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Abstract. This present paper addresses global exponential stability for a class of more
general linear impulsive hybrid dynamical systems with any time delay. Combined
Lyapunov function methods with the Razumikhin technique, several criteria on global
exponential stability are derived, which are substantially extension and generalization
of the corresponding results in recent literature. Subsequently, two application exam-
ples and its numerical simulations demonstrate that the obtained stability criteria are
practical and effective.
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1. Introduction and notation

In past few decades, the stability problems of dynamical systems with impulses
and delays have attracted a great deal of attention from a variety of applications
in science and engineering, see [1]-[7] and references therein. In particular, special
attention has been focused on the exponential stability of such dynamical systems
because it has played an important role in practical applications of dynamical
systems [8]-[10].
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At the same time, the impulsive hybrid dynamical system is regarded as a
special but important of impulsive differential systems with variable structure, and
it has recently emerged as a new challenging area of research due to its potential
applications in various fields of engineering areas, including control technology,
industrial robotics, and communication engineering, etc [11]-[17]. There are seve-
ral research works appeared in the literature on exponential stability of impulsive
hybrid dynamical systems with time delay [18]-[21]. For example, Liu and Shen
[19] presented some criteria on uniform stability and uniform asymptotic stability
of invariant sets for impulsive hybrid dynamical systems with time delay. In [20],
Li, Ma, and Feng proved some general criteria on global exponential stability for
nonlinear impulsive and switching delayed dynamical systems. However, there is
a restrictive condition that the time delay is less than the length of all the impul-
sive intervals, so they are generally inapplicable in some practical applications. In
addition, Zhang and Sun [21] only given some results related to local uniformly
stability for linear impulsive hybrid dynamical systems with time delay.

The main objective of this paper is further to investigate global exponential
stability for a class of more general linear impulsive hybrid dynamical systems
with any time delays. Based on the Lyapunov function methods combined with
the Razumikhin techniques, several criteria on global exponential stability are
derived analytically, which are nature extension and generalization of the corres-
ponding results existing in the literature. Compared with some existing works, a
distinctive feature of this work is to address global exponential stability for linear
or nonlinear impulsive hybrid dynamical systems with any time delays. Further-
more, our results show that impulses do contribute to global exponential stability
of dynamical systems with any time delays even if it may be chaotic or unstable
itself, which can be usually used as an effective control strategy to stabilize the
underlying delayed dynamical systems in some practical applications.

Let R = (—o00,+00) be the set of real numbers, R™ = [0, 4+00) be the set of
nonnegative real numbers, and N = {0,1,2,...} be the set of nonnegative integer
numbers. For the vector u € R”, ' denotes its transpose. The norm of the vector
u is defined as [Jul| = VuTu. R"*" stands for n x n the set of real matrices.

Consider the following impulsive delayed linear dynamical hybrid systems:

(1 1) Z’(t) = Al‘(t) + Bl‘(t — T(t)) + Mpxy, te [tk,tk+1),
' x(t) = Cpa(t™), t=ty, k€N,

where t > ty, ¢ € PC([-7,0],R"), z(t) € R", A, B, Cy, My € R™",Cy = I,
M.z is hybrid term.

The time sequence {t;}>) satisfy 0 = tg < ¢1 < tg < -+ < tp < -+,
klim tr, = +oo, the time delay 0 < 7(t) < 7 < 400, z(tT) = lim x(t 4 s) and
—00 s—0
z(t™) = lim z(t + s).

s—0~

~

Let PC([—1,0],R") = {¢ : [-7,0] — R", ¢(t) is continuous everywhere
except a finite number of points # at which ¢(#*) and ¢(#~) exist and ¢(t+) = ¢(1)}.
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For ¢» € PC([—7,0], R"), the norm of ¢ is defined by

[¥ll- = sup [l(s)].
—7<s<0

xy, - € PC([—7,0], R") are defined by x;(s) = z(t + s) and z4-(s) = z(t~ + s)
for s € [—7,0], respectively.

We always assume that system (1.1) has a unique solution with respect to
initial conditions. Denote by x(t) = (¢, to, ) the solution of system (1.1) such
that z;, = ¢. We further assume that all the solutions z(t) of system (1.1) are
continuous except at ty, k € N, at which x(¢) is right continuous. Let xp = x(;),
Aty = tgr1 — tx, kK € N. Obviously, x(t) = 0 is a solution of system (1.1), which
we call the zero solution.

Definition 1.1. The zero solution of system (1.1) is said to be globally exponen-
tially stable if there exist two constants A > 0 and K > 1 such that for any initial
value z;, = ¢,

[2(t, to, 0)|| < Kllpllre X070, # > 4,
where (to, ) € RT x PC([—7,0], R").
Definition 1.2. Function V : R™ x R™ — R" is said to belong to the class vy if

(a) V' is continuous in each of the sets [ty,tri1) X R™, and for each x € R",
t € [tetir1), k€N, lm V(t,y) =V(t, ,x) exists, and

(ty)=(t), )
(b) V(t,x) is locally Lipschitzian in all x € R™, and for all t > to, V(t,0) = 0.

