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Abstract. In this paper, we study the Morita theory for semirings with slu. We
characterize the equivalent functors between the subcategories of right semimodules
over semirings with slu. Also, we give an equivalent condition of the Morita context
of semirings (not necessarily with slu) and study the corresponding results in semirings
with slu settings. Finally, we apply the results to semirings with identity.
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1. Introduction

Morita equivalence theory gave a characterization of equivalences between two
module categories over two rings with 1. The Hom functor and tensor product
functor play an important role in studying Morita equivalence theory. The Morita
equivalence theory has also been studied in many other algebraic structures, such
as rings without 1, semigroups, semirings, etc. In [1], Abrams generalized the
Morita equivalence theory to rings without 1. Banaschewski [2] and Knauer [13]
got the Morita equivalence theory for monoids. Talwar [20] and Lawson [17] in-
vestigated the Morita equivalence theory for semigroups with local units. Laan
and Marki [16] continued to study the Morita contexts in semigroup settings. On
the other hand, there are very few papers related to these theory for semirings.
Recently, Katsov and Nam [12] initially studied these problems for a semiring with
1. In [12], they give the Morita equivalence theory for semirings with 1. Motivated
by the paper [1] and [20], it is a natural thing to consider the generalized Morita
theorems for semirings without 1.

In this paper, we shall study the Morita theory for semirings without 1. The
paper is constructed as follows: In Section 2, we recall some notions on semirings
and semimodules; In Section 3, we give the Morita theory for semirings with slu;
In Section 4, we study the Morita context for semirings (not necessarily with slu);
we apply the results to semirings with 1 in Section 5.
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2. Preliminaries

7

A semiring is a set R with two binary operations “+ 7 and “-” satisfying the
followings:

(1) (R, +) is a commutative semigroup;

(2) (R,-) is a semigroup;

(3) For all a,b,c € R, a(b+ ¢) = ab+ ac, (b+ ¢)a = ba + ca.

If a semiring R has an element 1 such that 1r =r = r1, for all r € R, then 1
is called the identity of R.

Let R be a semiring. A commutative semigroup (M, +) is called a right R-
semimodule over R if there is a scalar multiplication M x R — M, denoted by
(m,r) — mr, satisfying the followings:

(1) m(rr’) = (mr)r';

(2) (m4+m")r =mr +m'r;

(3) m(r +71") = mr +mr';
for all v, € R and m,m" € M.

If MR = M, then M is called unital.

Let M and N be two R-semimodules. A map f : M — N is called R-
semimodule homomorphism if f satisfies the followings:

(1) f(m1+mz) = f(m1) + f(m2),

(2) f(mr) = f(m)r,
for all m,my,mqe € M, r € R.

The set of all R-semimodule homomorphisms from M to N is denoted by
Hompg (M, N). Let Endg(M) be the set of all R-semimodule homomorphisms from
M to itself.

Similarly, we can define left semimodules. Let Mod-R and R-Mod be the
categories of right and left semimodules, respectively.

Denote by Mod-UR (UR-Mod) the subcategory of unital right (left) R-
semimodules.

Definition 1. [[11], Definition 3.1] For a right semimodule M € Mod-R and
a left semimodule N € R-Mod, let F' be the free semigroup generated by the
cartesian product M x N. The tensor product M ® N is the factor semigroup
F/o*, where the congruence o* is generated by the relation o of the form

< (my +mg,n), (my,n) + (mg,n) >, < (m,n; +ng), (m,ny) + (m,ng) >,

and
< (mr,n), (m,rn) >,

with mqy,mg € M, ny,ny € N and r € R.

Let R and S be two semirings. A commutative semigroup M is called an R-
S-bisemimodule if it is both a left R-semimodule and a right S-semimodule and
satisfies (rm)s = r(ms), for all r € R,m € M,s € S, denoted by rMg. For pMg
and zrNg, if a semigroup homomorphism f : M — N satisfies rf(m)s = f(rms),
then f is called bisemimodule homomorphism. Let gHomg(M, N) be the set of all
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bisemimodule homomorphisms from M to N. Denote by R-Mod-S the category
of all R-S-bisemimodules together with bisemimodule homomorphisms.

