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Abstract. This paper studied the dengue fever model with time delay. This paper

divided the time delay into four cases: (1) τ1 = τ2 = 0, (2) τ1 = τ, τ2 = 0, (3) τ1 = 0,

τ2 = τ , (4) τ1 = τ, τ2 = τ , and studied the stability and Hopf bifurcation of the model

on these three cases. At the end of this paper, we simulated the dengue model with time

delay by using Matlab software, and gained the numerical condition of this model which

appearing periodic solutions and Hopf bifurcation. On the first case τ1 = τ, τ2 = 0, the

time delay threshold is τ0 = 0.6155; on the second case τ1 = 0, τ2 = τ , the time delay

threshold is τ0 = 0.0490; on the third case τ1 = τ, τ2 = τ , the time delay threshold is

τ0 = 3.5454.
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1. Introduction

Dengue fever and dengue hemorrhagic fever is a kind of acute mosquito borne
infectious diseases spread rapidly around the globe. It is one of the most serious
diseases infecting humans[1]. It has the characteristics of spreading rapidly and
high incidence which can cause large scale epidemic in an area. According to WHO
estimates, it has the risk of 25 billion people suffering from the dengue fever, and
5000 million to 1 billion people infect dengue fever. There are 50 million dengue
fever hospitalization, of which 2 million died from dengue fever and dengue shock
syndrome. Dengue fever has been a threat to 1/3 of the world population’s health
and safety[2].

Dengue is transmitted to humans through the bite of infected Aedes aegypti
and A. albopictus mosquitoes. It is understood that four closely related serotypes
of DENV exist-DENV-1, DENV-2, DENV-3 and DENV-4 and these four serotypes
cause infections of varying severity in humans [1]-[2]. The infected individual usu-
ally suffers from acute febrile illness called Dengue Fever (DF) which is cleared
by a complex immune response in a short time of approximately 7 days after on-
set of fever. We note that, though there is a huge effort going on to develop an
effective vaccine against dengue infections, commercial dengue vaccines are not
yet available [3]-[7]. In this context, it is important to understand the biological
mechanisms and dynamical processes involved during this infection. Also these
complex non-linear biological processes lead to dynamic models that are interest-
ing for their varied and rich dynamics. The epidemiology of dengue in different
populations have been studied previously using improved or extended versions of
the basic SIR model [8]-[16].

At present, people put forward various kinds of dengue fever model, for exam-
ple, the SEIRS model considering the effects of using pesticides on dengue fever
epidemic [17]; the population model only consider a virus and assume the number
of susceptible people and patients is constant [18]; the model with the exponential
growth population and constant infection rate [19]; the model with two kinds of
serum virus and variable population [20].

So far, there is few research in dengue fever model considering time delay.
The time delay plays a very important role on studying the dynamics of dengue
virus transmission behavior. It explains the dynamics behavior of sick people
”susceptible people” the carrying-virus aedes mosquitoes and the no-carrying-
virus aedes mosquitoes from the angle of mathematics, which can help people
understand the spread of dengue fever model law better, so as to control the
spread of dengue virus better.

2. The dengue fever model with time delay

Let S1(t), I1(t), R1(t), S2(t), I2(t) represents the number of susceptible people, pa-
tient, remove people, no-viruses-carrying mosquitoes, viruses-carrying mosquitoes
at time t. In reference[21], Tewa et.al study the following dengue fever model:
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S
′

1 = µ1N1 − bβ1

N1 +m
S1I2 − µ1S1,

I
′

1 =
bβ1

N1 +m
S1I2 − (µ1 + γ1)I1,

R
′

1 = γ1I1 − µ1R1,

S
′

2 = A− bβ1

N1 +m
S2I1 − µ2S2,

I
′

2 =
bβ1

N1 +m
S2I1 − µ2I2N1 = S1 +R1 + I1.

The definition of the parameters can refer to reference [1].
On the basis of system (1), Ding Deqiong from Harbin Institute of Technology

of China made some improvements, he study the following dengue fever model [22]:
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′

1 = γ1I1 − µ1R1,

S
′

2 = A− β2S2I1 − µ2S2,

I
′

2 = β2S2I1 − µ2I2N1 = S1 +R1 + I1.

