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Abstract. Let G be a group. Denote by N(G) the set of nonidentity orders of conjugacy
classes of elements in GG. For groups Aig, A1 and Ass which are uniquely determined
by N(G), theses degrees are p + 3 and p + 4 is a prime with p = 7,13,19. If p+4 is
composite, then whether can the groups A,3 be characterized by N(G). In this paper,
we give an example for A,,3 with p + 4 composite, namely, we proved that if G is a
group with trivial center and N(G) = N(Asgg), then G = Agg.
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1. Introduction

Let G be a finite group. Denote by N(G) the set of nonidentity orders of conjugacy
classes of elements in G. Related to N(G), J.G. Thompson gave the following
conjecture.

Thompson’s Conjecture. (see [11, Question 12.38]). If L is a finite simple
non-Abelian group, G is a finite group with trivial center, and N(G) = N(L),
then G = L.

Let m(G) denote the set of all prime divisors of |G|. Let GK(G) be a graph
with vertex set 7(G) such that two primes p and ¢ in 7(G) are joined by an edge
if G has an element of order p-¢q. We set s(G) denote the number of connected
components of the prime graph GK(G). A classification of all finite simple groups
with disconnected prime graph was obtained in [10], [14]. Based on these results,
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Thompson’s conjecture was proved valid for all finite simple groups with s(G) > 2
(see [2], [3]). So whether there is a group with connected prime graph for which
Thompson’s conjecture would be true? Recently, the groups Ay, Aig and Ags
were proved valid for this conjecture (see [13], [6] and [15], respectively). As the
development of this topics, we will prove that Thompson’s conjecture is true for
the alternating group Agg of degree 26.

We will introduce some notations used to the proof of the main theorem. Let
A, and S, denote the alternating and symmetric groups of degree n, respectively.
Let G be a group. Set Aut(G) denotes the automorphism group of G. Let w(G)
denote the set of element order of G. The notations are standard (see [5], for
instance).

2. Some lemmas
In this section we will give some preliminary results.

Lemma 2.1 [13, Lemma 1.2] and [1, Lemma 2.3] Let z,y € G, (|z|,|y|) = 1,
and xy = yx. Then

(1) Cealzy) = Ca(z) N Caly);
(2) |29 divides |(zy)€|;
(3) If |21 = |(zy)“], then Ca(z) < Caly).

Lemma 2.2 [13, Lemma 3] If P and H are finite groups with trivial centers,
and N(P) = N(G), then m(P) = n(H).

Lemma 2.3 [13, Lemma 4| Suppose that G is a finite group with trivial center
and p is a prime from 7(G) such that p* does not divide |x¢| for all x in G. Then
a Sylow p-subgroup of G 1is elementary abelian.

Lemma 2.4 [13, Lemma 5] Let K be a normal subgroup of G, and G = G/K.
(1) If T is the image of an element = of G in G. Then |[T°| divides |2C|.
(2) If (Jz|,|K]) = 1, then Cx(T) = Ce(x)K/K.
(3) Ify € K, then |y%| divides |y“|.

3. Main theorem and its proof
In this section, we give the main theorem and its proof.

Theorem 3.1 Let G be a finite group with trivial center and N(G) = N(Asg).
Then G is isomorphic to Agg.
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Proof. We divide the proof into the following lemmas.

Lemma 3.2 Let L = Agg. Then the following hold.
(1) |[L] =2%2.3%0.55.73.112.13%.17-19 - 23.

(2) numbers % and % are mazimal and minimal with respect to divisibility

in the set N (L), respectively.
(3) for anym € N(L), numbers 172, 192 and 23* do not divide n.