Let M be an S-R-bisemimodule and let N be a left R-semimodule. The
tensor product M ®gz N is a left S-semimodule with action

=1 =1

Similarly, let M be a right R-semimodule and N be an R-S-bisemimodule, then
M ®pg N is a right S-semimodule with action

(imi(@ni) -SZZn:mi(&ni-s,
i=1 i=1

where s € S;m; € M,n; € N.

For an R-S-bisemimodule M and a left R-semimoduleN, we have that
Hompg(M, N) is a left S-semimodule with action (s - f)(m) = f(m - s); For an
S-R-bisemimodule M and a right R-semimodule N, we have that Homg (M, N) is a
right S-semimodule with action (f-s)(m) = f(s-m); For a right R-semimodule and
an S-R-bisemimodule N, we have that Hompg(M, N) is a left S-semimodule with
action (s- f)(m) = sf(m); For aleft R-semimodule M and a R-S-bisemimodule N,
we have that Hompg (M, N) is a right S-semimodule with action (f-s)(m) = f(m)s,
for all s € S, f € Homg(M,N),m € M.

3. Morita equivalence for semirings with slu

In paper [10], Katsov proved that the tensor product functor — ® g B and Hom
functor Homg(B, —) are adjoint pair, where R and S are semirings with identity
and B € R-Mod-S. In the following, we will prove that the statement also holds
when R and S are semirings without identity.

Let R¥ be the smallest congruence on a semigroup S containing the relation
R. For a,b € S, if there exist u,v € S|J{1} such that

a = ucv, b= udv,

where (¢,d) € R or (d,c) € R, we say that a is connected to b by an elementary
R-transition [8].

Proposition 1. [8] Let S be a semigroup and let R be a relation on S. For
a,b € S, we have (a,b) € R* < one of the two conditions holds:

(1) a="b.
2) there exists a sequence
(2) q
a=c —Cc— - —c,=0b

of elementary R-transitions connecting a to b, where n is a positive integer.
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Lemma 1. Let R and S be two semirings. Assume g : A — Homg(B,C) is an
R-semimodule homomorphism, where A € R-Mod, B € S-Mod-R and C € S-Mod.
For all a € A, we write g(a) = go. Then

(1) If (b, a) is connected to (b',a’) by an elementary o-transition, where o is the
relation defined in Definition 1, we have gq(b) = g,/ (b').

(2) We can define an S-semimodule homomorphism ¢ : B ®zr A — C by

g (21 b; ® ai) = ;gai(bi)

Proof. (1) Suppose (b,a) and (b',a’) is connected by by an elementary o-
transition. Let S(B x A) be the commutative free semigroup generated by B x A.
There exists (z,y) belongs to S(B x A)J{(0,0)} such that

(b’a) = (l‘,y)—l—(C,d),
(b/va/) = (l‘,y)—l—(Cl,d/),

where ((¢,d), (d,d')) € o or ((¢,d),(c,d)) € o.

Since B x A is the generating set and the elements in B x A are independent,
we have (x,y) = (0,0). This implies that ((b,a), (V',d’)) € o or ((V',d’), (b,a)) € o.
Without loss of generality, we assume ((b,a), (0/,a’)) € o. Note that (b,a) and
(b',a’) are independent, there exists r € R such that b = 0'r,ra = o’. Since g is an
R-semimodule homomorphism, we have r - g(a) = g(r - a), for all a € A. Then, we
get - g, = ¢, Hence, we have

9a(b) = 9a(b'7) = (rga)(t') = gra(V') = gur (V).
(2) If by ® a1 = by ® ag, then (by,a;) = (by,as) or (by,a;) is connected
to (by,as) by an elementary o-transition by Proposition 1. By part (1), we

have g4, (b1) = Gay(b2). On the other hand, if b ® a = > b; ® a, then we have

=1

((b7 a), (Z b,-,a)) € o and b = > b;. This concludes that g,(b) = > ga(b;).
i=1 i=1 i=1

Similarly, if b ® a = 3. b ® a;, we get go(b) = 3 ga,(b). Then we prove that ¢ is

i=1 =1
well-defined.

