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1. Introduction

(Congruence-)simple semirings are studied, e.g., in [1], [2], [4], [5], [6], [7] and
some of them are constructed as endomorphism semirings of commutative semi-
groups. That is, these semirings are characterized via semimodules. If S is a
semiring and M a left semimodule then the mapping a — A,, Ao(x) = ax, a € S,
x € M, is a (semiring) homomorphism of the semiring S into the full endomor-
phism semiring of the additive semigroup M (+). This “canonical” homomorphism
is injective if and only if the semimodule ¢M is faithful. Of course, if the semiring
S is simple then the homomorphism is either constant or injective. Now, in order
to get various more or less regular representations of (simple) semirings via endo-
morphisms, we have to find “nice” left semimodules (once we compose mappings
from the right to the left). Unfortunately, it may happen that left semimodules
of such kind are not easily available but, contrarywise, useful right semimodules
are at hand. Therefore, we have to find a passage from the right side to the left
side.
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1. Preliminaries

A semiring is an algebraic structure possessing two associative binary operations
(most frequently denoted as addition and multiplication) where the addition is
commutative and the multiplication distributes over the addition from either side.
Basic specimens are endomorphism semirings of commutative semigroups and
basic pieces of information on semirings are available from [3].

A subset I of a semiring S is a left (right) ideal if STU (I +1) C I
(ISUI +1) CI). Weput R(S) ={a € S|Sa = {a}}. If R(S) # 0 then
R(S) is additively idempotent and it is the smallest (right) ideal of S. If, more-
over, the right S-semimodule R(S) is faithful then the semiring S is additively
idempotent.

A semiring S is said to be (congruence-))simple if it has just two congruence
relations. If S is simple and |R(S)| > 2 then R(S)g is faithful (see 7.1) and S is
additively idempotent.

In the sequel, all semirings and all semimodules are assumed to be additively
idempotent. If M(+) is a semilattice then the basic order is defined on M by
x <y if and only if x +y = y. An element w € M is the greatest element in the
ordered set M (<) iff x +w = w for every x € M. That is, w = oy is the (only)
additively absorbing element. The existence of such an element will be denoted by
oy € M. On the other hand, oy ¢ M means that M has no absorbing element.
Symmetrically, w is the smallest element iff w = 0, is additively neutral. Again,
Ops € M menas that such an element is present and 0y, ¢ M means that not.

2. From the right to the left (a)

Let S be a non-trivial semiring and M (= Mg(+,-)) a non-trivial right S-semi-
module. For z,y € M, let P,, ={z¢€ M|z <xz,z <y} If this set is non-empty
then it is a subsemilattice of M(+). Anyway, we put Wy, = {(z,y) |z,y € M,
P., #0} and Wy = {(z,y) € Wi|op € P = P,,}. Clearly, the ordered set
M (<) is a lattice iff Wy = M x M.
Now, we define a (possibly partial) binary operation * on M by z *xy = op,
P = P,,, for every pair (z,y) € W5. Some easy observations follow:
2.1 Lemma.
(i) (z,x) € Wy and x x x = x for every x € M.
(i) z*y=yx*x for every (x,y) € Ws.
(ili) (z,y) e Wo and xxy =z iff v < y.
(iv) (z,x+y) € Wa and x % (x +y) = x for all z,y € M.
)
)

\4

~—~

If (z,y) € Wy then x + (z x y) = .
If (x,y) € Wy, (y,2) € Wy and (z xy,z) € Wy then (z,y x z) € Wy and

rx(yxz)=(rxy)*z.

(vi

(vii) If opr € M then (x,0p) € Wy and @ % oy = x for every x € M.

(viii) If Opy € M then Wy = M x M, (x,0p) € Wy and x x 0y = 0y for every
re M.
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Forae Sand z € M, let Q.,={y € M |ya <z }. If this set is non-empty
then it is a subsemilattice of M(+). Anyway, we put W5 = {(z,a)| Q.o # 0}
and Wy = {(z,a) € Ws|og € Q = Qua }-

Now, we define a (possibly partial) left S-scalar multiplication on M by
aox = 0q, Q@ = Qua, (x,a) € Wy. The following observations are quite easy
to check:

2.2 Lemma.
(i) (za,a) € W3 for alla € S and x € M.
(ii) If (za,a) € Wy then v < ao(xa) and za = (a o za)a.
(iii) If opr € M then (opr,a) € Wy for every a € S and a o oy = oy
(iv) If opr € M then (opa,a) € Wy for every a € S and a o (opra) = oy

2.3 Lemma. Leta € S and xz,y € M.
(1) ]f (:Ea y) € W2 then Q:c*y,a = Q:c,a N Qy,a-
(i) If (z,y) € Wy and (z *xy,a) € W3 then Quq N Qya # 0.
(iil) If (z,a),(y,a) € Wy and (aox,aoy) € Wy then Qua N Qya # 0.
(V) If Qua N Qya # 0 then (x,y) € Wy and (x,a), (y,a) € Wi.
V) If QuaNQya # 0 and (z,y) € Wy then (z *xy,a) € Ws.
) I (2,5) € Wa and (z,a), (4,0), (z * y,a) € Wy then (a0, a0y) € Wy and
ao(rxy)=(aox)x*(acy).