(4) 23'-numbers in N(L) \ {1} are
2%.52.13,
222.39.56.73.112.13%- 17 - 19.
19" -numbers in N(L)\ {1} are
21.52.13,
27.32.5%.11-13- 23,
24.3.5%.7-11-13- 23,
92.32.52.7.11-13 - 23,
24.52.7-11-13- 23,
25.3.5-11-13-23,
2-3-5%-13-23,
220.310.56.73.112.132. 17 - 23,
222.38.56.73.112.132.17- 23,
919.39.56. 75 .112.132. 17 19 - 23,
220.39.56.73.112.13% - 17 - 23,
222.310.56.72.112.132. 17 - 23.
17" -numbers in N(L) \ {1} are
94.52.13,
97.32.53.11-13- 23,
924.3.5%.7.11.13- 23,
92.32.52.7.11-13 .23,
24.52.7-11-13- 23,
2°.3-5-11-13-23,
2-3-5%-13-23,
98.32.5%.7.11-13-19 - 23,
27.5%.7-11-13-19- 23,
95.33.55.7.11-13-19 - 23,
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25.3%.52.7.11-13-19- 23,

25.3.5%.7-11-13-19-23,

27.3.5%2.7-11-13-19 - 23,

222.38.56.73.112.13%.19- 23,
220.3%.56.7%.112.13%.19 - 23,
220.310.55.73.112.132.19 - 23,
222.36.56.73.112.13%2.19- 23,
218.310.56.73.112.132.19 - 23,
222.310.56.72.112.132.19 - 23,
219.3%.56.7%.112.13%2.19 - 23,
221.37.56.73.11%2.13%2-19- 23,
222.3%.5°.73.112-13%-19 - 23,
221.3%.56.7%.112.13%-19 - 23,
220.3%.5°.73.112.13%-19 - 23,
217.39.55.73.11%2.13%2-19 - 23,
219.38.55.73.112.13%.19 - 23,
215.36.55.72.112.13%.19 - 23.

(5) the numbers
222.310.56.73.112.17-19 - 23,
222.38.56.73.112.13%.19 - 23,
222.310.56.72.112.13% .17 - 23,
222.39.56.73.112.13%2-17- 19

are mazimal elements of N (L) by divisibility.

(6) for any n € N(L)\{1}, n is divisible by 11 or 13.
Proof. The information is obtained via GAP [7] or [8]. n

Lemma 3.3 Let G be a finite group with trivial center and N(G) = N(L). Then
L] | |G| and 7(G) = (L) = {2,3,5,7,11,13,17,19, 23}

Proof. Since |2%]|Cq(x)| = |G|, then every member form N(G) divides the order
of G and |L| | |G|. So by Lemmas 2.2 and 3.2, we have that 7(G) = 7(L). n

Lemma 3.4 Suppose that G is a finite group with trivial center and N(G) = N(L).
Let p € {17,19,23}. Then the Sylow p-subgroup S of G is of order p. There does
not exist an element of order 17-19, 17 - 23 and 19 - 23.
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Proof. By Lemma 2.3, S is elementary abelian. If || = p, then we have that
|29 is a p-number.

Suppose that p = 23 and |S| > 232. We can assume that there exists an
element y of G with that |y“| =222.310.56.73.112.17.19. 23 by Lemma 3.2.

Assume that 23 | |y|. Let |y| = 23t. Since S is elementary abelian, the
numbers 23 and ¢ are coprime. Put u = y**, v = y'. Then y = wv, Cg(uv) =
Cq(u)NCq(v) by Lemma 2.1. Therefore [v] | |y%| = 222-3%0.56.73.112.17-19-23.
On the other hand, the element v is of order 23, and therefore, |[v%| = 2452 . 13,
222.3%9.55.73.112.132.17-19. Tt follows that 13 | |v¥|, a contradiction

Assume that 23 1 |y|. Let 2 be an element of Cg(y) of order 23. Then
Cq(zy) = Cg(z) N Caly), and therefore 29| | [(xy)¥| and |y%| | |(xy)¢]. Since
S is abelian, S < Cg(z). It follows that 23 { [z%| and so, |2#¢| = 2% 5% . 13,
222.39.50.73.112.13% .17 19, a contradiction.

For cases “p =19 and p = 177, we can get the same result as “p = 23”.

There is no element of order 1719, 1723, or 19- 23 in G. "

Lemma 3.5 Suppose that G is a finite group with trivial center and N(G) = N(L).
Assume that p € {2,5,7,11,13}, P is a Sylow p-subgroup of G, and Z(P) is its
center. Then for every element x € Z(P)\{1}, the order of the centralizer C(x)
s coprime to 23 if p = 2, coprime to 23 if p =5, coprime to 23 if p =17, coprime
to 17-19-23 if p = 11, and coprime to 17-19-23 if p = 13.