For all s € S, we have
g,(S Z bz@@z) = g, (Z Sbi & ai) = Zg‘“ (sz) = S Z gaz(bl) = Sgl (Z bz X a;

=1 i=1 ;i ‘ -
Therefore, ¢ is an S-semimodule homomorphism. .

Theorem 1. Let R and S be two semirings. For A € R-Mod, B € S-Mod-R and
C € S-Mod, there is a semigroup isomorphism

A : Homg(B ®r A,C) = Homg(A, Homg(B, ().
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Similarly, for A € Mod-R,B € R-Mod-S and C' € Mod-S, there is a semigroup
1somorphism

Q: Homg(A®p B,C) = Homg(A, Homg(B,C)).

Proof. We only prove the first isomorphism. If f € Homg(B @z A,C), for
all a € A, we can define a map f, : B — C by f,(b) = f(b® a). Then we
can check that the map f : A — Homg(B,C) by putting f(a) = f, is an S-
semimodule homomorphism. It is a routine procedure to check that A : f — f is
a homomorphism.

Now, we exhibit the inverse of A. Define A™! : Homg(A, Homg(B,C)) —
Homg(B ®p A,C) by putting A(g) = ¢, where g is defined as in Lemma 1.
Hence, A is a semigroup isomorphism. n

By Theorem 1, we have that (— ®g B, Homg (B, —)) is an adjoint pair. We
write L = — ®g B and K = Homg(B, —). Hence, we have the following canonical
transformations

v: LK — Id\joq.¢ and 1 : Idyjoq.p — KL
such that
ve(p®b) = ¢(b) and na(a)(b) =a®b,

where ¢ € HB,b € B and a € A.
In particular, we take A = B = S = R, then we have ve : Homg(R,C) ®g

R — R by putting vg Z 0T | = Z wi(r;), where C' € Mod-R.

Let R be a semlrlng and C e Mod R For ¢ € C, we define A, : R — C by
putting () = ¢r. Then A\, € Homg(R, C). For all ¢ € Homg(R, C), r € R, since

(0-7)(a) = ¢(ra) = (r)a = Ape(a),
where a € R, we have ¢ - r = A\,).

Definition 2. Let R be a semiring and F be an idempotents set of R. If for any
finite number of elements rq,...,7, € R, there exists e € E such that

ery =T1 =T1€, ..., y = Ty = T'pe,

then E is called a set of local units of R (abbreviated slu). In this case, we say R
is a semiring with slu.

Obviously, if R is a semiring with 1, then R is a semiring with slu. If R is
an idempotent commutative (multiplication) semiring, by induction, we can prove
that R is a semiring with slu.

Theorem 2. Let R be a semiring with local units. Then we have Endr(R)@rR =
R as R-semimodules.
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Proof. For all » € R, there exists e € F such that er = re = r. Define ug : R —
Endg(R)®grR by putting pgr(r) = A\, ®e. Suppose f € E with rf = fr = r. Since
Ar = Ae - 1, we have

AMRe=A TRe=ARre =AQ@Qr=A.Qrf = -1 f=\®f.

This proves that pg is independent of the choice of the idempotent. Suppose
r1,...,Tn € R. There exists e € FE such that

€ry =T1,...,€rpy, = Tp.
Then

=1

HR (Zﬂ) :/\iri@)e:z)‘n@ezzlul%(ri)'
i=1 =1 =1

For all » € R,a € R, there exists e € I such that re = er = r, ea = ae = a. Then
prlar) =X, @e =X 1Re=X\, Q@re= X\, Qer = (A, ® e)r = ug(a)r.

