(
i

j

)(
a
(j−l)
i ω

1
2 (ω− 1

2 )(i−j) + ai(ω
1
2 )(j−l)(ω− 1

2 )(i−j)
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+ aiω
1
2 (ω− 1

2 )(i−l)
)∣∣∣2

6 J2

∣∣∣∣∣∣ a(t)bl(t)

n−1∑
i=j

(
ω

1
2 (ω− 1

2 )(i−j) + (ω
1
2 )(j−l)(ω− 1

2 )(i−j)

+ ω
1
2 (ω− 1

2 )(i−l)
)∣∣∣2

6 9J2

∣∣∣∣∣∣ a(t)bl(t)

n−1∑
i=j

ω
1
2 (ω− 1

2 )(i−j)

∣∣∣∣∣∣
2

6 9J2

∣∣∣∣ a(t)bl(t)

∣∣∣∣2
n−1∑

i=j

∣∣∣∣∣(ω− 1
2 )(i−j)

ω− 1
2

∣∣∣∣∣
2

= 9J2

∣∣∣∣ a(t)bl(t)

∣∣∣∣2
O(1)

n−1∑
i=j

1

2

= 9J2K2(n− l)2
∣∣∣∣ a(t)bl(t)

∣∣∣∣2
6 9J2K2(n− l)2M2.

Hence,

(15)

∣∣∣∣∣R
(j−l)
j (t)

bl(t)

∣∣∣∣∣
2

6 9J2K2(n− l)2M2.

Let C̃ = 9J2K2(n− l)2M2. Integrating equation (15) over the interval [x, x+1]
and using (AP2) we obtain∫ x+1

x

∣∣∣∣∣R
(j−l)
j (t)

bl(t)

∣∣∣∣∣ dt 6
∫ x+1

x
C̃dt = C̃.

Now, taking the supremum of both sides over the interval [x, x + 1] ⊂ [1,∞),
we have

sup
[x,x+1]⊂I

∫ x+1

x

∣∣∣∣∣R
(j−l)
j (t)

bl(t)

∣∣∣∣∣ dt 6 C̃.

Thus, we have shown that

ω
1
2M2ω

− 1
2 =

n−1∑
l=0

(Rl(t)) y
(l),

which is obviously of the form (1.3), is an admissible perturbation of M0 in

L2([1,∞)). Moreover, as what we have shown previously, ω
1
2M2ω

− 1
2 satisfies
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(9) and (10). In addition, it also satisfies equation (11). We now conclude that,
using Theorem (1.4), the essential spectrum and the nullity of M0 are preserved
under this kind of admissible perturbation in L2-space, In short, we have proven
the following claim:

σe(M0 + ω
1
2M2ω

− 1
2 ) = σe(M0)

and
nul(M0 +M2 − x) = nul(M0 − x)

for every x ∈ C \ σe(M0).

In the next section we provide an example of the admissible perturbation
presented above. We point out that our example does not satisfy condition
(AP1) of [4]. This means that the class of admissible perturbation being studied
in the present paper is indeed different from the one presented in [4].

4. Example

Consider the following special expression

(16) M0y = y +
1

2
t
1
2 y′ + t

3
4 y′′

and the weight function ω(t) =
(
1 + x−

1
2

)2
which is a c.m. function.

We will show that the differential expression M2 defined by

M2y = e−2ty + ln(1 + t−1)y′,

is an admissible perturbation of M0 in L2
ω(I), i.e., it should satisfy (AP1) and

(AP2). We first show that a0(t) = e−2t and a1(t) = ln(1 + t−1) are c.m. func-
tions. Note that

a
(k)
0 (t) = (−1)k2ke−2t, ∀k = 0, 1, 2, . . .

and

a
(k)
1 (t) = (−1)k

(k − 1)!

tk(t+ 1)k

k−1∑
j=0

(
n

j

)
tj , ∀k = 1, 2, . . . .

