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Abstract. In this paper, we establish the existence of at least three solutions to a
Dirichlet boundary problem involving the (p1, ..., p,)-Kirchhoff type systems. Our tech-
nical approach is mainly based on the general three critical points theorem obtained by
Ricceri.
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1. Introduction and main results

In the present paper, we deal with the existence of at least three solutions for
nonlinear elliptic equations of (py, ..., p,)-Kirchhoff type under Dirichlet boundary
conditions:
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( r 'pl—l
— | M, (/ |Vu1|p1> Ap i1 =AFy (,uq, ey Un) Gy (T, U1, ooy Uy,
L Q i

in €,
—| M, (/ \Vu2]p2>
L Q J

(1.1) in Q,

p2—1

Apus=AFy, (2, Uy, ooy )+ Gy (T, U1, .oy Uy,

pn—1
— [Mn </ |Vun|p")} Ay U=y, (T, U1, ..., Up) Gy, (T, U1, . Uy,
Q
in €2,
u; =0 forl1l<e<n, on 051,

\

where Q C RM(N > 1) is a non-empty bounded open set with a sufficient
smooth boundary 92, A\, € [0,+00), p; > N, A, is the p-Laplacian operator
Ayu = div (|Vu|7”_2 Vu). F,G : Qx R" — R are functions such that F'(-, 1, ..., t,),
G(-,t1,...,t,) are measurable in Q for all (¢, ...,t,) € R" and F(z,-), G(x,-) are
continuously differentiable in R" for a.e. = € (). F,, is the partial derivative of
F with respect to u;, 1 < i < n, so does G,,. M; : R" — R, i =1,2,...,n are
continuous functions, which satisfy the bounded conditions as follows.

(M) There are two positive constants mg, m; such that

(12) mo S Mz(t) S my, Vit 2 0, 1= 1,2, o, n.

In what follows, |2 denotes the Lebesgue measure of €, X denotes the
Cartesian product of Sobolev spaces Wy (Q), ..., Wy (2) and W, *"(Q), i.e.,
X =Wy (Q) x - x WyP*(Q). The space X is endowed with the norm

n 1/pi
ool = Sl = ([ 19u) " 1<i<a
i=1 Q

Let

pi}

(1.3) C' = max sup
w €Wy P\ {0}

Since p; > N, Wol’pi(Q) — C%), 1 <i < n, are compact, and one has C' < +oc.
As usual, a weak solution of system (1.1) is any (uy, ..., u,) € X such that

n pi—l
S| ([rvar)| [ wurtvuve
Q Q

(1.4) =t -, n
—Z)\/ Fu, (x,u1, ..., up) &dr — Z)\/ Gu, (T, U, ..y uy) &de =0
i=1 9 i=1 7O

for all (&1, ...,&,) € X.
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The system (1.1) is related to the stationary version of a model, the so-
called Kirchhoff equation which was introduced by [1]. More precisely, Kirchhoff
proposed the following mathematical model.

2
0?u
dr | =— =0,
z) O0x?

9%u P, E [Y|ou
"o\ tar ), |ox
which generalizes the D’Alembert’s wave equation involving free vibrations of
elastic strings, where p is the mass density, Fy is the initial tension, h is the area
of the cross-section, F is the Young modulus of the material, and L is the length
of the string.
Later, (1.5) was developed to the following result

(1.6) wy — M </Q |Vu|2) Au= f(z,u) in O,

where M : RT™ — R is a given function. After that, some authors studied the
following problem

(1.7) —-M (/Q ]Vu|2> Au = f(z,u)in Q, u =0 on 0,

(1.5)

which is the stationary counterpart of (1.6). By using variational methods and
other techniques, many results of (1.7) were obtained, please refer to [2]-[12] and
the references therein. In particular, Alves et al. [2, Theorem 4] assumed that M
satisfies bounded condition (M) and f(z,t) satisfies the following condition.

0 < vF(z,t) < f(z,t)t, for all |t| > R,z € Q for some v > 2 and R >0, (AR)

where F(x,t) = f[f f(z,s)ds. One positive solutions for (1.7) was obtained.