Definition 1.3. Given a function V : Rt x R® — R™, the upper right-hand
derivative of V' with respect to system (1.1) is defined by

DVt 2(t)) = lim sup - (V46,2 +8) ~ Vit (1)),

6—0t )

2. Main results

In this section, by combining the Lyapunov function and Razumikhin technique,
we shall present several criteria on global exponential stability for the delayed
linear hybrid dynamical system (1.1).

Theorem 2.1. Let the n X n matrix P be symmetric and positive definite, A3
be the largest eigenvalue of P~Y(ATP + PA + 2PP), Ay be the largest eigenvalue
of P7'BTB, X\, be the largest eigenvalue of P~*CE M MyCy, A\, be the largest

eigenvalue of P7'CFPCy, A5 = sup Ay, A¢ = supAg, and 0 < \g < 1. Assume
keN keN
that there exist two constants A > 0 and o > 0, such that for all k € N, the

following conditions are satisfied:
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(i) FO) =0 — A — (A3+i_:ew+i_z> > 0;

(11) In )‘6 < —(O' + /\)(tk+1 — tk)
Then, for any delay 0 < 7(t) < T < 400, the zero solution of the linear im-
pulsive delayed hybrid dynamical system (1.1) is globally exponentially stable with
convergence rate 5
Proof. Let z(t) = x(t, 9, p) be any solution of the linear impulsive delayed hybrid

dynamical system (1.1) with x;, = .
We construct a Lyapunov function as follow:

(2.1) V(t,z(t)) = 27 (t) Px(t).

Let Ay > 0 and Ay > 0 are the smallest and the largest eigenvalues of P
respectively, so we have

(2.2) Mz < V(1) < Aoflz(t)]1*.
We shall prove that
(2.3) V(t,z(t)) < K| p|?e X0t € [ty trr), k€ N.

For t € [tg,try1), kK € N, we calculate the upper right derivative of V (¢, z(t))
along the solution of system (1.1) and have
DYV (t,z(t)) = 2T(t)(ATP + PA)x(t)
+ 22T (t — 7(t)) BT Px(t) + 22, M Px(t)
2T () (ATP + PA+2PP)x(t)
+2T(t — 7(t)) BT Bz(t — 7(t)) + =1 M My,
AV (t,x(t)) + MV (t—7(t), x(t — 7(¢)))
+zF MF My,

IN

(2.4)

IA

From condition (ii), we can get
(25) —1In )\6 + AT — (O’ + A)(tk-&-l — tk) > 0.

From (2.5), we can choose K > 1, such that

(o+A)(t1—to) < < — AT—(0+A)(t1—to) ,(04+N)(t1—to)
(26> l<e <K<-—In )\66 e .
Then

20) I < et < K pfee,

We first prove

(2'8) V(t,l‘(t)) < )‘2K’|90Hf2re_)\(t_t0)? le [tO’tl)v
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To do this, we only need to prove that
(2'9) V<t7x(t)) < )‘QKHSOH?-e_)\(tl_tO)v te [t07t1)'

If (2.9) is not true, from (2.2) and (2.8), then there exists some ¢ € (tg,t;) such
that

V(f,x(f)) > A2KHQO||72_€_)\(t1_tO) > )\2||(p||72_€a(t1—t0)
> /\2”90”2 > V(to + S,QU(to + S)), s € [—7" ()]7

which implies that there exists some t* € (¢o, ) such that

(2.10) V(t*, xz(t")) = )\2K||goﬂfe’k(t1’t°),
and
(2.11) V(t,xz(t) < V(t",z(t")), telto—rT,t7,

then there exists t** € [to, t*) such that

(2.12) V(™ z(t™)) = Aalell?,
and
(2.13) V(™ (™) < V(t,z(t), tet™t7].

Hence, for any s € [—7, 0], we have

V(t+s,xz(t+s))

IN

DaF g2

%6)‘7(0+)‘)(t1t0)6(0+)\)(t1tO) HSOH§
6

(2.14) Y

IN

INA
~—~
~
*
*

8
—~
~
*
*
SN—
SN—

From (2.3), (2.12) and (2.13), we can get
i My Moy = 2l MIMoP ™ Pxo < X5V (to, 7(to))
(2.15) < MshallollZ < AVt z(t)), t € [, 1,

Thus, from condition (i), (2.4), (2.14) and (2.15), we get

DYV (t,a(t) < ()\3+i—ze”+i—Z)V(t,x(t))