—

—~

(vi

2.4 Lemma. Leta,b€ S andx € M.
(1) Quatb = Qua N Qup-
(i) If (z,a),(x,b) € Wy and (a0 x,box) € Wy then Quap # 0.
(iii) If Quatp # O then (x,a), (x,b) € Ws.
(iv) If (z,a),(x,b), (x,a +b) € Wy then (aox,box) € Wy and (a+ b)ox =
(aox)*(box).

2.5 Lemma. Leta,be S andx € M.

2.6 Remark. Assume that W3 = W, and the (partial) operation o can be
completed to a full one (denoted again by o) in such a way that ao(box) = (ab)ox
for all a,b € S and x € M. Furthermore, assume that for every x € M there is
a; € S with Ma, = {z}.
(i) We have a, ox = oy € M for every x € M. Moreover, if the right semi-
module Mg is faithful then a, € R(S).
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(ii) Assume that the semiring S is simple. If Mg is not faithful then za = b
for all a,b € S and x € M, and hence ra = za, = v and Ma, = M, a
contradiction. Consequently, Mg is faithful.

(iii) Assume that a, € R(S) for every x € M (see (i) and (ii)). Then bo oy =
bo(a,ox) = (bay)ox =a,ox =oy forevery be S. If a € R(S), vz € M
and y = aox then o)y = ay0y = ay(aox) = (aya) ox = aox. Thus
R(S) o M = {oum}.

(iv) Assume, finally, that the semiring S is simple and there is a binary operation
B defined on M such that M(H, o) is a left S-semimodule. Combining (i),
(ii) and (iii), we see that R(S)oM = {o}, and hence the left S-semimodule
sM = M(H, o) is not faithful. Since S is simple, it follows that aox = box for
alla,b € S and x € M. In particular, aox = a,ox = oy, SoM = {0y} and
ao(xa) = op. The latter equality implies za = opra. Thus xa = opyra = zba
for all a,b € and x € M. Since My is faithful, a = ba and, S being simple,
S| = 2.

2.7 Remark. Assume that W; = Wy #£ M x M, choose a € M and put
xxy =« for all (z,y) € (M x M)\ W;. Now, the binary operation * is defined
on M and it is idempotent and commutative. If u < « and (z,«) ¢ W; then
(zxa)*xu=a*u=u#a=z*xu=ax*(axu). If (z,y) ¢ W; then either o« £ x
ora sty Ifadrand (z,a) € Wy then (y*x)*x = a*xx # o = y*xx = y*(r*x).
Now, it is easy to see that M (x) is a semilattice if and only if «v is a minimal element
of the ordered set M(<). Anyway, if « is minimal then a £ v for at least one
v € M (otherwise « =0y € M and Wy = M x M) and (v* ) +v=a+v #v.
It means that M (4, %) is not a lattice.

2.8 Remark. If 0y € M then Wy =M x M and W5 = { (z,a) |0pa < x }.

3. From the right to the left (b)

The foregoing section is immediately continued. Here, we assume that W; = W,
and W3 = W,. Choose and fix an element w such that w ¢ S U M, put M+ =
MU{w} and extend the (partial) operations * and o defined on M in the following
way: THxu = z2*xw =w*z=wx*w = w forall x,y,z € M, (z,y) ¢ Wi, and
aou =bow = w for all a,b € S, u € M, (u,a) ¢ W;3. Furthermore, put
r+w=w+ax=uxforeveryr € M, w+w=w and wa = w for every a € S.

3.1 Proposition. The algebraic structure M™(+, %) is a lattice.

Proof. First, it follows from 2.1(i),(ii) that the binary structure M™(x) is both
idempotent and commutative. If o, 8,7 € M and w € {«, 3,7} then (ax[)*~y =
w = ax (B *7v) (use 2.1(vi) and the equality W; = W;). We have proved that
M™(x) is a semilattice. Using 2.1(iv),(v), we see that M™(+, %) is a lattice. .

3.2 Theorem. The algebraic structure sM™ = M™(x,0) is a left S-semimodule.

Proof. As we already know, M™(x) is a semilattice (see 3.1). It remains to show
that ao(axf) = (aoa)*(aof), (a+b)oa = (aca)*(bow) and ao(boa) = (ab)o«
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for all a,b € S and o, € MT. The case « = w (or § = w) is clear and we can
assume a = x, f =y, x,y € M. Now, we distinguish the following cases:

(i) Let (z,y) € Wi and (z xy,a) € Ws. By 2.3(i),(ii), we have Quuyo =
QraNQya # 0 and, by 2.3(iv) we have (z,a), (y,a) € Ws. Now, (aox,acy) € Wi
and ao (x*y) = (aox)* (aoy) by 2.3(vi).

(ii) Let (z,y) € Wy and (xxy,a) ¢ Ws. By 2.3(v), QzaN@Qya = 0, and hence
(aox,aoy) ¢ W follows from 2.3(ii). Thus ao (z*y) =w = (aox)* (aoy).

(iii) Let (z,y) ¢ Wi. Then ao (x xy) = aow = w. On the other hand,
Qua N Qya = 0 by 2.3(iv), and hence, due to 2.3(iii), (a o z,aoy) ¢ W;. Then
(aox)*(aoy) =w.

(iv) Let (z,a +0b) € W3 and (z,a),(x,b) € W3. By 24(iv), (a +b)ox =
(aox)x(box).

(v) Let (z,a+b) € W3 and (x,a) ¢ W5. Then Q,, = 0, and hence Q. ayp =
QuaN Qra =0, a contradiction.