In [13], applying Ekeland’s Variational Principle, the authors established the
existence of a weak solution for boundary problem involving the nonlocal elliptic
system of p-Kirchhoff type

[ [Ml (/Q|Vu|p)]p1Apu:f(u,v)+p1(x), in 0,

(1.8) _ [Mg (/Q \vvyf’)r_l Ao = g(u,v) + o), in O,

0 0
22, on 99,
. Jdn On
where 7 is the unit exterior vector on 92, and M;, p;(i = 1,2), f, g satisfy suitable
assumptions.
In [14], when g = 0,7 =2 in (1.1), Cheng et al. studied the existence of two

solutions and three solutions of the following nonlocal elliptic system

( p—1
— {M1 (/ |Vu]p)] Apu = NF,(z,u,v), inQ,
0

qg—1
(1.9) |:M2 (/ |Vv|q>} A = AF,(z,u,v), in{,
Q
= 0 on Of).

L U v =
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In [15], when n = 2in (1.1), Chen et al. proved the existence of three solutions
of the following problem

( p—1
— {Ml (/ |Vu|p)} Apu = AFy(z,u,v) + pGy(z,u,v), in Q,
Q

(1.10) -1 ,
— | M, / |Vol? A = NF,(z,u,v) + pGy(z,u,v),  in Q,
%

(u=v=0, on Of).

In this paper, our objective is to prove the existence of three solutions of
problem (1.1) by applying three critical points theorem introduced by Ricceri
[16]. Our result, under some suitable conditions, ensures the existence of an open
interval A C [0,+00) and a positive real number p such that, for each A € A,
problem (1.1) admits at least three weak solutions whose norms in X are less
than p. The purpose of the present paper is to generalize the main result of [15]
to the general case.

Now, for every zy € 2 and choosing Ry, Ry with Ry > R; > 0, such that
B(zo, Ry) C Q, where B(z,R) = {y € R : |y — z| < R}, let

C’l/pi(RéV _ R{V)l/m aN/2 1/pi
I'(14+ N/2) ’

1 <4< n,

i iNa i?R7R =
iy N, i, Fa, Bo) R, — Ry

where I' is the Gamma function. Moreover, assume that a, ¢ are positive constants,
define

N

1/2
yz) = ——— | Ry— {Z(gﬁ —x3)2} , Va € B(xo, R2)\Bl(zo, Ry),

Ry — Ry —
Ale) = {(tl,...,tn) € R": Z|tipi < c}’
i=1

mpi_l mpi—l
Mt = max{ L i=1,..ny, M_=min 0 i=1,..n}.
Di Di

Our main result is the following theorem.

Theorem 1.1 Let Ry>R,>0, such that B(xg, Ry) C §2. Assume that there ezist

n—+2 positive constants a, b, v; for 1 < i < n, withy; < p;, > (ac;)P > bM™ /M _,
i=1

and a function a(x) € L*(Q2) such that

(j1) F(x,ty,...,t,)>0, for a.e. x€Q\B(zo, Ry) and all (ty,...,t,)€[0,a] x---x [0, a];

(acy)Pi |Q| sup F(z,ty,..,ty) <b [ F(z,a,.. a)d;
1 (@1t ) EQLXA(DM+ /M_) B(x0,R1)

(72)

n
1=
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(j3) F(x,t1,....,t,) < a(x) (1 + > |ti|%> for a.e. x € Q and all (ti,...,t,) € R";
i=1

(j4) F(x,0,...,0) =0, for a.e. x € Q.

Then there exist an open interval A C [0,00) and a positive real number p with
the following property:

for each A € A and for Carathéodory functions G, : Q x R" — R satisfying

(G5  sup (i ]Gui(-,s,t)]> € LY(Q) for all € > 0,

{lti|<€,1<i<n} \i=1

there exists 0 > 0 such that, for each p € [0,0], problem (1.1) has at least three
weak solutions w; = (U1, ..., un) € X (i =1,2,3) whose norms ||w;|| are less
than p.

2. Proof of the main result

Our analysis is based on the following modified form of Ricceri’s three critical
points theorem (Theorem 1 in [16]) and Proposition 3.1 of [17], which is our
mainly tool in proving our main result.

Theorem 2.1 ([16], Theorem 1) Let X be a reflexive real Banach space and ® :
X — R be a continuously Gateauz differentiable and sequentially weakly lower
semicontinuous functional whose Gateauz derivative admits a continuous inverse
on X* and ® is bounded on each bounded subset of X; U : X +— R is a continuously
Gateaux differentiable functional whose Gateaux derivative is compact; I C R an
interval. Suppose that

lim (®(x) + AV¥(x)) = +o0

[lzfl—+o0
for all X € I, and that there exists h € R such that

(2.1) sup inf (®(z) + A(¥(z) + h)) < inf sup(P(z) + ANV (z) + h)).