(2.16) < (0= NV(t,z(t), tet™ ]
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From (2.7), (2.10), (2.11), (2.12) and (2.13) that
V(t*, .T(t*>> < V(t**, x<t**))€((r—)\)(t*—t**)
(2.17) < oflplZerT) <V, (1)),

which is a contradiction. Hence (2.8) holds and then (2.3) is true for k& = 0.
Suppose (2.3) holds for £ =0,1,2,...,m (m € N,m > 0), i.e

(2.18)  V(t,x(t)) < MoK |p]|2e M)t € [ty trp), k=0,...,m.
Next, we shall prove that (2.3) holds for k =m + 1, i.e.,
(2.19) V(t,z(t)) < \K|lp||2e 0t € [tit, tmga)-
If (2.19) is not true, suppose

= f{t € [tmsr, tsa) [V (,2(8)) > DK [ 2710},
From condition (ii) and (2.18), we have

Vitmstsaltns)) = 27 () POt )

)\GV(t;@w I(t;1+1))
Asho K |ip]|Zetms1=to)

IA

(2.20)

IN

A\

MoK |[p|7e 20t
and 80 t # t,,11. From the continuity of V (¢, z(t)) in [t,11, tmi2), we have
(2.21) V(Ea() = MK |lpl2e )t € [ty 7]

By (2.20), we know that there exists some t* € (t,,,41,t) such that

(2.22) V(5 x(th)) = >\6)\2€A(tm+27tm+1)K”(p||364(wo>,
and
(2.23) V(5 z(t*) < V(t,z(t)) < V(t,x(t)), teltht].

From (2.19), (2.20), (2.22) and (2.23), we can obtain
Mm+1M +1Tmt1 = T m+IC£+1Mm+1M +1C0mi1 T 1
< AVt (i)

)\2e>‘(tm+2_tm+l)Knguze_AG_tO)

m+1

(2.24) R
= LV a(r)
< Sy@al)), te [T
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On the other hand, for any ¢ € [t*,t], s € [—7,0], then either t + s € [to — T, t;ny1)
or t + s € [tmy1,t]. Two cases will be discussed as follows:

Ift+s€lto—7,tme1), from (2.18), we have
V(t+s,z(t+5) < MK|p||2e 2 tt0)e=As
(2.25) < Age?TMtmrztmid) [ || |2 A Et0),

While, if ¢ + s € [tpy1,t], from (2.21), then

Vit+s,z(t+5s) < MK|p|2e )
(2.26) < )\26)\T€>\(tm+2_tm+l)Kl|§0||72.€_)‘(Z_t0),

Form (2.25) and (2.26), in any case, we have for any s € [—7, 0],

V(it+s,z(t+s) < >\—6V(t*, x(t%))
(2.27) < e)\j\/(t,x(t)), t e [t*, 1.

Finally, from (i), (2.4), (2.24) and (2.27), we have
+ Mo, A
DV (t,a(t) < (Ag Wl )\—)V(t,:c(t)) < (0 — NV(t,z(t)).
6 6
Thus, in view of condition (ii), we have
V(t,z(E) < V(t* z(t))ele- V)
(2.28) < )\26—(0+/\)(tm+2—tm+1)ez\(tm+2—tm+1)KHSOH?re—)\(f—to)e(U—)\)(f—t*)
< V(t,x(t)),
which is a contradiction. This implies the assumption is not true, and hence (2.3)

holds for k = m + 1. Therefore, we can obtain that (2.3) holds for any k € N.
By (2.2) and (2.3), we have

X .
()] < |/ 2K el e300, ¢ = 0,

which implies that the zero solution of the linear impulsive delayed hybrid dy-

namical system (1.1) is globally exponentially stable with convergence rate 5 for

any time delay 0 < 7(¢) < 7 < +o0.
Then, we complete the proof of Theorem 2.1. n

Corollary 2.1. Let A3, Ay, A5, A\¢ and condition (iii) be is precisely the same as
that of Theorem 2.1, and assume that for all k € N,



386 X. WU, Y. LIU, Z. QIAO

Ay + A

(iii) (Ag + )(tk+1 — 1)) < —In ).

Then, for any delay 0 < 7(t) < T < 400, the zero solution of the linear impulsive
delayed hybrid dynamical system (1.1) is globally exponentially stable.

Consider the following impulsive delayed nonlinear dynamical hybrid systems:

w(t) = Ax(t) + f(t,z(t),x(t — 7(t))) + Myxy, tE€ [tr,tper),
(2.29) x(t) = Cra(t™), =t k€N,
Ty = P,

where [ : Rt x R" x R* — R" is a continuously vector-valued function,
f(t,0,0) = 0, which satisfies the following condition

(H): [|f(¢ 2(t),2(t — 7O < Lllz@)® + Lof|z(t — 7(2))[|?, where [, and I, are
positive numbers.