(vi) Let (z,a +b) ¢ W3. Then (a+b) ox = w. We have Q. .4p = 0, and
therefore (a o x,box) ¢ W, follows from 2.4(ii). Thus (aox) * (box) = w.

(vii) Let (z,b) € W5 and (box,a) € W3. Then ao(box) = (ab) ox by 2.5(ii).

(viii) Let (z,b) € W3 and (boz,a) ¢ W5. Then ao (box) =w, (x,ab) ¢ Ws
by 2.5(i) and (ab) o x = w.

(ix) Let (z,b) ¢ W3. Then ao (box) =w = (ab) oz by 2.5(v). .
3.3 Proposition. The algebraic structure Mg = Mt (+, ) is a right S-semimodule.
Proof. It is easy. n
3.4 Remark. Clearly, (aox)b < ao (zb) for all a,b € S and x € M ™.

3.5 Lemma.
(i) Sow={w}.
(ii) If opr € M then S ooy = {on}-

(iii) If Opr € M then So0pn = {0ar} iff 00rS = {Onr} and za # 0y for alla € S
and x € M\ {0p}.

(iv) Ifv € M then Sox = {z} iff S <z and ya £ x for alla € S, y € M,
y £
3.6 Lemma. The following conditions are equivalent for a,b € S:
(i) aox=box for every x € M.
(ii) xa = xb for every x € M.

3.7 Corollary. The left semimodule sM™ is faithful if and only if the right
semimodule Mg is so.

3.8 Lemma. Leta € S andw € M be such that Ma < w. Then aow = oy € M.

3.9 Proposition. Assume that for every x € M there is a, € S with Ma, = {z}.
Then:
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(i)
(ii) ay0z=w for every z € M+, x £ z (or x x z # x).
) apx MT = {oy,w}.

(iv) The semimodule sM™ is simple.

azoy=opy €M foreveryy e M, x <y (orz*xy=ux).
(iii

Proof. Only (iv) needs a short proof. Let o # id be a congruence of sM™. We
have oy € M by 3.8 and if (w,0p) € o then o = M x M. If (w,x) € p for some
x € M then (w,on) = (az ow,a; ox) € p. If (z,y) € o, where z,y € M, x £ v,
then (op,w) = (az 0o x,a, 0y) € p. Thus o = M x M anyway. .

The following assertions are easy.

3.10 Proposition. Assume that 0y € M and put LT = M\ {Op}. Then
Wy =Wy =M x M and L" is a subsemimodule of the left S-semimodule sM™ if
and only if the following three conditions are satisfied:

1. For all z,y € L = M \ {on} there is at least one z € L with z < x and
2y

2. If a € S is such that Opra = 0y then for every x € L there is at least one
y € L with ya < z;

3. If a € S is such that Op;a # 0p then there is at least one v € L with
Opa = va.
3.11 Lemma. Assume that 0y € M and that the set L = M \ {0y} has the
smallest element w. Let a,b € S be such that Ma = {0y} and Mb = {w}. Then:
(i) a#bandaox =boux for every x € Lt = LU {w}.
(i) If L is a subsemimodule of sM™ (see 3.10) then L% is not faithful.

3.12 Remark.

(i) We have P, ={zeM™" |z < z,y < z}={z € M |a+y < 2}, P, ,={z € M*|
r<zw<z}={zeMlr<ztand P, ={z€ M*|w <z} = M" for
all x,y € M.

() @o={yeM |z<aoy}t={yec Mlza<y}andQ,, ={yec M"|
ya <w} = {w} for all a € S and z € M.
3.13 Remark. M is a subsemimodule of ¢M™ iff the following two conditions
are satisfied:
1. For all z,y € M there is z € M with z < x and z < y;
2. For all @ € S and x € M there is y € M with ya < x.
If the condition (2) is true then the set Ma is downwards cofinal in M (<) (cf. 3.9).

4. From the right to the left (c)

The second section is continued. We will assume here that (W, =) Wy = M x M
(cf. 2.6 and 2.7),
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4.1 Proposition. The algebraic structure M (+,*) is a lattice.
Proof. Use 2.1. ]

Now, choose a« € M and put Wi = {(z,a) € W3|z # «a}. Furthermore,
assume that W3 = Wy and put a A © = a o x for every pair (z,a) € W} and
b Ay =« for every pair (b,y) € (S x M)\ Wj.

4.2 Lemma. a A (a*xx) = (a N a)x(aNzx) for alla € S and x € M iff the
following two conditions are satisfied:

1. Ifa € S and x € M are such that ca < z, « £ x and (a,a) € Wy then
(aoa)*(aox)=a;

2. Ifa € S and x € M are such that v # o, aa £ x and (x,a) € Wy then
(a,a) € W3, a £ 2 and (ao ) * (aoz) =ax(aox).

Proof. (i) Let a € S and x € M be such that az < z, o £ z and (o, a) € Ws.
We have a € R, , and we get aAx = aox. Now, (aAa)*(alAx) = ax(aocx) = a,
since @« < aox. On the other hand, (o, a),(z,a) € W3, a* x # «, and hence
(xx,a) € Wy and ao (axx) = (a0 «)x* (aox) by 2.3(iii),(v). Of course,
ao(axz)=al (a*xx).