Ael TEX z€X N\eJ

Then, there exists an open interval A C I and a positive real number p with the
following property: for every A\ € A and every C' functional J : X — R with
compact derivative, there exists 6 > 0 such that, for each p € [0, 4] the equation

' () + AV (z) + pJ () =0

has at least three solutions in X whose norms are less than p.
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Proposition 2.1 ([17], Proposition 3.1) Suppose that X is a non-empty set and
®, U are two real functions on X. Assume that there exist r > 0 and xg,x; € X

such that

O(zg) = —W(xg) =0, P(z1) > 1, sup —V(z)<r

z€P~1([—o0,r]) CI)(I‘l) .

Then, for each h satisfying

sup —U(z) < h <r—
€D~ ([—o00,r]) P(z1)

one has

sup inf (®(z) + A(¥(z) 4+ h)) < inf sup(P(x) + A(¥(z) + h)).

A>0 zeX zeX A>0

Before giving the proof of Theorem 1.1, we define a functional and give a

lemma.
The functional H : X — R is defined by

H(ul, ey Up) 1y ooy Up) + AT (U1, ooy Up) + ptb(ug, .oy uy,)

(2.2) ( / ;m

for all (uy, ..., u,) € X, and where

¢
(2.3) M;(t) = / [Mi(s)]""ds, 1<i<mn, forallt>0.
0

) / (az,ul,...,un)das—,u/G(x,ul,...,un)d;r
Q

By the conditions (M) and (j3), it is easy to see that H € C'(X, R) and a critical

point of H corresponds to a weak solution of the system (1.1).

Lemma 2.2 Suppose that there exist two positive constants a,
> (ac;)P > bM™/M_, such that

i=1

(j1) F(z,t1,...,t,)>0, for a.e. €Q\B(xo, R1) and all (t1,...,t,)€ [0, a] x
(.]2) Z (aai)pi Q| sup F([E, tla 7tn) <b f F(ZE’, a,
i=1 (Zyt1,estn ) EQXADM T /M_) B(zo,R1)

Then there exist r > 0 and wy € Wy " (Q), 1 <i < n, such that
P (ulo, e uno) >r

and

’Q’ sup F($7t17"'?tn> <

bM™* fQ F(l’,ulo, ...,uno)dl’

(@1t ) EQX AGMF /M) C (10, ..., Uno)

b with

x [0, al;

,a)dz.
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Proof. Let
( 0, S Q\B(.TO,RQ),
N 1/2
wo(zr) = R— Ry — {Z r' — } , = € B(xg, Ry)\B(zo, R1),
2 =1
L a, WS B(ZEo,Rl).
and uyp(z) = -+ = upo(x) = wo(x). It is obvious to verify (ujq, ..., un) € X, and

in particular, we have

(2.4)

= (Ry — RY) ™ L
? YTA+N/2)\Ro— Ry ) ==

Hence, it follows from (1.11) and (2.4) that

(2.5) | b= 1<i<n.

pi __
pz - ||w0 Pi C )T —

Under condition (M), by a direct computation, one has

(2.6) M_ (Z e g;) <D (uy,. .. uy) < MF (Z [k
i=1 i=1

Di
pi |

+
Put r = ——, and using the assumption of Lemma 2.2

Z (ac;)P* > bM™ /M _,

i=1

it follows from (2.5)and (2.6) that

@(Ulo,...,uno = <Z|

Mo  M_bM*
)= -

Since, 0 < up < a, 1 <i < n, for each z € Q, condition (j1) ensures that

/ F(z,u10, ..., Uno)dx + / F(z,u10, ..., Upo)dx > 0.
Q\B(zo,R2) B(zo,R2)\B(zo,R1)

Hence, from condition (j2), we get



496 M.-L. FANG, S. YUE, C. LI, H.-X. WANG

Y] sup F(z,ty,...,t,) < n—/ F(z,a,...,a)dx
(z,t1,..., tn)EQXAMDM* /M_) Z (aal)p B(zo,R1)
_ M+ fB(xo,Rl) F(z,a,...,a)dx
C MY (aan)/C

i=1
M+ fQ\B(mRI) F(z,u10,y ..y Uno)dx + fB(le) F(z,u, ..., uno)dx

- C n )
M+ (Z [[wio i)
i=1

< bM+ fQ F(l‘,ulo, ...,uno)dx‘
o O \Ij(ulo, ...,Uno)

Next, we can give the proof of our main result.