This proves that ugr is an R-semimodule homomorphism. Also, we can easily
check that p g is the inverse of the map vg. So we have that vy is an isomorphism.
That is, Endg(R)®rR = R as R-semimodule. n

Let R be a semiring with slu and M € Mod-U R. We denote by
Mod-FR = {M € Mod-UR|v,, is an isomorphism}.

Definition 3. Let R and S be two semirings with slu. We say that R and S are
Morita equivalent, if the two subcategories Mod-F R and Mod-F'S are equivalent.

Analogous to Theorem 6.1 in [20], we have the following.

Theorem 3. Let R and S be two semirings with slu and G : Mod-FR =
Mod-FS : H are equivalent functors. Set U = H(S) and V = G(R). Then
the following conditions hold:

(1) G =2 Homg(U, —)®gsS, H = Homg(V,—)®gR;

(2) U = Homg(V,S)®rR,V = Homg(U, R)®sS as bisemimodules.

Proof. For r € R, we have )\, € Endg(R). Then G()\,) € Ends(G(R)) =
Endg(V). For r € R,v € V, defining r - v = G(\,)(v). It is easy to check that V'
is an R-S-bisemimodule. Similarly, we have that U is an S-R-bisemimodule.

(1) Since G and H are equivalent functors, we have

Homg (S, G(M)) = Homg(H(S), M) = Homg(U, M),

For all M € Mod-F R. We obviously have G(M) € Mod-F'S. By the definition of
Mod-F'S, we have
G(M) = Homg(S,G(M)) ®s S.
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Then G(M) = Homg(U, M) ®g S. This proves that G = Homg(U,—) ®5 S.
Similarly, we have H = Homg(V, —)®gR.

(2) Let I' : G — Hompg(U, —) ®s S be the natural isomorphism. We know
that I'g is a right S-isomorphism. There exists a commutative diagram:

e G(R)(=V)

| |re

Hompg(U, R) ®s S Homp (U, R) ®5 S,

Hompz (U )®s1ds

where
(Hompg(U, \,) ®s Ids)(p @1t) = N\p @ L.

Since \yp(u) = rp(u) = (r-¢)(u), for all u € U, we have A\, =1 - . Hence, we
have

(Hompg (U, \,) @5 lds)(p@1t) =N Rt=r-p@t=1-(p&1).

This concludes that (Hompg(U, \,) ®g Ids)['r(v) = r - T'g(v), for all v € V. Using
the commutative diagram, we have

Lr(rv) = Tr(G(N\)(v)) = (Homg(U, \,) ®s Ids)T'r(v) = r(T'r(v)).

It follows that I'g is a left R-semimodule homomorphism. This proves that V' =
Hompg(U, R)®sS as S-R-bisemimodules. Similarly, we have U = Homg(V, S)®gR
as R-S-bisemimodules. .

4. Morita context for semirings

In the following, we study the Morita context in semiring settings.

Definition 4. Let R and S be two semirings (not necessarily with slu). If there
exist commutative semigroups U and V| such that

(1) U is an R-S-bisemimodule, V' is an S-R-bisemimodule;

(2) there are bisemimodule homomorphisms 7 : UQ¢V — Rand pu: V ®r U — S
written corresponding as

T(w®v) = (w,v), pveu) =I[v,1y
such that
(ug,v) ~ug = uy - [v,us], [v1,u]-ve =01 (u,vy)
for each u,uy,us € U, v,v1,v9 € V.

Then (R, S,U,V, T, ) is called a Morita context.



502 H.X. LIU

Analogous to Theorem 1 in [18], we get the following theorem.

Theorem 4. Let U and V' be two commutative semigroups. Then the following
two conditions are equivalent:

(1) There ezist two semirings R and S such that (R, S,U,V, T, 1) is a Morita
context.

