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Abstract. The modified (w/g)-expansion method for finding traveling wave solutions
of nonlinear evolution equations is presented in this paper, which can be thought of as
the generalization of the well-known (G’/G)-expansion method given recently by Wang
et al. When the w and g are taken special choices, some familiar expansion methods
can be obtained. Based on these interesting results, we further give two new forms of
expansions via the modified (g’/g?)-expansion method and the modified (g') expansion
method. In order to well illustrate the effectiveness of these two modified expansion
methods, they are applied to a modified generalized Vakhnenko equation.
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1. Introduction

The investigation of the exact traveling wave solutions of nonlinear evolution
equations plays an important role in the study of soliton theory. In recent years, a
variety of powerful methods have been applied for constructing exact traveling and
solitary wave solutions of nonlinear evolution equations, such as the tanh-function
expansion method [1]-[3], Jacobi elliptic function method [4], [5], Exp-function
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method [6], [7], the F-function expansion method [8], the inverse scattering method
[9], Hirota bilinear transformation [10], the Backlund transform method [11], the
(G'/G)-expansion method [12], [13], the sine-cosine method [6], [14], the modified
simple equation method [15]-[18], the multiple exp-function method [19], [20],
the transformed rational function method [21]-]23], the local fractional variation
iteration method [24], the local fractional series expansion method [25], the (w/g)-
expansion method [26] and so on.

The objective of this paper is to introduce the modified (w/g)-expansion me-
thod for finding exact solutions for a modified generalized Vakhnenko equation
in mathematical physics. The proposed method is based on the assumption that
these exact solutions can be expressed by a polynomial in (w/g)%, i = 0,1,...,m
and that w, g satisfy the following auxiliary equation

0 (5) = (5) )

namely
(1.2) w' g —wg = ag® + bwg + cw?,

where a, b, ¢ are arbitrary constants, while ' = d/d¢ and £ = k(x — Vit), k and V
are constants. The degree m of this polynomial can be obtained by considering
the homogeneous balance between the highest-order derivatives and the nonlinear
terms appearing in the given nonlinear evolution equations. The coefficients of
this polynomial can be obtained by solving a set of algebraic equations resulted
from the process of using the proposed method. The rest of this paper is organized
as follows. In Section 2, we describe a new modified (w/g)-expansion method. In
Section 3, we apply this method to solve the modified generalized Vakhnenko
equation. In Section 4, Physical explanations of some obtained solutions are
obtained. In Section 5, some conclusions are given.

2. Description of a new modified (w/g)- expansion method
For a given nonlinear evolution equation
(2.1) P(u,ug, Uy, Ugg, Ugg, gy --.) = 0,

where P is a polynomial in the function u(x,t) and its partial derivatives in which
the nonlinear terms are involving. We use the wave transformation

(22) u(e,t) = u(8), €= k(z— Vi),
where k,V are constants to reduce equation (2.1) into the following ODE:

(2.3) Q (u™,ul"th, ) =0,
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_ dr
= &
Setting u(™ = v(£), where v(£) is a new function of £, then equation (2.3) reduces
to the following ODE:

where (")

r > 0, and r is the least order derivatives in the given equation.

(2.4) F(v,2',0",...) =0,

where ' = d/d§. We further introduce the formal solution of equation (2.4) in the
following ansatz:

(2.5) u(E) = vle) = ia(g)

where w and g satisfy equation (1.2) and a;(i = 0,1,...,m) are constants to be
determined later, while » > 0. To determine v(&) explicitly, we take the following
four steps:

Step 1. Determine the positive integer m in equation (2.5) by balancing the
highest-order derivatives and the nonlinear terms in equation (2.4).

Step 2. Substitute (2.5) into (2.4) and collect all terms with the same powers
of (w/g)t, (i = 0,1,...,m), together, thus the left-hand side of equation (2.4) is
converted into a polynomial in (w/g)’. Then set each coefficient of this polynomial
to zero, to derive a set of algebraic equations for oy, k, V.

Step 3. Solve these algebraic equations by the use of Maple or Mathematica to
find the values of «a;, k, V.