(ii) Let @ € S and x € M\ {a} be such that aa £ = and (z,a) € W5. We have
(ala)x(aAz) = ax(aox) # a, since aa £ x. Now, if aA\(axz) = (ala)*(aldx)
then aA(axx) # «, and hence aA(axx) = ao(axx), (axx,a) € W. Consequently,
(aya) € Wy and ao (axz) = (aoa)* (aox) by 2.3(vi). If @ <z then axx =«
and a A (axz) = a.

(iii) Assume that both conditions (1) and (2) are satisfied. We wish to show
that y = 2, where y =a A (axz) and z = (a A a) *x (a Ax) =ax(aAx).

If r=atheny=a==z If (v,a) ¢ W; then (a*xxz,a) ¢ Wy andy =a =z
again. Consequently, assume that © # « and (z,a) € W3, so that (z,a) € W} and
aAx=aox, z=ax*(aox).

Let aa < x. Thatis, « < aox and z = a. If a <z or (a*xz,a) ¢ W3
then y = . If a £ x and (a *x,a) € Wy then (a,a) € W, axx # o and
y=ao(a*xx)=(aoa)x(aox)=aby (1) and 2.3(vi).

Let aa ¢ z. Then @ £ aox and z = a* (aox) # a. By (2), (v, a) € Wj,
a%xand z=ax(aox) = (aoa)x(aox). On the other hand, (o * z,a) € W
by 2.3(iii),(v) and y = a A (a*x) = ao (a*xx) = (acoa)x (aox) = z by 2.3(vi). m
4.3 Lemma. a A (xxy) = (a A x)* (aAvy) for alla € S and z,y € M \ {a}
such that x xy € M \ {a} iff the following condition is satisfied:

1. If (z,b) € W} is such that (u,b) ¢ Wy for some u € M\ {a}, zxu # «,
then ab < z.

Proof. (i) As concerns (1), we have (z x u,b) ¢ W3, and hence v = b A (2 * u).
On the other hand, (b A z) % (b A wu) = (bo z) * a.

(i) Assume that (1) is true and put u = a A (x*xy) and v = (a Ax) * (a A y).
If (x,a) ¢ W3 and (y,a) ¢ W3 then (z xy,a) ¢ W3 and we get u = o = v.
If (z,a),(y,a) € Ws then (z*xy,a) € W5 (use 2.3) and u =ao (x xy) = (aox) *
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(aoy) = v (use 2.3 again). On the other hand, if (z,a) € W5 and (y,a) ¢ W;
then (z xy,a) ¢ Wy and u = a, v = (aoz) *a. By (1), aa <z, a« < aox and
v = a. .
4.4 Lemma. (a+b) Az = (aAx)*(bAx) foralla,b € S and x € M iff the

following condition is satisfied:

1. If (z,a) € W3, x # «, and (x,b) ¢ W3 then aa < x.

Proof. (I) As concerns (1), we have (z,a + b) ¢ W3 by 2.4(i),(iii), and hence
(@ +0b) A x = o On the other hand, (¢ A z)* (b A xz) = (aox)*« and if
(aox)*a=a then aa < x.

(i) Assume that (1) is true and put y = (a+b) Az and z = (a A x)x (b A x).
If v = a then y = a = z, so that we will assume that z # a. If (z,a +0b) ¢ W;
then y = « and, by 2.4(ii), either (z,a) ¢ W3 or (x,b) ¢ W3. Assume the former
case, the latter one being symmetric. If (z,b) € W3 then z = ax (box) ab < x
by (1), « < boz and z = . If (2,b) ¢ W3 then 2 = a x @ = a. Finally, let
(x,a+b) € W3, so that y = (a+ b) o z. By 2.4(i),(iii), we have (z,a), (x,b) € Wi,
and hence z = (aox) * (aoy) = (a +b) ox =y by 2.4(iv). n

4.5 Lemma. (ab) Az =a/ (bAx) for all a,b € S and x € M iff the following

condition s satisfied:

L. If (a,c) € W3, (2,d) € W3, x # « and dox = o then coa = a.
Proof. (i) As concerns (1), we have (z,cd) € Wy and coav = co(dox) = (ed)ox =
(ed) A x by 2.5(ii). On the other hand, cA (dAz)=cA(dozx)=cAa= .

(ii) Assume that (1) is true. We wish to show that y = z, where y = (ab) A x
and z = a A (bAx). If 1 = a then y = a = 2z, and hence we assume = # a.
If (z,b) ¢ W3 then (z,ab) ¢ W3 and y = o = z again. If (z,b) € W3 and
(box,a) ¢ Wj then the same is true. If (x,b) € Ws, (box,a) € W3 and box # «
then (z,ab) € W3 and y = (ab)ox =ao (box)=a A (box)=alA(bAx)==z
by 2.5(ii). Finally, if (2,b),(box,a) € W5 and box = a then y = (ab) oz =
ao(bozr)=aca=a=ala=al(box)=alA(bAx)==zby (1) n

4.6 Lemma. Assume that 4.5(1) is true. Let (z,a) € W3, x # a« = aox. Then:
(i) Ifb € S and y € M are such that yb < « then y < o and ya < z.

(ii) If c € S is such that Mc < « then o = oy and Ma < x.

Proof. It is easy. .

4.7 Lemma. Let a € S and z,y € M \ {a} be such that v xy = « and
al(zxy)=(aAx)x(aly). Then:

(i) If z € M is such that za < « then z < a and ao o < a.