In this paper, on the basis of system (2), we make some improvements, we
consider the effect of time delay to the dengue fever. The equations describing
the model are given by:
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
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′

1 = µ1N1(t)− β1S1(t)I2(t)− µ1S1(t),

I
′

1 = β1S1(t)I2(t− τ1)− (µ1 + γ1)I1(t),

R
′

1 = γ1I1(t)− µ1R(t),

S
′

2 = A− β2S2(t)I1(t)− µ2S2(t),

I
′

2 = β2S2(t)I1(t− τ2)− µ2I2(t),

N1(t) = S1(t) +R(t) + I1(t).

As we can see, in system (3), the variable R is not explicit in the first two
equations and the last two equations, so system (3) can be simplified to be the
following system
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′

1 = β1S1(t)I2(t− τ1)− (µ1 + γ1)I1(t),

S
′

2 = A− β2S2(t)I1(t)− µ2S2(t),

I
′

2 = β2S2(t)I1(t− τ2)− µ2I2(t),

N1(t) = S1(t) + I1(t).
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where µ1 and µ2 represents the death date of human and mosquito respectively,
S1(t), I1(t), S2(t), I2(t) represents the number of susceptible patient, no-viruses-
carrying mosquitoes, viruses-carrying mosquitoes at time t. N1(t) is the total
population at time t, β1 represents the infectious rate of the viruses-carrying
mosquitoes to the susceptible, β2 represents the infectious rate of the patient to
the no-viruses-carrying mosquitoes, γ1 represents the recovery rate of the patient,
A represents the new rate of mosquitoes, τ1 and τ2 represent the rehabilitees
immune period and incubation period to the diease respectively.

Define the basic reproductive ratio as follows:

R0 =
β1β2N1A

µ2
2(µ1 + γ1)

.

Define the closed region:

D =

{

(S1, I1, S2, I2) ∈ R4
+ : S1 ≤ N1, S1 + I1 ≤ N1, S2 ≤ A

µ2
, S2 + I2 ≤ A

µ2

}

.

As the same as reference [1], region D is a positive invariant set. This paper will
study the dynamical behavior of system (4) on the closed regionD. The dynamical
behavior of R can be determined by the third equation of the system(3).

Obviously, for all non negative parameters, system (4) has no-disease equili-

brium point E∗

1(S1, I1, S2, I2) =
(

N1, 0,
A
µ2

, 0
)

. When the basic reproductive ratio

R0 > 1, the system has the only endemic equilibrium E∗

1(S̄1, Ī1, S̄2, Ī2), where
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



S̄1 =
µ1N1

β1Ī2 + µ1
,

Ī1 =
µ1µ

2
2(R0 − 1)

β2(β1A + µ1µ2)
,

S̄2 =
A

β2Ī1 + µ2
,

S̄1 =
β2S̄2Ī1
µ2

.

Do the transform as follow:

(5)


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
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

U1(t) = S1(t)− S̄1,

U2(t) = I1(t)− Ī1,

V1(t) = S2(t)− S̄2,

V2(t) = I2(t)− Ī2.

then system (4) comes to be:
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













U
′

1 = −(β1Ī2 + µ1)U1(t)− β1S̄1V2(t)− β1U1(t)V2(t),

V
′

1 = −β2S̄2U2(t)− (β2Ī1 + µ2)V1(t)− β2V1(t)U2(t),

U
′

2 = β1S̄1V2(t− τ1) + β1U1(t)V2(t− τ1)− β1Ī2U1(t)− (µ1 + γ1)U2(t),

V
′

2 = β2S̄2U2(t− τ2) + β2V1(t)U2(t− τ2) + β2Ī1V1(t)− µ2V2(t).
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Obviously, the origin point (0, 0, 0, 0) is the equilibrium point of system (6),
linearizing the system, we gain the following system:

(7)



















U
′

1 = −(β1Ī2 + µ1)U1(t)− β1S̄1V2(t),

V
′

1 = −β2S̄2U2(t)− (β2Ī1 + µ2)V1(t),

U
′

2 = β1S̄1V2(t− τ1)− β1Ī2U1(t)− (µ1 + γ1)U2(t),

V
′

2 = β2S̄2U2(t− τ2) + β2Ī1V1(t)− µ2V2(t).

Let

X(t) = (U1(t), U2(t), V1(t), V2(t))
T
,

X(t− τ1) = (U1(t− τ1), U2(t− τ1), V1(t− τ1), V2(t− τ1))
T
,

X(t− τ2) = (U1(t− τ2), U2(t− τ2), V1(t− τ2), V2(t− τ2))
T
,

and let
Ẋ(t) =

(

U
′

1, V
′

1 , U
′

2, V
′

2

)T
.