Step 4. Use the results obtained in the above steps to derive a series of fundamen-
tal solutions v(€) of equation (2.4) depending on (w/g). Then we can obtain the
exact solutions of equation (2.1) by integrating each of the obtained fundamental
solutions v(§) with respect to £ and r times as follows:

fr 52

(2.6) u(€) = j/.../U(fl)dfl...d&,_ldfr—{—Zi:djfr_j,

where d;(j = 1,...,r) are arbitrary constants.

Remark 1. Let us now examine equation (1.2) carefully as follows:

(1) If we choose w = gl7 a = —, b= —)\7 c=—1landr = 0, then U(g) can
be expressed as:

27 e =3 (%),

=0 g
where ¢(&) satisfies the linear ODE:

(2.8) ¢"+Ng' + g =0.
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This is just the well-known (G’/G)-expansion method proposed by Wang et al. [12].
(2) If w=tanh¢,g=1,a=1,b=0,c=—1 and r =0, then
(29) u(€) =) astanh'(¢),
=0

which is the well-known tanh-function expansion method, see [1]-[3], [6].

(3) If w=¢'/g,b=0 and r = 0, then we have the new expansion
m g, 7
210) u(©) = Yo%)
i=0
where g(§) satisfies the nonlinear ODE:
(2.11) ¢"9* = 29(¢')* = ag* + c(g')*,

which is called (¢’/g*)-expansion method and proposed in [26].

(4) If w = gg¢’ and r = 0, then we have the new expansion

(212) u() = > (g,

i=0
where g(§) satisfies the nonlinear ODE:
(2.13) ¢" =a+bg +c(g')?

which is called ¢’-expansion method and proposed in [26]. Li et al. [26] have
applied the two expansions (2.10) and (2.12) for finding exact solutions to the
Vakhnenko equation

um—i—ui—i—uumjtu:o.

Remark 2. where r > 1, the ansatz (2.5) is new and is not reported in [26]. So,
in the next section, we apply the two expansions (¢’/g?)-expansion method and
the (¢’)-expansion method using (2.5) with > 1 to find new exact solutions of a
modified generalized Vakhnenko equation.

3. New solutions of a modified generalized Vakhnenko equation
Consider a modified generalized Vakhnenko equation (mGVE) [27]-[29]:

0 0

9, 1
1) = ( p%u+ =pu? - == bu—
(3.1) (p u+ —pu —|—,6’u) +qpu=0, p 8t+u8x’

ox 2
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where p, ¢, 8 are arbitrary non-zero constants. equation (3.1) can be traced to
the well-known Vakhnenko equation (VE) which was initially presented to model
high-frequent wave motion in a relaxing medium [29]. Recently, equation (3.1) has
been discussed using the (G'/G)-expansion method [27] and using the auxiliary
equation method [28]. To calculate the exact solutions for equation (3.1), a sen-

sible step is to transform variables. We introduce two new independent variables
X and T defined by:

X
(3.2) a::T—{—/U(X’,T)dX’—{—xO, t=X,

— 00

where u(z,t) = U(X,T) and z is a constant. We introduce a new function W
defined by

X

(3.3) W(X,T):/U(X’,T)dX'.
Then
(34) Wx(X,T)=U(X,T), ,Wp(X,T)= /UT(X',T)dX’.

It is easy to see that

)0 _00x 00 0 _0d0x 00
OT 0z 0T OtdT’ 90X 0rdX OtoX’
From (3.2) and (3.5) we have

0 0 0 0 0

(3.5

and hence pu = U,, p?u = Uxx. Now, equation (3.1) reduces to
(3.7) Wxxxr +pWxWxr +q(1+Wr) Wxx + Wxr = 0.

Assume that W(X,T) = W (§), where £ is given by (2.2), then equation (3.7)
reduces to the equation

1
(3.8) VW + S (p+gkV(IV') + (BV —q) W' =0,

with zero constants of integration. Setting » = 1 and W’ = v, we have W () =
[ v(€)dE + dy, where v(§) satisfies the following ODE:

1
(3.9) K*Vu" + E(p + Q)kVv? + (BV — q)v = 0.
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Recently, equation (3.9) has been solved in [27] using the (G’/G)-expansion method
via the expansion (2.7). Let us now solve equation (3.9) using the expansion (2.10)
and (2.12).