(ii) va £ « for at least one v € M.
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Proof. (i) First, (aAz)x(aAy) =a(rxxy) =aAa=ca. Then za < a < x,y,

so that z < aox and z < aoy. We conclude that z < (aox) x (aoy) =

(aAzx)x(alAy)=ca If Ma < athen M < «a by (i), and hence oy = a < z, a

contradiction. .
In the remaining part of this section, assume that o = 0, € M.

4.8 Lemma. a A (zxy) = (a A x)*x(aAvy) foralla € S and x,y € M iff the
following condition is satisfied:

1. Ifa € S and z,y,w € M \ {0y} are such that wa < x and wa <y then
z <z and z <y for at least one z € M \ {0y }.

Proof. First, 0y, < x for every z € M, and hence the condition 4.2(1) is satisfied.
Further, if (z,a) € W5 then 0pa < x and 4.2(2) is true as well. By 4.2, a A (xxy)
= (a A x)*(aAy) whenever 0y € {z,y}. Similarly, 4.3(1) is true and a A (z x y)
= (a A x)* (a Ay) whenever x xy # 0.

Now, let z,y € M \ {0y} and x xy = 0p;. Then a A (z *xy) = 0p and,
if (z,a) ¢ W3 or (y,a) ¢ Ws then (a A x) * (a A y) = 0p. Assume, therefore,
that (z,a),(y,a) € W3. Then (a A x)* (a Ay) = (aox)x(aoy), and so
(aANz)*(alAy) =0y iff wa <z and wa <y implies w = 0. n

4.9 Lemma. Assume that wag = 0y for some ag € S and w € M, w # 0.
Then a A (xxy) = (a A x)*(aAvy) for alla € S and x,y € M iff the following

condition 1s satisfied:

1. Forall z,y € M\ {Ox} there is z € M\ {0y} with z <z and z < y.

Proof. See 4.8 (and (4.7). ]
4.10 Lemma. (a+b)Ax=(aAx)*(bAx) foralla,be S and x € M.

Proof. Apparently, the condition 4.4(1) is true. .
4.11 Lemma. (ab) Az =a A (bAx) foralla,be€ S and x € M iff the following

condition s satisfied:

1. If xa = Op for some a € S and x € M \ {Op} then for allb € S and
y € M\ {0y} such that 0y <y there is z € M\ {0x} with zb < y.

Proof. Use 4.5, where oo = 0y (see also 4.6). n

4.12 Theorem. The algebraic structure M (x,A) is a left S-semimodule if and
only if the conditions 4.8(1) and 4.11(1) are satisfied.

Proof. See 4.8, 4.10 and 4.11. .

4.13 Proposition. (cf. 3.10) Assume that woag = 0y for some ag € S and
wo € M\ {0y}. Then sM = M(x, ) is a left S-semimodule if and only if the

following three conditions are satisfied:
1. For all z,y € M\ {0p} there is z € M \ {Op} such that z < x and z < y;

2. If a € S is such that Opra = 0y then, for every x € M \ {0y}, there is at
least one y € M\ {0y} such that ya < x;
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3. If a € S is such that Opra # Opp then there is at least one v € M\ {0p}
such that 0pra = va.

Proof. See 4.9, 4.10 and 4.11 (clearly, (2) and (3) are equivalent to 4.11(1) under
our assumptions). .

4.14 Proposition. Assume that xa # 0y for alla € S and x € M\ {0p} (i.e.,
L = M\{0y} is a subsemimodule of Mg). Then M (x, ) is a left S-semimodule.

Proof. See 4.8, 4.10 and 4.11. n

4.15 Lemma.

(i) S A0y = {0}

(ii) If opr € M then S Aoy = {on}-

(iil) If z € M\ {On} then S Az = {z} iff 2S <z and yz £ x for alla € S,

ye M,y f x.

4.16 Lemma. Let a,b € S be such that a Az = b A x for every x € M. If
y € M\ {0y} is such that ya # 0y # yb then ya = yb.
Proof. We have aoya = a A ya = b A ya and aoya > y > 0y. Thus
bAya=>boya >y and yb > ya. Symmetrically, ya > yb, so that ya = yb. u

4.17 Corollary. Assume that sM is a semimodule and for all a,b € S, a # b,
there is x € M\ {Op} such that Opr # xa # xb # 0y, Then the left S-semimodule
sM s faithful.

4.18 Lemma. Let a,b € S be such that a A x = b A x for every x € M. If
Opra # 0pr # a0 0pra and Opb £ 0pp £ b o 0p0 then Opra = 0pb.
Proof. We can proceed similarly as in the proof of 4.16. n
4.19 Lemma. Leta € S and x € M \ {0y} be such that Ma < x. Then:

(i) ez =opy € M.

(i) If SA x = {on} then oy S < x.
Proof. It is easy. .

4.20 Corollary. Assume that the semiring S is simple, sM is a semimodule and
there are a,b € S and v € M\ {0y} such that Ma < x and opb % x. Then the
left S-semimodule sM 1is faithful.

4.21 Lemma. Let v € M \ {0y} be such that Ma, = {x} for some a, € S.
Then:
(i) ax Ay=opy € M for everyy e M, z <y (orxxy=zx).
(ii) az &Nz =0y for every z € M, x £ z (or x %z # x).
(iii) az & M = {op,0pr}-
4.22 Lemma. Let a € S be such that Ma = {0y }. Then:
(i) aANx=o0py €M for every x € M\ {Op}.
(i) @A Oy = 0y
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4.23 Proposition. Assume that sM = M (x,A) is a left S-semimodule and that
for every x € M\{0xr} there is a, € S with Ma, = {z}. Then the left semimodule
sM s simple.