The coefficient matrix of linear system is

A0 =













−(β1Ī2 + µ1) 0 0 −β1S̄1

−β1Ī2 −(µ1 + γ1) 0 0

0 −β2S̄2 −(β2Ī1 + µ2) 0

0 0 β2Ī1 −µ2













,

A1 =









0 0 0 0
0 0 0 β1S̄1

0 0 0 0
0 0 0 0









,

A2 =









0 0 0 0
0 0 0 0
0 0 0 0
0 β2S̄2 0 0









.

Then system (7) becomes

(8) Ẋ(t) = A0X(t) + A1X(t− τ1) + A2X(t− τ2).

The characteristic equation corresponding to equation (8) is:

(9)

P(λ, τ1, τ2)

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−λ−(β1Ī2+µ1) 0 0 −β1S̄1

−β2Ī1 −λ−(µ1+γ1) 0 β1S̄1e
−τ1λ

0 −β2S̄2 −λ−(β2Ī1+µ2) 0

0 β2S̄2e
−τ2λ β2Ī1 −λ−µ2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0

Expanding equation (9) in accordance to the first column, we have:

(10) P (λ, τ1, τ2) = −λ4 + Lλ3 +Mλ2 +Nλ−Re−τ2λ − Se−(τ1+τ2)λ + T = 0,

where L, M , N , R, S, T , A, B, C, U , V are defined in the Appendix 1.
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3. The stability of the model

In this section, we discuss the time delay effect on the stability and the Hopf
bifurcation of the dengue fever model in three cases.

3.1. τ1 = τ2 = 0:

When τ1 = τ2 = 0, equation (8) becomes

(9) P (λ) = −λ4 + Lλ3 +M1λ
2 +N1λ−R − S + T = 0.

where

M1 = µ1A+B − β1β2S̄1S̄2,

N1 = (µ1 + β1Ī2)B + C − β1β
2
2 S̄1S̄2Ī2 − Uβ1β2S̄1S̄2.

L, R, S, T , A, B, C, U , V are defined in the Appendix 1.

When A = β1Ī2+M1 and (µ1+β1Ī2)B+C = β1β
2
2 S̄1S̄2Ī2+Uβ1β2S̄1S̄2, then

equation (9) becomes

(10) P (λ) = −λ4 +M1λ
2 − R− S + T = 0.

Let x = λ2, then we have:

(11) x2 −M1x+R + S − T = 0.

then ∆ =
√

M2
1 − 4(R +X − T ), then we have the following conclusions:

(1) when ∆ > 0, that is M2
1 > 4(R + S − T ), equation (11) has two unequal

real roots x1,2 =
M1 ±

√
∆

2 , then equation (10) has four unequal real roots
λ1,2 = ±√

x1, λ3,4 = ±√
x2;

(2) when ∆ = 0, that is M2
1 = 4(R + S − T ), equation (11) has two equal

real roots x1,2 =
M1
2 , then equation (10) has four equal real roots λ1,2,3,4 =

±√
x1;

(3) when ∆ < 0, that is M2
1 < 4(R+S−T ), equation (11) has two unequal and

conjugate imaginary roots x1,2 = M1 ± i
√
∆

2 , then equation (10) has four
unequal and conjugate imaginary roots λ1,2 = ±√

x1, λ3,4 = ±√
x2.

In summary, we have the following theorem:

Theorem 1. When M2
1 ≥ 4(R + S − T ), equation (10) has four real roots, the

no-disease equilibrium E∗

1 and endemic equilibrium E∗

2 of system (2) is unstable.
When M2

1 < 4(R+S−T ), equation (10) has four unequal and conjugate imaginary
roots, the no-disease equilibrium E∗

1 and endemic equilibrium E∗

2 of system (2) is
stable.
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3.2. τ1 = τ, τ2 = 0:

When τ1 = τ, τ2 = 0, equation(8) becomes to the following equation:

(12) P (λ, τ) = −λ4 + Lλ3 +M2λ
2 +N2λ−R − Se−τ1λ + T = 0.

where

M2 = µ1A +B − β1β2S̄1S̄2e
−τλ,

N2 = (µ1 + β1Ī2)B + C − β1β2S̄1S̄2Ī2 − Uβ1β2S̄1S̄2e
−τλ.