Proof. By Lemma 3.4, |G|, = |L|, for p € {17,19,23}. For any 1 # = € Z(P),
we get the desired results since N(G) = N(L). .

Lemma 3.6 Let G be a finite group and p € w(G). If p* 1 |G|, then G has a
normal series 1 < K < L < G, such that L/ K is a simple group and p € m(L/K).

Proof. Since GG is a finite group, G has a chief series. So let Gop < Gy < Gy -+ <
G, = G be a chief series of G. There exists some ¢, such that 1 < ¢t < r and
p € m(Gy) \ m(Gy—1). Let L = Gy and K = Gy_1, then 1 < K < L < G is a
normal series of G and L/K is a chief factor of G. Therefore L/K is a minimal
normal subgroup of G/K. We know that the chief factors are characteristically
simple. Also every characteristically simple group is a simple group or a product
of isomorphic simple groups. So L/K is a simple group or a product of isomorphic
simple groups. Since p € 7(L/K) and p* t |L/K|, it follows that L/K is a simple
group. .

Lemma 3.7 There is a normal series 1 < K < L < G such that L/ K = Agg.

Proof. By Lemma 3.6, we have that there is a normal series 1 < K < L < G
such that M := L/K is isomorphic to a direct product of nonabelian simple
groups S1, Sa, -+, .S, which are listed in [16]. Since G has not a Hall {17, 19, 23}-
subgroup, then the numbers 17, 19 and 23 divide the order of exactly one of these
groups. Without generality, we assume that the numbers 17,19, 23 divide Sj.
Obviously, S; < G. Let G* = G/S; and M* = M/S;. We prove that n = 1.
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Assume that n > 2. Then a Sylow 2-subgroup P, of G* is nontrivial and its
center Z(P,) has a nontrivial intersection with M*. Let x be a nontrivial element
of Sy x -+ x S, with that its image in G lies in Z(P,). Since y € Z(S;), then
there is an element of order 2 - 23. It follows that there exists an element y with
ly©| = 219.310.56.73.112.132.17- 19, which contradicts Lemma 3.2(4). Son = 1.
Therefore
L/K <G < Aut(L/K)

with L/K a nonabelian simple group.
For p € {17,19, 23}, we have that |G|, = p by Lemma 3.4 and by Lemma 3.6,
p € m(L/K). It follows from [16], that L/K = A, where n = 23,24, 25,26, 27, 28.
If L/K = Ay, then there exist an element T of G with that

7€ =218.39 . 5. 73.112.13.17-19.

Let x be the preimage of T of G in G. Then since 7] is maximal in N(G), this
forces |x%| = |7%|. Tt follows that 13 | |Cg(x)|. Then there is an element of order
13- 23, and by the proof of Lemma 3.4, we get a contradiction.

Similarly, we can rule out these cases “L/K = Ayy, and L/K = Ass”.

If L/K = Ay, then there exist an element T of G with that

7C =920.312. 56 73.112.132.17.19

which contradicts Lemma 3.2(4). B
If L/K = Asg, then there exist an element T of G with that

7C =922.313 .55 .75.112.132.17.19

which contradicts Lemma 3.2(4).
Therefore, L/ K = Agg. .

Lemma 3.8 G = Ay.
Proof. By Lemma 3.7,
Ags < G < Aut(Agg) =2 Sae.
If G =2 Sy, then there exist an element Z of G with that
76 =121.3%.50.73.112.132.17- 19

which contradicts Lemma 3.2(4).

So G = Ass. Then we define the normal series 1 < K < G into the chief
ones. We prove that K = 1. If K # 1, then order consideration, we have that
G/K = Ay and |K| = 2. It follows that Z(G) = K and there is an element of
order 2 - 23, a contradiction.

Therefore, K =1 and G = Ag.

This completes the proof of the Lemma and also of the main theorem. u
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4. Some applications and problem

Chen et al in [4] proved that the group Ay can be characterized by its order and
two special conjugacy classes sizes. Then obviously, we also have the following
result.

Corollary 4.1 Let G be a finite group with trivial center. Assume that N(G) =
N(AQG) and ’G‘ = ’A26‘. Then G = A26.

We know that the alternating group A, with n = 10, 16, 22, 26, are characterized
by N(G). Then, by [2], [3], we have the following.