Proof. We can proceed similarly as in the proof of 3.9(iv) (where w is replaced
by OM) u

4.24 Lemma. Assume that the set L = M \ {0p} has the smallest element w.
Let a,b € S be such that Ma = {0y} and Mb = {w}. Then:

(i) a#banda Az =bAx for everyx € M.
(i) If M is a left S-semimodule then it is not faithful.

4.25 Proposition. Assume that sM is a faithful left S-semimodule and that for
every x € M there is a, € S with Ma, = {x}. Then both S and M are infinite
and the set L = M \ {Op} has no minimal element.

Proof. Let w € L be minimal in L. We have wag = 0 (= 0j) and it follows
from 4.13(1) that w is the smallest element of L. Now, gM is not faithful due to
4.24(ii). .

4.26 Remark.

(i) Assume that the conditions 4.13(1),(2),(3) are satisfied. Then M = M (x, A)
is a left S-semimodule (see 4.13, 4.14) and, by 3.10, the set LT =
(M \{0p})U{w} is a subsemimodule of the left S-semimodule gM*. Now,
it is easy to see that the mapping z — z, v € L = M \ {Op} and Oy — w
is an isomorphism of the semimodule ¢M onto the semimodule gL*.

(ii) Assume that gM is a (left S-)semimodule. Then either all the three condi-
tions 4.13(1),(2),(3) are true or 0y ¢ LS and L = M \ {0y} is a subsemi-
module of the right semimodule Mg.

5. From the right to the left (d)

The second section is continued. Here, we assume that 0y, € M (then W; =
M x M) and that Wy = Wy (then Wy = M x M and M(+, %) is a lattice — see
4.1). Furthermore, assume that Wi = { (z,a) € Wy |z # 0y } = { (z,a) | x # Opr,
Opa < x} C Wy Similarly as in the fourth section, we put a A x = a oz for
(x,a) € W} and a A x = 0y for (z,a) € (S x M)\ Wi.

5.1 Remark. Let (z,a) € W3\ W}. Then z = 057, Q = Qo,, o«={y|ya =0y} #0
and we get 0y € Q. If @ = {0p} then og = 0y and (0pr,a) € Wy. Of course,
Q CQ., for every z € M.

If og ¢ Q (i.e., (Opr,a) ¢ Wy) then Q # Q4 for every u € M \ {05/} and
there is v, € @, such that 0y # v,a < u, v, # 0p. We have shown that for
every u € L = M \ {0y} there is v € L such that va < u, va € L.

5.2 Lemma. a A (x*xy) = (a A x)*(aAy) for alla € S and z,y € M iff the
condition 4.8(1) is satisfied.
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Proof. If 0y € {z,y} then a A (x xy) = a A0y = 0y = (a A x) x (a A y).
Assume, therefore, that x # 0y # v.

If wa <z and wa <y for some w € M \ {0y} then wa < zxy, w < a Az,
w<aAyand w < (aAx)x(alAy). Moreover, (a Ax)a <z, (a Ay)a <y, and
hence ((aAz)*(aAy))a < zxy. Then (aAzx)*(aAy) = a\(x*y), provided that
xxy # 0pr. On the other hand, if xxy = 0y then aAz)xy) = 0y # (alx)x(aly).

If wa £ wxy for every w € M\{0y} then a A (zxy) = 0y = (alz)x(aly).

5.3 Lemma. (a+b) Azx=(alAx)*x(bAzx) forallabe S and x € M.
Proof. Easy to check. n

5.4 Lemma. (ab) Az =a /A (bAzx) for all a,b € S and x € M iff the condition
4.11(1) is satisfied.

Proof. Easy to check. n

5.5 Theorem. The algebraic structure sM = M(x, ) is a left S-semimodule if
and only if the conditions 4.8(1) and 4.11(1) are satisfied.

Proof. Combine 5.2, 5.3 and 5.4. u

5.6 Proposition. Assume that woag = 0y for some ag € S and wy € L =
M\ {0y} (equivalently, L is not a subsemimodule of Mg). Then sM = M (x, /)
is a left S-semimodule if and only if the conditions 4.13(1),(2),(3) are satisfied.

Proof. See the proof of 4.13. u
5.7 Lemma.

(i) SA 0y = {0}

(ii) If opr € M then S Aoy = {on}-
5.8 Proposition. Assume that the semiring S is simple, sM is a semimodule

and that there are a,b € S and x € M \ {0y} such that Ma < x and opb £ .
Then the left S-semimodule sM is faithful.

Proof. See 4.19 and 4.20. ]
5.9 Lemma. Let x € M\ {0y} be such that Ma, = {x} for some a, € S. Then:
(i) ax Ay=op € M for everyy € M, z <y (orxxy=x).
(ii) az Az =0y for every z € M, x £ z) (or x xz # x).

5.10 Lemma. Let a € S be such that Ma = {0y }. Then:
(i) aANx=o0py €M for every x € M\ {Op}.
(i) @ 2 0y = Oy
5.11 Proposition. Assume that sM = M(x,A) is a left S-semimodule and

that for every x € M \ {0y} there is a, € S with Ma, = {x}. Then the left
S-semimodule sM 1is simple.