3.1. The new modified (¢'/¢*) expansion method

Balancing v” with v? in equation (3.9) we get m = 2. Consequently, the expansion
(2.10) reduces to

010 6= as( 2 +or (5) s a0 0.

g2

where g(§) satisfies equation (2.11). It is easy to see that

/ 3 / 2 /
(3.11) V(&) = 2&26(%> + Ozlc(%) + 2ana (%) + ma,

I\ 4 /\ 3 I\ 2 !
(3.12) v"(&) = 6ayc® <g_2) + 2,62 <g_2) +8a2ac<g—2) + 20 ac <g_2) + 20502,
g g g g

Substituting (3.10)—(3.12) into (3.9) and collecting all terms with the same powers
of (¢'/g%)%, i = 0,1,2,3,4 together, the left hand side of equation (3.9) is converted
into a polynomial in (¢’/g?)’. Setting each coefficient of this polynomial to zero,
we get the following algebraic equations:

1
(3.13) 0: 2a0a®k*V + §(p +Q)kVai+ (VB —q)ag =0,

(3.14) 1:2a1ack®V + agay(p + @)kV + (VB — q)ay = 0,
1
(3.15) 2: 8aack®V + §(p + @)kV 3 + agaa(p + Q)kV + (VB — q)aa = 0,
(3.16) 3:201c°k*V + aqaa(p + q)kV =0,
1
(3.17) 4 : 60KV + §(p +q)kVai = 0.

Solving the above algebraic equations, we have the following results:

Case 1.
12c%k 12ack q
3.18 = — =0 =— V=—-— dack?
( )042 p+q7 o , Qg p+q7 6—40/0]{72’5# ac
Case 2.
1262k 4ack
(3.19) ay = — ¢ , a1 =0, ag=— ac , = L, B # —dack?
p+q p+q 8+ dack?

where p+ ¢ # 0. It is well known [26], the solution of equation (2.11) is given, and
hence ¢'/g? has the form:



THE MODIFIED (w/g)-EXPANSION METHOD AND ITS APPLICATIONS... 483

(1) If ac > 0, then

) % - |[E [V essinlyiee)

(2) If ac < 0, then

cl\/@exp (%\/@)
c1 exp (2{\/@) — Co

g/ 1 4
(321) — = 2— 2\/ |CLC| —
&

92

(3) If a =0, ¢ # 0, then

9/ —C
S ip) PR —
( ) g>  c(aé+ce)

where ¢; and ¢y are arbitrary constants. Now, we have the following exact solutions
of equation (3.9)

(i) If ac > 0, then for casel, we have

—12kac [cl cos (ac§) 4 ¢ sin (\/%f)} ? _ 12kac
p+q lasin(Vacf) —cycos(Vacg)]  p+q’

and consequently, we get

—12kac / c1 cos (vac§) + easin (vac) 2d§ 12kac
p+q c1sin (vac§) — ey cos (vac§)
where d; is a constant of integration. Simplifying (3.24), we get two values of

W (&) as follows:
The first value is

—12k/ac

p+q

(3.23) w(€) =

(3.24) W(E) =

f dl?

(3.25) Wy(€) = tan (&1 + Vacé) + di,

where & = tan™! (2—;) , 2+ c5# 0, and € is given by

ql

), T =a— Wi(€) — .

In this case, equation (3.1) has the general periodic solution

827 (0, 1) = Wa(§) = oo oed (g1 + Vare).

The second value is

(3.28) Wi(§) = Mmt (& — Vacg) +dy,

P+q
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where & = cot™! <C—1> , (4¢3 # 0, and £ is given by (3.26), while T" has the form

Cc2
In this case, equation (3.1) has the general periodic solution

(B30) uala, 1) = Waul®) = o0 s (6 — vce).

(ii) If ac < 0, then for case 1, we have

2
2c14/|ac| exp (25\/ |ac|> 12kac
c1 exp (251/|CLC’> — Co p+Q7

(3.31) 0(&) = 2 | \Jad] -

 ptg

and, consequently, we get

(3.32)

12k lac| c1 exp (5\/@) + co exp <—§\/M>

2
W) = de — 12kac

ptq c1 €xp (é\/@)—czexp (—5%) p+q

Setting ¢; = 3(A+B), co = SH(A—B), ¢ = £4/|ac|, where A and B are constants,
then (3.32) reduces to

§+di.