L, R, S, T , A, B, C, U , V are defined in the Appendix 1.
Let λ1 = iω is a root of equation(12), then we have

(13) P (λ∗

1, τ) = −(iω)4 + L(iω)3 +M2(iω)
2 +N2(iω)− R− S−τ(iω) + T = 0.

Separating the real and imaginary parts of equation(13), we have the following
equations

(14) −ω4 −M2ω
2 − R + T − S cos τω = 0,

(15) −Lω3 +N2ω + S sin τω = 0.

From equations (14) and (15), we gain the following equation

(16)
ω8 + (2M2 + L2)ω6 + [M2

2 + 2(R− T − LN2)]ω
4 + [2(R− T ) +N2

2 ]ω
2

+(R− T )2 − S2 = 0.

When 2M2 + L2 = 0 and 2(R − T ) + N2
2 = 0, let y = ω4, then equation (16)

becomes

(17) y2 + [M2
2 + 2(R− T − LN2)]y + (R− T )2 − S2.

Then ∆ = [M2
2 +2(R−T −LN2)]

2−4[(R−T )2−S2], then we have the following
conclusions:

(1) when ∆ > 0, that is [M2
2 + 2(R− T − LN2)]

2 > 4[(R− T )2 − S2], equation

(17) has two unequal real roots y1,2 =
M2

2 + 2(R− T − LN2)±
√
∆

2 , then
equation (16) has eight unequal real roots λ1,2,3,4 = ±√

y1, λ5,6,7,8 = ±√
y2;

(2) when ∆ = 0, that is [M2
2 + 2(R− T − LN2)]

2 = 4[(R− T )2 − S2], equation

(17) has two equal real roots y1,2 =
M2

2 + 2(R− T − LN2)
2 , then equation

(16) has eight unequal real roots λ1,2,3,4 = ±√
y1, λ5,6,7,8 = ±√

y2;

(3) when ∆<0, that is [M2
2+2(R−T−LN2)]

2<4[(R−T )2−S2], equation (17) has

two unequal and conjugate imaginary roots y1,2=
M2

2+2(R−T−LN2)±i
√
∆

2 ,
then equation(16) has eight unequal and conjugate imaginary roots λ1,2,3,4 =
±√

y1, λ5,6,7,8 = ±√
y2.
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In summary, we have the following theorem:

Theorem 2. When τ1 = τ, τ2 = 0 and [M2
2+2(R−T−LN2)]

2 ≥ 4[(R−T )2−S2],
equation (12) has four real roots, the no-disease equilibrium E∗

1 and endemic
equilibrium E∗

2 of system (2) is unstable. When [M2
2 + 2(R − T − LN2)]

2 <

4[(R − T )2 − S2], equation (12) has four unequal and conjugate imaginary roots,
the no-disease equilibrium E∗

1 and endemic equilibrium E∗

2 of system (2) is stable.

If ω0 is a positive real root of equation (14), subs ω0 to equation (14), we have

(18) −ω4
0 −M2ω

2
0 − R + T − S cos τ0ω0 = 0.

From equation (18), we gain the real positive root ω0 = 1.3594, then we can get
the calculation formula of τ0 as follows

(19) τ0 =
1

ω0

arccos
T − R−M2ω

2
0 − ω4

0

S
.

3.3. τ1 = 0, τ2 = τ :

When τ1 = 0, τ2 = τ , equation(8) becomes to the following equation:

(20) P (λ, τ) = −λ4 + Lλ3 +M3λ
2 +N3λ− (R + S)e−τλ + T

where

M3 = µ1A +B − β1β2S̄1S̄2e
−τλ,

N3 = (µ1 + β1Ī2)B + C − β1β
2
2 S̄1S̄2Ī2e

−τλ − Uβ1β2S̄1S̄2e
−τλ.

L, R, S, T , A, B, C, U , V are defined in the Appendix 1.
Let λ2 = iω is a root of equation (20), separating the real and imaginary

parts of equation (20), we have the following equations

(21) ω4 +M3ω
2 + (R + S) cos τω = 0,

(22) Lω3 −N3ω − (R + S) sin τω = 0.

From equations (21) and (22), we have the following equation

(23) ω8 + (2M3 + L2)ω6 + (M2
3 − 2LM3)ω

4 +N3ω
2 − (R + S)2 = 0.

When 2M3 + L2 = 0 and τλ = ln
β1β2S̄1S̄2(β2Ī2 − U)
(µ1 + β1Ī2)B + C

, let z = ω4, then equation

(23) becomes

(24) z2 + (M2
3 − 2LM3)z − (R + S)2 = 0.