Proof. See the proof of 4.23. u
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5.12 Proposition. Assume that sM is a faithful left S-semimodule and that for
every x € M there is a, € S with Ma, = {x}. Then both S and M are infinite
and the set M\ {0x} has no minimal element.

Proof. See the proof of 4.25. .

6. A few conditions

Let M (= M(+)) be a non-trivial semilattice and let © < y iff z +y = y. Let

N=M\{oy} (N=Miff oy ¢ M) and N' = N\ {on} (N = N iff oy ¢ N).

Consider the following conditions:

(Cl) If 21 < z9 < z3 < ... is an infinite strictly increasing sequence of elements
from M then for every x € N’ there is i > 1 with x < z;;

(C2) If &y < x5 < 3 < ... is an infinite strictly increasing sequence of elements
from M then for every x € N there is ¢ > 1 with x < ay;

(C3) If 21 < x93 < x3 < ... is an infinite strictly increasing sequence of elements
from M then for every x € M there is ¢ > 1 with = < z;;

(C4) There is no infinite strictly increasing sequence of elements from M.
Clearly, (C4) implies (C3), (C3) implies (C2) and (C2) implies (C1). If M is
finite then (C4) is true. If o)y ¢ M then (C1), (C2) and (C3) are equivalent. If
oy ¢ N then (C1) and (C2) are equivalent. If 0y; € M then (C3) and (C4) are
equivalent. Finally, if oy € N then (C2), (C3) and (C4) are equivalent.

6.1 Lemma. Let Mg be a right S-semimodule satisfying (C1). Then Wy = W.

Proof. Let x,y € M and P = P,,,. lf xt <y or y <z then P # () and op € P
trivially. Assume, therefore, that © £ y and y £ . Then z,y € N’. Now, if
21 < 29 < 23 < ... is an infinite strictly increasing sequence of elements from
P then = < z; for some ¢ > 1, so that x = z; and z; = z;,1, a contradiction.
Consequently, P satisfies (C4) and for every z € P there is v € P such that z < wv
and v is maximal in P. But v+ P C P, and so v = op € P. "

6.2 Lemma. Let Mg be a right S-semimodule satisfying (C1) and let a € S and
x € M be such that Q = Qo # 0 and og € Q. Then:

(i) @ =N’ (i.e., N'a <x).

(ii) The set N’ has no maximal element.
(i) N+ N =N"and N+ N = N.
(iv) If oy € N then M does not satisfy (C2).
(v) If opy € M then M does not satisfy (C3).

(vi) M does not satisfy (C4).

Proof. If v € @ is maximal in @ then v + @ C @Q implies v = 0g € @, a
contradiction. Therefore, the set @ has no maximal element and (C1) implies
N’ C Q. Of course, oy ¢ Q (otherwise oy = 0g), and hence oy ¢ @ either. Thus
@@ = N’ and the rest is clear. .

6.3 Lemma. Let Mg be a right S-semimodule satisfying (C1) and 0y € M. Let
a € S be such that Opra = 0pr and og ¢ Q = Qo,y.a- Then:
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(i) N'a ={0y}.
(ii) If opy € M and oy € N then Ma = {0y, 0na, 0pa}.
(iii) If oy € M and oy ¢ N then Na = {0y} and Ma = {0y, 0pra}.
(iv) If opr ¢ M then Ma = {0y }.
Proof. Use 6.2. ]

6.4 Proposition. Let Mg be a right S-semimodule satisfying (C1) and opr ¢ M.
Then:

(i) M satisfies (C3).
(ii) M does not satisfy (C4).
(i) W,

) W

(iv W4 zf and only if for all a € S and x € M there is at least oney € M

wzth ya £ x.
(v) If Opp € M and Wi C Wy then W3 = Wy,
Proof. Combine 6.1 and 6.2. "

6.5 Proposition. Let Mg be a right S-semimodule satisfying (C1) and such that
oy € M and oy ¢ N. Then:

(i) M satisfies (C2).
(il) M satzsﬁes (C3) if and only if M satisfies (C4).
(iii) W

) W,

(iv W4, provided that either x + vy = oy for some x,y € N or the set N

has at least one maximal element.
(v) If Opr € M and W5 C Wy then W5 = W,.
Proof. Combine 6.1 and 6.2. n

6.6 Proposition. Let Mg be a right S-semimodule satisfying (C1) and such that
oy € M and oy € N. Then:

(1) M satisfies (C2) iff M satisfies (C3) iff M satisfies (C4).
(i) Wy = Wh.

(iii) W5 = Wy, provided that either x +y = oy for some z,y € N or the set N’
has at least one mazximal element.

(IV) ]fOM e M and Wé C W, then W3 = Wy
Proof. Combine 6.1 and 6.2. "

7. One example

In this section, let S be a semiring such that |[R(S)| > 2. Then R(S)s is a non-
trivial right S-semimodule and the semiring S is non-trivial. In fact, R(S) is the
smallest (right) ideal of S.
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7.1 Proposition. If the semiring S is simple then the right semimodule R(S)s
15 faithful.

Proof. If R(S)s is not faithful then, using the fact that S is simple, we see
that ab = ac for all a € R(S) ans b,c € S. In particular, if b,c € R(S) then
b = bb = bc = ¢, a contradiction. .