(3.33) W(€) = —12k |ac| [Asinhgb—l—Bcoshgbr ¢ 12k |ac]|

dy.
p+q Acosh ¢ + Bsinh ¢ p+q $Hd

Using the formulas (8), (10), (12) and (14) obtained in Peng [30], we have respec-
tively the following general forms of soliton solutions:

(1) If|A| > |B], then

(3.34) Wy(§) = ]%kq\/ |a c| tanh[¢ + sgn(AB)yn| + dy,

and, consequently, the solution of equation (3.1) has the form:

(3.35) wy(z,t) =W, (&) = 12k Jac| sec h?[¢ + sgn(AB)i1],
p+q
where
T
(3.36) fzk(X—VT):k(t—m), T =2 — Wi(€) — a0,

andy, = tanh™! (%) , sgn(AB) is the sign function. Note that the solution

(3.35) is in agreement with the obtained in [27].
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(2) If | B| > |A| # 0, then

a0 Wi(e) = i’q’ cothl6 + sgn(AB)s] + di,

and consequently, the solution of equation (3.1) has the form

(3.38) wa(z,t) = Wo, (&) = M csc h?[p + sgn(AB)iy),
p+4q
where
T
339) €= k(X ~VT) =k (1= 7= ) T =2 Wa(©) —

and ¢, = coth™! (%) .

(3) If [B| > |A| = 0, then
12k+/
(3.40) Wi(€) = T’ZC’ coth é + di,

and, consequently, the solution of equation (3.1) has the form

_ —12k?|ac]

(3.41) wug(z,t) = W3, (&) = W csc h?g,
where
(3.42) €= k(X —VT) =k (t—#ﬂcﬁ) T =x — Wa(€) — a0,

(4) If |A| = | B], then

(3-43) W4(§) = dy,

and, consequently, the solution of equation (3.1) is the zero solution
(3.44) ua(,t) = Wia(§) = 0,

where

qT

), T =2 — Wi(€) — 20,

(iii) If @ = 0, ¢ # 0, then for case 1, we have

(3.46) v(f)—_l%( o )

Cp+qgl\aéte

485
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and, consequently, we get

. 12k C1
(3.47) Ws(€) = P+q (le + 02) .

The solution of equation (3.1) in this case has the form:

(3-48) us(x,1) = Wss(€) = @fi) (mi >) ’

where
qT

7), T:JZ—W5(§)—ZL’0,

Similarly, we can find the exact solutions for case 2, which are omitted here for
simplicity.

(349) £ =k(X —VT) =k <t

3.2. The new modified (¢')-expansion method
Setting m = 2, in (2.12) we have the formal solution of equation (3.9) in the form

(3.50) v(€) = aa(g)* + a1 (¢) + ag, a2 #0,
where g satisfies equation (2.13). It is easy to see that
(3.51) V(&) = 2a2¢(¢)’ + (2a0b + cr¢)(¢')” + (2a2a + arb) (¢') + v,
V(&) = 6ase(g)* + (10asbe + 2a:¢%)(g')?
(3.52) + (4agb? + 3o be + 8aac) (g')”
+ (6azab + 2aiac + ayb?) (g') + (2a2a* + ayab).

Substituting (3.50)-(3.52) into (3.9) and collecting all terms with the same powers
of (¢')", (i =0,1,2,3,4) together, the left-hand side of equation (3.9) is converted
into a polynomial in (¢’)". Setting each coefficient of this polynomial to zero, we
get the following algebraic equations:

1
(3.53) 0:k*V (202a® + ayab) + §(p +)kVai + (BV — q)ap = 0,

(3.54) 1:k°V (6agab + 20nac + arb?) + arao(p + q)kV + (BV — q)ay =0,

20 K2V (4ab® + 3anbe + 8asac) + 3(p + ¢)kV i+
asap(p + @kV + (BV — q)az =0,

(3.56) 3 : k2V(10agbc + 201¢%) + asay (p + q)kV = 0,

(3.55)

1
(3.57) 4:6k*Vayc® + 5(p +q)kVas = 0.