Then ∆ = (M2
3 − 2LM3)

2 − 4(R + S)2, then we have the following conclusions:
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(1) when ∆ > 0, that is (M2
3 − 2LM3)

2 > 4(R + S)2, equation (24) has two

unequal real roots z1,2 =
(M2

3 − 2LM3)±
√
∆

2 , then equation (23) has eight
unequal real roots λ1,2,3,4 = ±√

z1, λ5,6,7,8 = ±√
z2;

(2) when ∆ = 0, that is (M2
3 −2LM3)

2 = 4(R+S)2, equation(17) has two equal

real roots z1,2 =
(M2

3 − 2LM3)
2 , then equation (16) has eight unequal real

roots λ1,2,3,4 = ±√
z1, λ5,6,7,8 = ±√

z2;

(3) when ∆ < 0, that is (M2
3 − 2LM3)

2 < 4(R + S)2, equation (17) has two

unequal and conjugate imaginary roots z1,2 =
(M2

3 − 2LM3)± i
√
∆

2 , then
equation (16) has eight unequal and conjugate imaginary roots λ1,2,3,4 =
±√

z1, λ5,6,7,8 = ±√
z2.

In summary, we have the following theorem:

Theorem 3. When τ1 = 0, τ2 = τ and (M2
3 − 2LM3)

2 ≥ 4(R + S)2, equation
(20) has four real roots, the no-disease equilibrium E∗

1 and endemic equilibrium
E∗

2 of system (2) is unstable. When (M2
3 −2LM3)

2 < 4(R+S)2, equation (20) has
four unequal and conjugate imaginary roots, the no-disease equilibrium E∗

1 and
endemic equilibrium E∗

2 of system (2) is stable.

If ω0 is a positive real root of equation (21), subs ω0 to the equation (21)
and solve it, we gain the real positive root ω0 = 0.7597. Then we can get the
calculation formula of τ ∗0 as follows:

(25) τ ∗0 =
1

ω0
arccos

ω4
0 +M3ω

2
0

R + S

.
3.3. τ1 = τ2 = τ :

When τ1 = τ, τ2 = τ , equation(8) becomes to the following equation:

(26) P (λ, τ) = −λ4 + Lλ3 +M4λ
2 +N4λ−Re−τλ − νβ1β2S1S2e

−2τλ.

where

M4 = µ1A +B − β1β2S̄1S̄2e
−τλ,

N4 = (µ1 + β1Ī2B + C)− β1β2S̄1S̄2Ī2e
−τλ − vβ1β2S̄1S̄2e

−2τλ.

L, R, S, T , A, B, C, U , V are defined in the Appendix 1.
Let λ3 = iω is a root of equation (26), separating the real and imaginary

parts of equation (26), we have the following equations:

(27) ω4 +M4ω
2 +R cos τω + S cos 2τω − T = 0,

(28) (N4 − L)ω +R sin τω + S sin 2τω = 0.
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From equations (27) and (28), we have:

(29) cos τω =
(T − ω4 −M4ω

2)2 + (L−N4)
2ω2 −R2 − S2

2RS
.

If ω0 is a positive real root of equation (27), subs ω0 to equation (27). Then we
can get the calculation formula of τ ∗∗0 as follows:

(30) τ ∗∗0 =
1

ω0

arccos
(T − ω4

0 −M4ω
2
0)

2 + (L−N4)
2ω2

0 − R2 − S2

2RS
.

4. Numerical simulation

For the analytical solution of equation (9) is too complex, so we solve its numerical
solutions. When τ1 = τ2 = 0, set the value of the parameters are µ1 = 0.6,
µ1 = 0.6, β1 = 0.01, β2 = 0.04, γ1 = 0.95, N1 = 33, A = 38, we solve equation (9)
and gain the characteristic root are:

λ1 = 37.5675,

λ2 = 0.2279,

λ3 = −0.0828 + 0.1559i,

λ4 = −0.0828− 0.1559i.

At this time, the basic reproductive ratio R0 = 0.3995 < 1. The non-disease
equilibrium point is E∗

1(S1, I1, S2, I2) = (33, 0, 42.2222, 0), The endemic equili-
brium point is E∗

2(S1, I1, S2, I2) = (53.4864, 7.9302, 65.2035, 22.9813). Therefore,
we have:

Theorem 4. When τ1 = τ2 = 0, the non-disease equilibrium point is E∗

1 and the
endemic equilibrium point E∗

2 are stable.