(2) There exist semigroup homomorphisms ® : U @z V ®, U — U and
UV: Ve, U,V —V such that

(I) @(@(Ul ® o ® u2) ® Vg X u3> = (I)(ul (29 \I/(’Ul X U2 X U2) X U3)
= P(u; @ v @ P(ug ® vy @ u3z));

(IT) U (VU (v @ ug @ v2) @ ug @ v3) = V(v @ P(u; @ vy ® ug) @ v3)
= V(v; @ u; @ V(vg ® up ® v3)).

Proof. (1) = (2) : Suppose that (R,S,U,V, 7, u) is a Morita context. Define
O:URzVe,U—UandV¥:V®;U®;V — V by putting ®(u; ® v; ® ug) =
T(up @ v1) - ug and ¥(v; @ ug @ vy) = u(vy @ uq) - vo. We can easily check that @
and ¥ satisfy the two conditions in 2).

(2) = (1) : Define F, : U — U by putting F,(u) = ®(a ® u) and define
Gy : V. — V by putting Gy(v) = ¥(b®v), where a € U®z V and b € V @, U.
Then F, and G} are semigroup homomorphisms.

We write F = {F,la € U®zV} and G = {R|b € V ®z U}. For all
Fuiovrs Fusew, € F, for all w € U, we have

Foom Fuson (W) = @(u1 @ v @ P(ug ® va @ w))
P(P(u; ® V1 ® ug) @ v @ W)
F<I>(u1®v1®u2)®vz (w)

That is, Fy gu Fusev = Fo@uiouneu)ew € F. It is easy to check that F, + I, =
F.., € F and multiplication distributes over addition from either side. Hence,
F is a subsemiring of zEndz(U). Similarly, we have that G is a a subsemiring of
ZEHdz(V).

Forallu e U, F, € F, Gy € G, define F,-u = ®(a®@u) and u- G, = P(u®Db).
Then we can check that U is a F-G-bisemimodule. Similarly, for all v € V, we can
define G, -v =¥ (b®v) and v - F, = V(v ® a). Then V is a G-F-bisemimodule.

Now, we define o : U ®¢V — F and : V @7 U — G by putting a(u @ v) =
Fugv and (v ®@ u) = Gygu, where u € U and v € V. It is easy to check that o and
[ are both bisemimodule homomorphisms. Then

alu; @v) - ug = Fyige - us = P(u; @ v @ ug) = Uy - Goguy, = U130 @ usg).

Similarly, we have
B(v1 @ u)vy = via(u ® vy).

Then (F,G,U,V,«, 3) is a Morita context. .
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Definition 5. Let R and S be two semirings with slu. A Morita context
(R,S,U,V,7,u) is called unital, if U is a unital R-S-bisemimodule and V is a
unital S-R-bisemimodule.

Lemma 2. Let (R,S,U,V, T, u) be a unital Morita context. For any uy, ..., u, € U
and vy, ...,v, €V, then

(1) there ezists idempotent e € R such that eu; = w; and vie = v;, for all
1=1,---,n;j=1,....,m.

(2) there exists idempotent f € S such that uw;f = u; and ev; = v;, for all
1=1,...n;7=1,...m

Proof. (1) Since U and V are unital, for every ¢ and j, there exist a; € U, b; € V,
x; € R,y; € S such that

U; = Ty, Vj = bjyj-

Since R is a semiring with slu, there exists an idempotent e € R such that ex; = x;
and yje = y;. Then we can prove the result.
Similarly, we can prove (2). .

We extend Lemma 3.15 in [17] to semiring settings.

Lemma 3. Let (R,S,U,V,7,1u) be a unital Morita context. If 7 and p are
surjective, then T and p are isomorphisms.