Corollary 4.2 Let G be a finite group with trivial center. Assume that N(G) =
N(A,) with n <26. Then G = A,.

Related to Thompson’s conjecture, we give the following problem.

Problem. Are the alternating groups A,is of degree p + 3 where p is a prime,
characterized by N(G)?

Shi gave the following conjecture.

Conjecture [12] Let G be a group and H a finite simple group. Then G = H if
and only if (a) w(G) =w(H) and (b) |G| = |H]|.

Then, we have the following corollary.

Corollary 4.3 Let G is a group and n an integer with n < 26. Then G = A, if
and only if w(G) = w(A,) and |G| = |A,|.

Acknowledgments. The object was supported by the Department of Education
of Sichuan Province (Grant No: 127ZB291), by the Opening Project of Sichuan
Province University Key Laborstory of Bridge Non-destruction Detecting and
Engineering Computing (Grant No: 2013QYJ02) and by the Scientific Research
Project of Sichuan University of Science and Engineering (Grant No: 2014RC02).
The authors are very grateful for the helpful suggestions of the referee especially
in Lemma 10 which give the proof more simple.

References

[1] AHANJIDEH, N., AHANJIDEH, M., On the Validity of Thompson’s Conjec-
ture for Finite Simple Groups, Comm. Algebra, 41 (11) (2013), 4116-4145.

[2] CHEN, G., On Thompson’s conjecture, J. Algebra, 185 (1) (1996), 184-193.

[3] CHEN, G., Further reflections on Thompson’s conjecture, J. Algebra, 218 (1)
(1999), 276-285.



532 S. LIU, Y. HUANG

[4] CHEN, Y., CHEN, G., Recognition of A1o and L4(4) by two special conjugacy
class sizes, Ttal. J. Pure Appl. Math., 29 (2012), 387-394.

[5] ConwAy, J.H., Curtis, R.T., NorTON, S.P., PARKER, R.A., WIL-
SON, R.A., Atlas of finite groups, Oxford University Press, Eynsham, 1985.
Maximal subgroups and ordinary characters for simple groups, With compu-
tational assistance from J.G. Thackray.

[6] GOrsSHKOV, 1.B., Thompson’s conjecture for simple groups with a connected
prime graph, Alg. Log., 51 (2) (2012), 111-127.

[7] Group, T.G., GAP-Groups, Algorithms, and Programming, Vers. 4.4.12
(2008), http://www.gap—system.org.

[8] JAMES, G., KERBER, A., The representation theory of the symmetric group,
vol. 16 of Encyclopedia of Mathematics and its Applications. Addison-Wesley

Publishing Co., Reading, Mass., 1981. With a foreword by P.M. Cohn. With
an introduction by Gilbert de B. Robinson.

9] KLEIDMAN, P., LIEBECK, M., The subgroup structure of the finite classi-
cal groups, vol. 129 of London Mathematical Society Lecture Note Series.
Cambridge University Press, Cambridge, 1990.

[10] KONDRAT'EV, A.S., On prime graph components of finite simple groups,
Mat. Sb., 180 (6) (1989), 787-797, 864.

[11] Mazurov, V.D., KHUKHRO, E.I. (Eds.), The Kourovka notebook, Tth ed.
Russian Academy of Sciences Siberian Division, Institute of Mathematics,
Novosibirsk, 2010. Unsolved problems in group theory, Including archive of
solved problems.

[12] Su1, W.J., A new characterization of the sporadic simple groups, Group
Theory (Singapore, 1987), de Gruyter, Berlin, 1989, 531-540.

[13] VASIL’EV, A.V., On Thompson’s conjecture, Sib. Elektron. Mat. Izv., 6
(2009), 457 464.

[14] WILLIAMS, J.S., Prime graph components of finite groups, J. Algebra, 69 (2)
(1981), 487 513.

[15] Xu, M., Thompson’s conjecture for alternating group of degree 22, Front.
Math. China, 8 (5) (2013), 1227-1236.

[16] ZAVARNITSINE, A. V., Finite simple groups with narrow prime spectrum, Sib.
Elektron. Mat. Izv., 6 (2009), 1-12.

Accepted: 04.06.2014