We discuss the time delays affect on the number of susceptible and patients
in three cases:(1)τ1 = τ, τ2 = 0, (2)τ1 = 0, τ2 = τ , (3)τ1 = τ2 = τ .

4.1. τ1 = τ, τ2 = 0

For the analytical solution of equation(14) is too complex, so we solve its numerical
solutions. When τ1 = 3, τ2 = 0, set the value of the parameters are µ1 = 0.6, µ1 =
0.6, β1 = 0.01, β2 = 0.04, γ1 = 0.95, N1 = 33, A = 38, we solve equation (14)
and gain the characteristic root is: ω = −0.2423 − 0.1502i. At this time, the
characteristic root is λ1 = iω = 0.1502 − 0.2423i. The real positive root of
equation (12) is ω0 = 1.3594, and τ ∗0 = 0.6155.
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(a) (b) (c)

Figure 1: The function diagram of different N1, where (a) is N1 = 300, (b)
is N1 = 400, (c) is N1 = 500, the initial value A = 60, (S1, I1, S2, I2, R) =
(40, 40, 40, 40, 40).
As the first case τ1=τ, τ2=0, we choose different iteration step (IS), to simulate
the phase diagram of the system, when the time delay τ2 > τ0, the system appears
periodic solution and limit cycle, the result are showed as the following figures.

(a)The function diagram (b)The phase diagram

(c)The function diagram (d)The phase diagram

Figure 2: The function diagram and phase diagram of different iteration step,
where (a) and (b) is the function diagram and phase diagram of IS=0.05, τ1≥τ0,

τ2=0, (c) and (d) is the function diagram and phase diagram of IS=0.5, τ1≥τ0,

τ2=0.
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In summary, we have the following theorem:

Theorem 5. When τ < τ0, the non-disease equilibrium point is E∗

1 and the
endemic equilibrium point E∗

2 are asymptotically stable; when τ > τ0, the endemic
equilibrium point E∗

2 is unstable, when τ is increasing and through τ0, the endemic
equilibrium point E∗

2 branch into periodic small amplitude solutions.

4.2. τ1 = 0, τ2 = τ

For the analytical solution of equation (20) is too complex, so we solve its nu-
merical solutions.When τ1 = 0, τ2 = 3, set the value of the parameters are
µ1 = 0.6, µ1 = 0.6, β1 = 0.01, β2 = 0.04, γ1 = 0.95, N1 = 33, A = 38, we
solve equation (14) and gain the characteristic root is: ω = −0.0269 + 0.1885i.
At this time, the characteristic root is λ2 = iω = −0.1885 − 0.0269i. The real
positive root of equation(18) is ω0 = 0.7597, and τ ∗0 = 0.0490.

(a) (b)

(c)

Figure 3: The function diagram of different N1 and A, and of different initial
value S1, I1, S2, I2, where (a) is N1 = 30, A = 10, IV = 5, (S1, I1, S2, I2, R) =
(5, 5, 5, 5, 5), (b) is N1 = 40, A = 20, IV = 10,(S1, I1, S2, I2, R) =
(10, 10, 10, 10, 10), (c) is N1 = 50, A = 30, IV = 15, (S1, I1, S2, I2, R) =
(15, 15, 15, 15, 15).
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(a) (b)

(c) (d)

(e) (f)

Figure 4: The phase diagram of different iteration step t, where (a) is IS =
0.05, τ1 = 0, τ2 = 1, (b) is IS = 0.5, τ1 = 0, τ2 = 1, (c) is IS = 0.05, τ1 = 0, τ2 = 5,
(d) is IS = 0.5, τ1 = 0, τ2 = 5, (e) is IS = 0.05, τ1 = 0, τ2 = 50, (f) is IS =
0.5, τ1 = 0, τ2 = 50.
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When the time delay τ2 > τ0,the system appear periodic solution and limit
cycle, it is showed as the following figure.

(a)The function diagram (b)The phase diagram

(c)The function diagram (d)The phase diagram

Figure 5: The function diagram and phase diagram of different iteration step,
where (a) and (b) is the function diagram and phase diagram of IS = 0.05, τ1 =
0, τ2 ≥ τ0, (c) and (d) is the function diagram and phase diagram of IS = 0.5, τ1 =
0, τ2 ≥ τ0.