Proof. Firstly, we show that 7 is injective. Suppose
T(Zui®vi>:7<2u;®v§>, ie., Z(ulvl):z<u;,v;>
i j i j

There exist idempotents e, f € R such that eu; = u; and v} f = v} by Lemma 2.
Since T is surjective, we can assume that

T(Zak®bk> =e and T(ch@)dl) = f.
k

l

Then we have
Zui@)vi = T(Zak@)bk)zui(g)vi:§Z<ak;bk>ui®vi
= Zz@k[bk>uz] Qu; = Zk:;ak ® [bg, wilv;
= ZZakQ@bk(uz,vl) Zak®bk2(ui,vi>
= Zak®bk2< ul, vf) = ;<ak,bk>2u ® v}

= eZuj@)vj.
J
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Similarly, we have }u} ® v; = (> u; ®v;) f. So we have
i 7

Suen=eYuon=o(Yuon)s = (Tuen)r=Y e
i j i i j
This proves that 7 is injective. Similarly, we can prove that u is injective. u

Let R be a semiring with slu. Define 7: R ®zr R — R by 7(r1 ® ry) = 179,
then (R, R, R, R, T,7) is a unital Morita context and 7 is surjective. Hence, we
have R ®p R = R by Lemma 3.

Theorem 5. Let U and V' be two commutative semigroups. Then the following
two conditions are equivalent:

(1) There exist two semirings R and S with slu such that (R, S,U,V,T, 1) is a
unital Morita context and T and p are surjective.

In this case, —RrV : Mod-FR = Mod-FS : —®gsU are equivalent functors.

(2) There exist surjective semigroup homomorphisms ® : U ®V @ U — U and
UV: VUV —V satisfy the two conditions in part (2) of Theorem 4 and

(IIT) For any finite elements x, € U, y € V, k = 1,2,...,n, 1 = 1,2,...,m,
there exist finite elements u; € U,v; € V' such that

(1) @ (ui ® v;) ® wp) = w43

(ii) \If(gjl ® (v @ w;)) = yi;

(2

IV) For any finite elements x € U, yp € V,k = 1,2,...n, 1 = 1,2,....m,
there exist finite elements u, € U,v; € V such that

(1) T (v ®w) ®y) =y

(2

(i) ®(z® Y (u; ®v;)) = y;

(2

(iif) >° \II(Z(v; Ru;) ®@v;) @uy = > (v; @ uy).

Proof. (1) = (2) : For any finite elements x, € U, y, € V, k = 1,2,...,n,
[=1,2,...,m, by Lemma 2, there exists an idempotent e € R with ex; = x; = x;e
and ey; = y; = ye. Since T is surjective, there exist finite elements u; € U,v; € V
such that 7(> " (u; ® v;)) = e. Then we have

7

@(Z(ui(@vi) ®xk) :T<Zui®vi> ST = eTL = Tj

and

‘I’(yl & Z(Uz ® Uz)) = Zu(yz R ;) @u; = Zyﬁ(vi ® u;) = yie = Y.
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Since e = 7(>_ u; ® v;) is an idempotent, we have
5

T(Q(Z:ui@w)) = eT(Z:ui@)vi) :T<Xi:ui®vi).

As 7 is an isomorphism, we get that e(> u; ® v;) = > u; ® v;. Then

(]

Sa(Fuonon)on = B((Susnn)on

= T(ZUZ®U1>ZU1®’I}Z
= eY u QU =Y u; Q.

This proves that (III) holds. Similarly, we can prove that (IV) holds.

Suppose that (R,S,U,V,7,u) is a unital Morita context and 7 and p are
surjective. For all X € Mod-F'S, we have Homg(S5, X) ®s S = X. Since S is a
semirng with slu, we have S ®g S = 5. So we get X ®g S = X. Then

(X@sV)RrU=ZX®s(VOrU) =X ®sS = X.

Similarly, for all Y € Mod-F R, we have (Y @rU) @r V =Y.

Then — ®zr V : Mod-FR = Mod-FS : — ®g U are equivalent functors.