Proof of Theorem 1.1. For each (uq,...,u,) € X, 1 <i <n, assume that

° M| usll3)
P(uq,...,u,) = — P
) = 3
U(uy, ..., up) = —/F(x,ul,...,un)dx,
Q
J(u,v) = —/G(:L‘,ul,...,un)dq;.
Q

based on conditions of Theorem 1.1, it is easy to know that ® is a continuously
Gateaux differentiable and sequentially weakly lower semicontinuous functional.
Additionally from Lemma 2.2 the Gateaux derivative of ® has a continuous inverse
on X*. ¥ and J are continuously Gateaux differential functionals whose Gateaux
derivatives are compact. Obviously, ® is bounded on each bounded subset of X.
In particular, for each (uy,...,u,), (&1, ...,&) € X, we have

(@ (uny oy, (€1, s &)Y = i {Mi (/Q]Vui pf)}m_I/vaui

i=1

P2 Yy, VE;

n

<\Ijl(u1a---;un)7(€17“'75n)> = _Z/Fui(x7u17'“aun>£idxa
i=1¢

<J/(u1,...,un),(51,...,£n)> = —Z/Gui(x,ul,...,un)fidx.

i=1 0

Hence, it follows from (1.4) that the weak solutions of problem (1.1) are exactly
the solutions of the following equation

D (g, ooy ) + A (U, oy ) + pd (o tty) =0



EXISTENCE OF THREE SOLUTIONS FOR NONLOCAL ELLIPTIC SYSTEM ...

Thanks to (j3), for each A > 0, one has

(2.7) lim  (AP(uq, ..., up) + pV(uy,...,u,)) = 400,

(| (u,0)[| =00

and so the first condition of Theorem 2.1 holds.
By Lemma 2.2, there exists (u1q, ..., uno) € X such that

" Mi([|wiol [5)

<I>(u10, ceey UnO) = Z

i1 Di

( n
=1

M_bM™*  bM™*
> T 8 >0 (0, ...,0)

—~
N
oo

~—

v

zz) Sy

=1

and

bMJerF(I',UlO,...,

497

(2.9) (9] sup F(x,t1, ... ty) <

(@41, ) EQX A(BMF /M) C P (u10, . . -, Uno)

From (1.3), we have

pi

rggg{!ui( z)

for each (uy,...,u,) € X. One has

|uz .
2.10 E 1 <1 < <C E 1 <i<n
( ) ngg{ 1<np < 2 pz

for each (uy,...,u,) € X.

+
Suppose that r = o for each (uq,...,u,) € X such that
" M| usl5:)
D(uy,...,up) = — P <
(s ey ) Zl o

Thanks to (2.10), we get

- P Cr  C bM*™  bM*
(2.11) ;mi( < cz lwilly <3 =37 6 =
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Then, from (2.9) and (2.11), we obtain

IN

sup / F(z,uq,...,u,)dx
Q

< / sup F(z,t,... t,)dx
Q (b1, tn)EA(M+ /M)
< 19| sup F(x,ty,... t,)

(Lyt1,0stn ) EQX A(BM+ /M)
bM* [ F(x, ut, - - -, Uno)dz
- C CD(uw, e ,uno)

_ —W(uig, ..., Uno)
(I)<U107 ‘e 7un0) .
Consequently we have
_\I’(Ulo, [ JU’HO)
(2.12) sup (=0 (up,...,uy)) <7 .
{1, )[R0 tm) <} D (w10, -+ -5 Uno)
Fix h such that
W (u .
Sup (=U(uy,...,u,)) <h<r (u10,...,u 0)7
(e un)| @, oosun) <r} D (ug, - - -5 Uno)

by (2.8), (2.12) and Proposition 2.1, with (ui1,...,v,1) = (0,...,0) and

(uf,...,ur) = (ug0, - - -, Uno), we have

(2.13) sup inf (@ () + A (h+ ¥ (2))) < inf sup (P (z) + A (h+ VU (2))),

A>0 zeX zeX A>0

and so the condition (2.1) of Theorem 2.1 holds.
Now, all the conditions of Theorem 2.1 hold. Hence, applying Theorem 2.1,
our conclusion is obtained.
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