In summary, we have the following theorem:

Theorem 6. When τ < τ ∗0 , the non-disease equilibrium point is E∗

1 and the
endemic equilibrium point E∗

2 are asymptotically stable; when τ > τ ∗0 , the endemic
equilibrium point E∗

2 is unstable, when τ is increasing and through τ ∗0 , the endemic
equilibrium point E∗

2 branch into periodic small amplitude solutions.

4.3. τ1 = τ2 = τ

Solving equation (25), we gain ω = −0.0147i. At this time, the characteristic root
is λ3 = iω = 0.0147. When τ1 = τ2 ≥ 60, equation (23) has real positive root. By
calculating, we gain ω0 = 0.8861, τ ∗∗0 = 3.5454.
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(d) (e) (f)

Figure 6: The function diagram of different N1, where (a) is N1 = 1000, (b)
is N1 = 2000, (c) is N1 = 3000, the initial value A = 60, (S1, I1, S2, I2, R) =
(40, 40, 40, 40, 40).

In order to simulate the phase of the system when τ1 = τ2 = τ , we choose the
different iteration step (IS) t, the result are showed as the following figures.

(a)τ1 = τ2 = 10 (b)τ1 = τ2 = 20 (c)τ1 = τ2 = 50

Figure 7: The phase diagram of the system when τ1 = τ2 = τ , where (a) is the
IS = 0.05, (b) is the IS = 0.5, (c) is IS = 1

In summary, we have the following theorem:

Theorem 7. When (T − ω4
0 −M4ω

2
0)

2 + (L−N)2ω2
0 ≥ R2 + S2 and for any τ ∗∗0

the non-disease equilibrium point is E∗

1 and the endemic equilibrium point E∗

2 are
unstable.

5. Conclusion

Recently, dengue fever which is considered to be a tropical disease forms a major
concern due to its severity and complexity in the world. It brings a serious threat
to human health and life. Therefore, it is of great importance and meaning to
study the infections of the dengue fever. There are many factors that can influence
the spread of dengue fever, here we only consider the time delay.
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In this paper, on the basis of the dengue model which was proposed by Tewa
et.al. [21] and Dr. Ding Deqiong [22], we improve the model, present a model
based on several features of dengue infection with time delay. We consider two
time delays τ1 and τ2, where τ1 and τ2 represent the rehabilitees immune period
and incubation period to the disease respectively. This paper analyzed the sta-
bility of the dengue model with time delay and gained the specific value of time
delay threshold τ0 at which the dengue model appears periodic solutions and Hopf
bifurcation.

In this paper, we discuss the effect of the time delay in three cases, that are
(1)τ1 = τ, τ2 = 0, (2)τ1 = 0, τ2 = τ , (3)τ1 = τ2 = τ . On each case, by calculating
the model, we gained the time delay threshold τ0 at which the dengue model
appears periodic solutions and Hopf bifurcation. On the first case, τ1 = τ, τ2 = 0,
τ0 = 0.6155; on the second case τ1 = 0, τ2 = τ , τ0 = 0.0490 ; on the third case
τ1 = τ2 = τ , τ0 = 3.5454. From this, we can see that, all of the time delay τ1 and
τ2 play importance role in the spreading of the dengue fever epidemic.

Our numerical results imply that in general the dengue fever epidemic latent
in 7-14 days which is in agreement with clinical literature.

Appendix 1

L = A− β1Ī2 −M1

M = µ1A+B − β1β2S̄1S̄2e
−(τ1+τ2)λ

N = (µ1 + β1Ī1)B + C − β1β
2
2 S̄1S̄2Ī1e

−τλ − Uβ1β2S̄1S̄2e
−(τ1+τ2)λ

R = (µ2 + β2Ī1)β1β
2
2 S̄1S̄2Ī1

S = β1β2S̄1S̄2V

T = (µ1 + β1Ī2)C + β1β
2
2 S̄1S̄2Ī1Ī2

A = µ1 + 2µ2 + β2Ī1 + γ1

B = (µ1 + µ2 + γ1)β2Ī1 + 2(µ1 + γ1)µ2 + µ2
2

C = (µ1 + µ2)µ2β2Ī1 + (µ1 + γ1)µ
2
2

U = β1Ī2 + β2Ī1 + µ1 + µ2

V = β1β2Ī1Ī2 + µ1β2Ī1 + µ2β1Ī2 + µ1µ2
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