(2) = (1) : Forall F gp,,- -, Fu,ab, € F, by condition (III), there exist finite
elements u; € U,v; € V such that (> (u; ®v;) ®ax) = ag, V(0> (v; @u;)) = b

7

and Y P> (w ® v;) @ u;) @ v; = Y (u; ® v;). Hence,

K3 K3

FZ(W@W)F%@M - F':D(Z(ui@'ui)@ak)@bl - Fak®bl;
Fak®bl FZ(W@W) = FZ D(ar@bQu;)Qu; — Fak®q/(bl®2(ui®’vi)) = Fak®bl;

Fy (oo) Fy wev) = Y oS wov)ouw)en = FY @wev)-

This shows that F is a semiring with slu. Similarly, we have that G is a semiring
with slu.

Since ® and W are surjective, we obviously have that U and V are unital as
bisemimodules and « and [ are surjective. Hence, (F,G,U,V,a,3) is a unital
Morita context. .

5. Applications to semirings with identity

Let R be a semiring with 1. For all M € Mod-R, we have Homg(R, M) ®p R =
Hompg(R, M) = M. Hence, Mod-FR = Mod-R. By Theorem 3, we have the
following statement.
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Theorem 6. Let R and S be two semirings with identity and G : Mod-R =
Mod-S : H are equivalent functors. Let U = H(S) and V = G(R). Then we have

the following:
(1) G = Homg(U,—), H = Homg(V,—);
(2) U =2 Homg(V,S),V = Homg(U, R) as bisemimodules.

Proof. (1) Since R is a semiring with identity and U is a unital semimodule, we
have Hompg (U, N) is also a unital semimodule, for all N € Mod-S. This implies
that

G = Hompg(U, —)®¢S = Hompg(U, —).
Similarly, we have H = Homg(V, —).

(2) is obvious. n

Using Theorem 5, we can get the following theorem.

Theorem 7. Let U and V be two commutative semigroups. Then the following
two conditions are equivalent:

(1) There exist two semirings with identity R and S such that (R,S,U,V, T, )
be a unital Morita context and T and p are surjective. In this case, —QrV :
Mod-R = Mod-S : — ®g U are equivalent functors.

(2) There exist surjective semigroup morphisms ® : U @z V @, U — U and
UV:VR,U®zV — V satisfy the two conditions in part (2) of Theorem 4
and

(III)" There exist finite elements u; € U,v; € V' such that
P (u@v) @) =z and Y(y® Y (v; ®u;)) =y, forallz € U,y € V.

(IV)" There exist finite elements u, € U,v; € V such that
V(Y (v;@u)®@y) =y and ®(z @Y (u;®v;)) =, for allx € U,y € V.

Proof. (1) = (2) : Suppose 1z = 7(>_ u;®v;). Analogous to the proof of Theorem
5, we can get that condition (III) is valid. Suppose 1g = 7(3_v; ® u;). We can
prove that condition (IV) is valid.
(2) = (1) : For all F,, € F, we have
FZ(w@vi)Fu@v - Fu®'uFZ(ui®vi) = Fu@v-

This proves that F5- (@0, is the identity of F. Similarly, we can prove that G has

identity. Using Theorem 5, we can prove the statement. .

The following theorem generalizes the corresponding result in semigroup theory
to semiring theory.
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Theorem 8. Let R and S be two semirings with identity and the two semirings
are equivalent as Theorem 6. We identify V' with U* = Homg(U, R) and S with
Endg(U). Define T : U*®@grU — R given by T(p®u) = (p,u) and p : U @ U* — S
given by u(u®p) = [u, @], where [u, plu’ = u(p,u’). Then (R, S,U,V, T, 1) defines
a Morita context.

Proof. We can easily check that 7 and p are both bisemimodule homomorphisms.
For all ¢ € U*,u,u’ € U, then

(Wlu, gl ') = (W, [u,elu’) = (b, ulp,u’))
= (W,u) {p,u) = ((,u)p,u’).

This proves that 1[u, ¢| = (1, u) . Hence, (R, S,U,V, T, 1) is a Morita context. m
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