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1. Introduction, definitions and notations

Let f (s) be an entire function of the complex variable s = o +it (0 and ¢ are real
variables) defined by everywhere absolutely convergent vector valued Dirichlet
series

(1) fls) =) ane™
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where a,’s belong to a Banach space (E, ||.||) and A,’s are non-negative real num-
bers such that 0 < A, < A1 (n>1),\, — 00 as n — oo and satisfy the

conditions
logn

lim sup =D <

and
lim Sup—log lan = —
n—oo )\TL
If 0, and o, are denoted respectively the abscissa of convergence and absolute
convergence of (1), then in this case clearly o, = 0. = 0.
The function M (o, f) known as maximum modulus function corresponding
to an entire function f (s) defined by (1), is written as follows

Mof)= Lup |flo+i)].
Then, the Ritt order [1] of f (s), denoted by py is given by

pr = inf{u>0:logM (o, f) <exp(ou) forall o > R(u)}
log™ M (0, f)

= limsup

g—00

where

loglz = log <log[k*1] x) for k=1,2,3,---;

[0]

log"x = x.

Similarly, one can define the Ritt lower order of f (s), denoted by A; in the
following manner:
log!? M
A = liminf 8 M@

o—00 o
During the past decades, several authors (see for example [1],[2],[3],[4],[6])
made close investications on the properties of entire Dirichlet series related to
Ritt order. Further, B.L. Srivastava [5] defined different growth parameters such
as order and lower order of entire functions represented by vector valued Dirichlet
series. He also obtained the results for coefficient characterization of order. Now in

the line of Sato [7], it therefore seems reasonable to define suitably the generalized

Ritt order denoted as pgf] of entire function represented by a vector valued Dirichlet

series which is as follows:
log! M
A = lim sup e M. f)
where [ is any positive integer.
Likewise, one can define the generalized Ritt lower order of f (s), denoted by

/\Ef] for any integer [ > 1 in the following manner:
log!! M
A = i inf?8 M @S

T—00 o
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In this paper we study some growth properties of of two entire functions
represented by vector valued Dirichlet series on the basis of generalized Ritt order
and generalized Ritt lower order.

2. Theorems
In this section, we present the main results of the paper.

Theorem 1[ ]]f f, g be any two entire vector valued Dirichlet series such that

0< )\Efm] < pft <ooand0 < )\[gn] < pg"] < 00 where m and n are any two positive

integers, then

% < liminf o8 o (0, f) < {n} < limsup o8 o (0, f) < %
Py o—co log™ M (o, g) g o—oo  log™ M (o, g) g

Proof. From the definitions of pL”} and )\[m], we have for arbitrary positive £ and
for all sufficiently large values of o that

1) log™ M (0, f) > (A~ <) 0
and
(2) log" M (0,9) < (pI" +¢) o .

Now from (1) and (2) it follows for all sufficiently large values of o that

[m]
log"™ M (0. f) _ (<)o
1%MMwyy/@y+ga

As € (> 0) is arbitrary, we obtain that

(3) lim inf—2 (0, /) >
o= logl"l M (0,9) ~ plf’

Again for a sequence of values of ¢ tending to infinity,
(4) logl™ M (o, f) < (AEZ"] + g) o
and for all sufficiently large values of o,

(5) log™ M (0,9) = ()\L”] — 5) 0.

Combining (4) and (5) we get for a sequence of values of o tending to infinity that

[m]
log™ M (0, f) _ (1 +<)o
log"l M (0, 9) (AL”] —6)0 '
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Since € (> 0) is arbitrary it follows that

log" M (0, ) _ A}"

6 lim inf < )

o= logl"l M (0, g)

Also for a sequence of values of ¢ tending to infinity that
(7) log™ M (0, g) < ()\L”] +e)o.

Now from (1) and (7) we obtain for a sequence of values of o tending to infinity
that
(m] A _ 2o
log™ M (o, f) o\
log"l M (0,9) ~ (Agﬂ n 5) o

As e (> 0) is arbitrary, we get from above that

log™ M (0, f) /\an]

8 lim su

(®) Uﬂoop log™ M (0,9) ~ )\Ln]
Also for all sufficiently large values of o,

9) log™ M (0 f) < () +) o

Now, it follows from (5) and (9), for all sufficiently large values of o that

[m]
log™ M (0. f) _ (o +€)
log!"l M (0, 9) (Ag”] —6)0

Since € (> 0) is arbitrary, we obtain that

[m]

log™ M
(10) lim sup 08 (0.]) < r
o—co log[”] M (o,9) )\[g”]

Thus the theorem follows from (3), (6), (8) and (10). n

Theorem 2 If f, g be any two entire vector valued Dirichlet series such that
0 < pgfm] < o0 and 0 < pL”] < oo where m and n are any two positive integers,
then
log™ A1 "
lim inf—2 (0, f) < Preg < U )
o= log" M (a,9) = py = o—ce log"l M (,g)

Proof. From the definition of pgn], we get for a sequence of values of o tending to

infinity that

(11) log M (0,9) > (") —¢) & .
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Now from (9) and (11), it follows for a sequence of values of ¢ tending to infinity
that

[m]
0™ M (0.f) _ (1" +2)
log"l M (0, 9) <p[gn] — 5) o

As e (> 0) is arbitrary, we obtain that

[m]

log™ M
(12) liminf 08 M0 S) Py
o= log" M (0,9) ~ pj’

Again for a sequence of values of o tending to infinity,

(13) log™ M (o, f) > (pEZ"] - 5) o .

So combining (2) and (13), we get for a sequence of values of ¢ tending to infinity
that

]
log™ M (0, f) _ (o <)
logi"l M (0, g) (p[gn} + 5) o

Since € (> 0) is arbitrary, it follows that

[m]

log™ M
(14) lim sup °8 (0, /) > 7

o—oco log™ M (o, g) pgn] '

Thus the theorem follows from (12) and (14). .
The following theorem is a natural consequence of Theorem 1 and Theorem 2.

Theorem 3 ]}f f, g be any two entire vector valued Dirichlet series such that
0< )\B:n] < chm < oo and 0 < )\E,n] < pg"] < oo where m and n are any two positive

integers, then

[m] A\ iml
' log[n]Mw’f) < min J[[nwp]{c_m
o= log"™ M (o, g) A" Py

VAN

5

>
—N—
> | >
- -
5|TE
——

The proof is omitted.
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