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Abstract. In this note, we present a refinement of an inequality due to Hirzallah and
Kittaneh [Linear Algebra Appl., 308 (2000), 77-84]. Meanwhile, we also obtain an im-
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1. Introduction

Let M,, be the space of n x n complex matrices. For A = (a;;) € M, the Hilbert-
Schmidt norm of A is defined by

1Ally =

It is known that the Hilbert-Schmidt norm is unitarily invariant.
The classical Young inequality for scalar says that if a, b > 0 and 0 < v <1,
then
a’b'" <wva+ (1 —0v)b

with equality if and only if a = 0. By using Young’s inequality, we can obtain some
results of Heinz mean. For more information on Heinz inequality for matrices the
reader is referred to [1]-[3].

The Kontorovich constant is defined as

(t+1)°
4t
for t > 0. Zuo, Shi, Fujii [4] proved that if a, b > 0 and 0 < v < 1, then

K (t,2) =

(1.1) K (h,2)" a"b'™" < wa+ (1 —0)b,
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where h = %, r = min{v, 1 —v}. This is a refinement of the classical Young

inequality.
Let A, X, B € M, such that A and B are positive semidefinite. Kosaki [5]
and Bhatia-Parthasarathy [6] proved that if 0 < v < 1, then

(1.2) A" X B2 < |[vAX + (1 —v) XB]3.

This is a matrix version of Young inequality. Hirzallah and Kittaneh [7] proved
that if 0 <wv <1, then

(1.3) |A°X BY°||2 + 02 |AX — XB| < [0AX + (1 —v) XB||3,

where vy = min {v, 1 — v}. Inequality (1.3) is an improvement of inequality (1.2).
Kittaneh-Manasrah [8] and He-Zou [9] proved that if 0 < v < 1, then

(1.4) lWAX + (1 —v) XB|; < ||[A"XB*™||; + s3||AX — X B3,

where sy = max {v, 1 — v}. Inequality (1.4) is a reverse inequality of (1.3).
In this note, we present refinements of inequalities (1.3) and (1.4).

2. Main results

In this section, we first give a refinement of inequality (1.3). To achieve it, we
need the following lemma.

Lemma 2.1. Ifa, b >0 and 0 <wv < 1, then
(2.1) K (h,2)" (a°b"")? + 02 (a — b)* < (va + (1 —v) b)?,
where h = %, vo =min{v, 1 — v}, r = min{2vg, 1 — 2vp}.

1 1
Proof. If v = 2 inequality (2.1) becomes equality. If v < 2’ then by (1.1), we
have
(va+ (1 —0v)b)° =02 (a—b)" = (va+(1—v)b)*—v2(a—0)
= 2vab+ (1 — 2v) b
> K (h,2)" (a"b'77)°.

1
Ifo> 3 then by (1.1), we have

(va+ (1 —0v)b)” —v2(a—b)° = (va+(1—0)b)°>—(1—-v)’(a—0b)>
= (2v—1)a*>+2(1—v)ab
> K (h,2)" (a"b'7?)>.

This completes the proof. .
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Theorem 2.2. Let A, X, B € M, such that A and B are positive semidefinite.
Suppose that the spectral decomposition of A, B are A = UNU*, B = VA V*
respectively, where Ay = diag(A\,...,\n), Ao = diag (1, ..., fn) , Niy i > 0,

1=1,...n. Let
Ai -
K = min{K <—,2) i, ] = 1,...,n}.
Hj
Then

(22)  K"||AXB“Y|S + 02 [|[AX — X B3 < [0AX + (1 —v) XB|2,

I
where vg = min {v, 1 — v}, r = min{2v, 1 — 2vp}.
Proof. Let Y = U*XV = [y;;]. We have as in [10],

n

lAX + (1 —0)XB3 = Y (0hi+ (1 —0) ) Iyl

ij=1
v —v||2 - v, 1-v)2
[APX B = Y () gl
i,j=1
IAX = XBll; = Y (=)’ [y
ij=1

Inequality (2.2) deduces from inequality (2.1) and above equalities. This completes
the proof. .

Next, we show an improvement of inequality (1.4). To do this, we need the
following lemma.

Lemma 2.3. Ifa, b >0 and 0 <wv <1, then

2.3 va+(1=0)b)? < K (h,2)™" (a0 ") + 52 (a — b)?
(2.3) (va+ (1 —v)b) 7 0 :
where h = %, So =max{v, 1 —v}, r =min{2sg — 1, 2 — 250}.
1 1

Proof. If v = 2 inequality (2.3) becomes equality. If v < 37 then by (1.1), we
have

s2(a —b)* — (va+ (1 —v)b)’ (1—v)*(a—0b)°— (va+ (1 —v)b)’
(1-2v)a*—2(1—v)ab
(1 —2v) a® + 2vab — 2ab
K (h,2)" (a*b")* — 2ab
—K (h,2)" (a"b*)? .

AVARAVA|

1
Ifo> 3 then by (1.1), we have

v?(a —b)* — (va + (1 —v)b)*
(21} —1)b? — 2vab
(20— 1)b* +2(1 —v)ab — 2ab
K (h,2)" (a*=b")* — 2ab
—K (h,2)7" (a*b*)?.

s2(a—b)* — (va+ (1 —v)b)’

AVARAVAR]



518 Y. PENG

This completes the proof. .

Theorem 2.4. Let A, X, B € M, such that A and B are positive semidefinite.
Suppose that the spectral decomposition of A, B are A = UNU*, B = VA V*
respectively, where Ay = diag(A\,...,\n), Ao = diag (1, ..., fn) , iy i > 0,

1=1,...,n. Let
Ai -
K = min{K (—,2) i, = 1,...,n}.
Hj

(24)  [vAX + (1 —0) XB|3 < K7 ||A°XB"||; + s | AX — XBJ|3,

Then

where s = max {v, 1 — v}, r = min {20, 1 — 2vp}.
Proof. The result follows from inequality (2.3) and by using an argument similar
to that used for the proof of Theorem 2.2. This completes the proof. .

t+1)°
Since K (t,2) = t+1° > 1 for t > 0, it follows that inequalities (2.2) and

(2.4) are refinements of inequalities (1.3) and (1.4) respectively.
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