Solve these algebraic equations using the Maple or Mathematica we get the fol-
lowing cases:
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Case 1.
—12kc? —12kbc 2/<: q
3.58 = = b2 42 V= .
(3.58) prq T Tt T g (v*+2ac) dack?+[—k2b?
Case 2.
—12kc? —12kbc —3kb? q
3.59) as = , Q= , Qg = , b= —=2v/ac, V = =.
(3.59) p+qg ' ptq " ptg B
Case 3.
—12kc? —12ack q
3.60 = =0 = b=0.V=—2-
( ) (&%) p+q , O , Qg p+q 5 ; ﬁ 4@Ck2
Case 4
—12kc? —4ack q
(36 ) (&) p+q , 07 (8%] p+q7 07 V ﬁ—i—4ack}2

It is well-known [26], the solution of equation (2.13) is given, and hence ¢'(§) has
the forms:

If A = dac — b? < 0, then

(3.62) ¢'(&) = % {\/E tanh (%M) — b} .
If A = 4ac — b > 0, then

(3.63) ¢'(¢) = % [\/Ztan (g\/Z) — b] .

If A = 4ac — b? = 0, then

361 =" (g+3)

Now, we deduce the following exact solutions of equation (3.9) as follows:

(i) If A <0, then for case 1, we have
—3kA

(3.65) v(e) = —r2 ( 5\/_—A)

p+q

2kA
P‘i‘q

and consequently, we get

(3.66) Wi() = / o(€)de + di,

which can be written as

(367) Wi(e) = — KA L h (%\/—A) MLV

Ptq
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Now, the solution of equation (3.1) in this case is the soliton solution:

KA {2 — 3sech? (_;M)} :

Ptq

where
qT
dack? 4+ 5 — k2b?
(ii) If A > 0, then for case 1, we have

LA (€ 5) 2
(3.70) wv(§) = p+qsec <2\/Z>+p+q’

and consequently, we get

BH)WM®=/MO%+%

which can be written as

_ —6kvVA 3 2kA
(372) Wg(g) = P+q tan (5@) + mg + dl.

Now, the solution of equation (3.1) in this case is the soliton solution:

(3.69) g:k;(X—VT):k(t ) T =z — Wi(€) — 0.

(3.73)  wg(z,t) = Way(€) = KA [2—3sec2 (%ﬂ)}

p+q
where
qT

 dack? + B — k22
(iii) If A =0, then for case 1, we have

—12k\ 1
313) v(©) = (02 )
and consequently, we get

@m>w«@=/w®@+@

which can be written as

(3.77)  Wa(€) = (]%) %+ d;.

Now, the solution of equation (3.1) in this case is the soliton solution:

(3.78)  wg(w,t) = Way(€) = <;1flf;> é

(3.74) gzkz(X—VT):k(t ) T =2 — Wa(€) — 0.

where

—%>, T:ZL‘—Wg(f)—l‘o

Similarly, we can find exact solutions for the other cases, which are omitted here
for simplicity.

(3.79) £=k(X-VT)=k (t
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4. Physical explanations of some obtained solutions

In this section, we will present some graphs for three types of solutions of equation
(3.1) namely hyperbolic, trigonometric and rational function solutions by selecting
some special values of the parameters in the exact solutions using the mathemati-
cal software Maple, which can be shown below in Figures 1-6. From these explicit
solutions, we see that the results (3.27),(3.30) and (3.73) are periodic solutions,
the results (3.35) and (3.68) are bell-shaped soliton solutions, the results (3.38)
and (3.41) are singular bell-shaped soliton solutions while the results (3.48) and
(3.78) are rational function solutions.

Figl. The plot of the solution (3.27) when Fig2. The plot of the solution (3.30) when

k=a=c=lLp=q=-6=-2.4=0. k=a=c=lp=q=-6,=-24=0.

Fig3. The plot of the solution (3.35) when Fig4. The plot of the solution (3.38) when
k=c=la=-1p=q=6,F=2,y,=0. k=c=la=-Lp=q=6=2y,=0.

FigS. The plot of the solution (3.68) when  Figé6. The plot of the solution (3.73) when
k=p=lLg=2,A=-13=3. k=p=lg=2,A=1p5=1.

The plot of some solutions
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5. Some conclusions

In this paper, we have introduced and presented the new modified (w/g)-expansion
method when w and g are taken special values and then we proposed two expan-
sion methods via the modified (¢’/g?)-expansion method and the modified (¢’)-
expansion method. We have applied these two methods to find the exact solutions
for the modified generalized Vakhnenko equation (3.1) such as the periodic, soliton
and rational function solutions. Finally, with the aid of Maple or Mathematica
we have assured the correctness of the obtained solutions by putting them back
into the original equation (3.1).
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