It follows that

0 6 (−1)ka
(k)
0 (t) = 2ke−2t < ∞, ∀k > 0, t ∈ I,

and 0 6 a1(t) = ln(1 + t−1) < ∞, and for k > 1, we have

0 6 (−1)ka
(k)
1 (t) =

(k − 1)!

tk(t+ 1)k

k−1∑
j=0

(
n

j

)
tj < ∞, ∀t ∈ I.
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Thus, a0(t) and a1(t) are c.m. functions and condition (AP1) is satisfied.
Now, bl(t) must be of the following forms (for l = 0, 1):

b0(y) = o(tγ(1)) = o(t
1
2 ) and b0(t) = o(tγ(0)) = o(1),(17)

b1(y) = o(tγ(2)) = o(t
3
4 ) and b1(t) = o(tγ(1)) = o(t

1
2 ),(18)

and, in addition,∣∣∣∣sup{e−2t, ln(1 + t−1)}
bl(t)

∣∣∣∣ = ∣∣∣∣ ln(1 + t−1)

bl(t)

∣∣∣∣ = 1 < ∞, ∀l = 0, 1.

Let b0(t) = b1(t) = t−1. Clearly, (17) and (18) are satisfied. Also, we have, by
L’Hôpital’s rule, that

lim
t→∞

ln(1 + t−1)

t−1
= lim

t→∞

1
−t−2(1+t−1)

−t−2
= lim

t→∞

1

1 + t−1
= 1 < ∞.

Hence, condition (AP2) is satisfied. So, we have shown that M2y is an admis-
sible perturbation of M0y in L2

ω(I).

Now we proceed on showing that ω
1
2M2ω

− 1
2 y is an admissible perturbation

of M0y in L2(I). Considering M2y = e−2ty+ln(1+t−1)y′, we have the following:

ω
1
2M2ω

− 1
2 y =

n−1∑
l=0

(
1∑
i=l

(
i

l

)
ai(t)ω

1
2 (ω− 1

2 )(i−l)

)
y(l).

Let Rl(t) =
∑1

i=l

(
i
l

)
ai(t)ω

1
2 (ω− 1

2 )(i−l), where l = 0, 1. So,

R0(t) =
1∑

i=0

(
i

0

)
ai(t)ω

1
2 (ω− 1

2 )(i) = e−2t +
ln(1 + t−1)

2t+ 2t
3
2

;

R1(t) =

1∑
i=1

(
i

1

)
ai(t)ω

1
2 (ω− 1

2 )(i−1) = ln(1 + t−1).

It can be verified that R0(t) and R1(t) are c.m. functions. Hence, Rl(t) satisfies
(AP1) for l = 0, 1. We can let Sl(t) = bl(t) = t−1 for l = 0, 1 so that

S0(y) = o(t
1
2 ) and S0(t) = o(1), and S1(y) = o(t

3
4 ) and S1(t) = o(t

1
2 ),

and∣∣∣∣∣∣∣∣
sup

{
e−2t + ln(1+t−1)

2t+2t
3
2

, ln(1 + t−1)

}
Sl(t)

∣∣∣∣∣∣∣∣ =
∣∣∣∣ ln(1 + t−1)

t−1

∣∣∣∣ = 1 < ∞, ∀l = 0, 1.

We conclude that ω
1
2M2ω

− 1
2 is an admissible perturbation of M0 in L2(I).

In addition, ω
1
2M2ω

− 1
2 preserves the essential spectrum and nullity of M0 in

L2([1,∞)).
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Remark 4.1. We point out that the functions a0(t) = e−2t and a1(t) = ln(1 +
t−1) do not satisfy (AP1), since the statement∣∣∣∣ a1(t)

t1−0a0(t)

∣∣∣∣ = ∣∣∣∣ ln(1 + t−1)

te−2t

∣∣∣∣ −→ ∞ as t −→ ∞

implies that the supremum

sup
t∈I

∣∣∣∣ a1(t)

t1−0a0(t)

∣∣∣∣ = sup
t∈I

∣∣∣∣ ln(1 + t−1)

te−2t

∣∣∣∣
does not exist.
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