If a,b € R(S) then P,,={c € R(S)|a+c=a,b+c=b}. If a € S and b € R(S)
then Qp.={c € R(S)|ca+b=b}. As we have already defined in the second part
of this note, we put Wi={(a,b)| P,y # 0}, Wo={(a,b) € Wi|op € P = P},
W3 = {(b, CL) | Qb,a 7£ @} and Wy = {(ba) e Ws | 0Q € Q = Qba}‘

7.2 Assume that W, = Wy and W5 = W,.

7.2.1 Theorem. The algebraic structure 5R(S) = R(S)*(*,0) is a simple left
S-semimodule.

Proof. See 3.2 and 3.9(iv). n
7.2.2 Proposition.
(i) The left semimodule SR(S) is faithful if and only if the right semimodule
R(9)s is so.

(ii) If the semiring S is simple then the left semimodule YR(S) is faithful.
Proof. See 3.7 and 7.1. n
7.2.3 Proposition. o = og(s) € R(S5).
Proof. aoca = ogg) for every a € R(S). .
7.2.4 Proposition.

(i) Sow = {w}.

(ii) Soo={o}.

(ii) Ifa € R(S)\ {o} then Soa # {a}.
Proof. See 3.5. n
7.2.5 Proposition. Let a € R(S). Then:
(i) aob=o0 for every b € R(S) such that a +b="b.
(i)
(i) acc=w fm" every ¢ € R(S) such that a + ¢ # c.
)

(iv) aow = w.

(v) a0 R(S)" = {o,w}.
Proof. See 3.9. n
7.2.6 Proposition. Assume that 0 = Og(sy € R(S) and put L = R(S) \ {0}.
Then:

(i) Wi =W, = R(S) x R(S).
(il) W3 =Wy ={(ba)|ac S beR(S),0a+b=b}.
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(iii) LT = LU {w} is a subsemimodule of the left semimodule 5R(S) iff the
following three conditions are satisfied:

1. For all a,b € L there is at least one c € L with c+a = a and c+b = b;

2. If a € S s such that Oa = 0 then for every b € L there is at least one
ce L with ca+b=B;

3. If a € S is such that Oa # O then there is at least one b € L with
O0a = ba.

(iv) If LT is a faithful semimodule then the set L has no minimal element.

Proof. See 3.10 and 3.11. -

7.3 Assume that 0 = Ogs) € R(S) and that (W, =) Wy = R(S) x R(S). Fur-
thermore, put @ = 0 and assume that W§ C Wy (see 7.2.6 and the fifth section of
this note).

7.3.1 Theorem. The algebraic structure R(S) = R(S)(x, A) is a left S-semi-
module if and only if the three conditions 7.2.6(iii)(1),(2),(3) are satisfied.

Proof. See 5.6 and 7.2.6(iii). n
In the rest of 7.3, assume that 2R(S) is a left semimodule (see 7.3.1).

7.3.2 Proposition. The left semimodule %2R(S) is simple.

Proof. See 4.23. ]

7.3.3 Proposition. The semimodule 2R(S) is faithful in each of the following
two cases:

(1) For all a,b € S, a # b, there is at least one ¢ € R(S) with ¢ # 0 # ca #
cb # 0.

(2) |R(S)| > 3 and the semiring S is simple.
Proof. See 4.18 and 4.20. ]

7.3.4 Proposition. If the left semimodule %2R(S) is faithful then R(S) is infinite
and the set L = R(S) \ {0} has no minimal element.

Proof. See 4.25. n

7.3.5 Proposition. Let a € R(S), a # 0. Then:
(i) a Ab=o0=opgy) € R(S) for every b € R(S) such that a +b = b.
(il) a Aa=o.

) aAc=0 for every c € R(S) such that a + ¢ # c.
)

a A R(S)=1{0,0}.

(i
(iv

Proof. See 4.21. "
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7.3.6 Proposition.
(i) 0 A a=o for every a € R(S) \ {0}.
(i) 0A0=0.

Proof. See 4.22. "

7.3.7 Remark. By 7.2.6(iii), if the conditions (1),(2),(3) hold then the set Lt =
LuU{w}, L = R(S)\ {0}, is a subsemimodule of the left semimodule {R(S). Now,
the mapping a + a for a € L and 0 — w is an isomorphism of 4R(S) onto gL™*.

7.4 Proposition. Assume that opsy € R(S) and that the right semimodule
R(S)s satisfies (C1). Then:

(i) E( ) satisﬁes (C2) and (C3) and does not satisfy (C4).

(i) W
(iii) W3 7& W4
Proof. See 6.4 (we have (a,b) € W3\ Wy for all a,b € R(S), a <D). .
7.5 Proposition. Assume that o = ops) € R(S), or ¢ T, T = R(S) \ {0} and
that R(S)s satisfies (C1). Then:

(i) R(S) satisfies (C2).

(i) Wy =W,

(iii) W5 = Wy, provided that either a +b = o for some a,b € T or the set T has

at least one maximal element.

Proof. See 6.5. "

7.6 Proposition. Assume that o = ogs) € R(S), or € T = R(S) \ {os} and
that R(S)s satisfies (C1). Then:
(i) Wy =Ws.
(ii) W5 = Wy, provided that either a +b = or for some a,b € T'\ {o} or the set
T\ {or} has at least one maximal element.

Proof. See 6.6. n
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