In general, the condition (H) is very mild, since some general dissipative dy-
namical systems, such as neural networks, coupled chaos oscillators, and networks
of multi-agent, etc., can be included in condition (H).

Theorem 2.2. Let the n X n matrix P be symmetric and positive definite, A3 be
the largest eigenvalue of P~Y(AT P+ PA+2PP +11), Ay be the largest eigenvalue
of loP™1, Ay, be the largest eigenvalue of P~*CEMEM,Cy., Ac, be the largest

eigenvalue of P~'CFPCy, A5 = sup Ay, A¢ = supAg, and 0 < \g < 1. Assume
keN keN
both conditions (i) and (ii) are satisfied in Theorem 2.1.

Then, for any time delay 0 < 7(t) < 7 < 400, the zero solution of the non-
linear impulsive delayed dynamical hybrid system (2.29) is globally exponentially

stable with convergence rate 5

Proof. Similarly to the proof of Theorem 2.1, by the Lyapunov function (2.1),
for t € [ty,txr1), we calculate the upper right derivative of V (¢, z(t)) along the
solution of system (2.29) and have

DYV (t,z(t)) = 27 (t)(ATP+ PA)x(t)

+ 22T ()P F(t, x(t), x(t — 7(t)) + 2Mypxpz(t)

2T (t)(ATP+ PA+ PP+ 1, P~'P)x(t)

+ baTz(t — 7(0)z(t — 7(t)) + 2L M Myay,

< MV x) + MV(E—T1),2(t — 7)) + 2F ME M.

IN

(2.30)

The rest of the proof is precisely the same as Theorem 2.1, so we omit it. Theorem
2.2 is proven. "
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Corollary 2.2. Let A3, \y, A5 and \g be is precisely the same as that of Theorem
2.2, and assume that for all k € N,

A+ A5

6

(iv) (Ag + )(tk+1 “ ) < —In ).

Then, for any delay 0 < 7(t) < 7 < 400, the zero solution of the nonlinear
impulsive delayed hybrid dynamical system (2.29) is globally exponentially stable.

Remark 2.1. Obviously, Corollary 2.1 has extended the Theorem 1 of [21] con-
cerning the local uniform stability to the global exponential stability for the li-
near impulsive delayed hybrid dynamical system (1.1) under the same conditions.
Therefore, Theorem 2.1 is an important improvement and generalization of the
main results in [21]. In addition, it is interested that if the linear impulsive de-
layed hybrid dynamical systems are local uniform stable, then it must be globally
exponentially stable.

Remark 2.2. Theorem 2.1, 2.2 and Corollary 2.1, 2.2 are valid for any time
delay 0 < 7(t) < 7 < +o00. Therefore, our results are more practically applicable
than those in the literature since the restrictive condition that the time delays are
less than the length of all the impulsive intervals is actually removed here (see
for example: Theorem 3.1 of [20]). Furthermore, our results show that impulse
and hybrid term do contribute to the global exponential stability of linear or
nonlinear impulsive delayed hybrid dynamical systems even if the corresponding
systems without impulses are chaotic or unstable.

A A
Remark 2.3. Let h(\) = (—1n)g)/ (2)\+)\3 + /\—46)‘7 + )\—5>, in Theorem 2.1,
6 6

the satisfaction of both (i) and (ii) is equivalent to Aty < h()), if we require that
the exponential convergence rate of system (1.1) or (2.29) is larger than or equal

*
*

to any given — > 0, we can choose any suitable At < At;, such that system

(1.1) or (2.29) is globally exponentially stable with exponential convergence rate

3 > 5 > 0, where At} = h(\*).

3. Application examples

In this section, we shall discuss the applications of the above theoretic criteria.
Two examples and their simulations are given to show that our main results are
practical.

Example 3.1. Consider the following linear impulsive delayed hybrid dynamical
systems:
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(- 14 2 2 0
:L’(t):(l ;)x(t)—F(l 6>:E(t—7'(t))+< 81 L)xk’
4 3 k+1
(3.1) t € [ty tis1),
3k+1 0
k2+1 —
z(t) = ( 0* it )x(t ), t=t, k€N,
\ k2+1

where z(t) = (z1(t), 22(t))" € R%

9 0
0 12
A¢ = 0.5208, which implies Theorem 2.1 hold. By condition (iii) of Corollary
2.1, if Aty < 0.0159 the zero solution of system (3.1) is globally exponentially
stable for any time delay. The numerical simulation with At = 0.013, 7 = 0.3
and initial functions (p1(t), ¢2(t)), where

Let P = < ) then A3 = 34.0371, A\, = 3.4449, \s = 0.1302,

0, te[-0.3,0),
p1(t) =
-1, t=0,
(3.2)
0, te[-0.3,0),
pa(t) =
1, t=0,

is given in Fig. 1, the global exponential convergence rate is 0.9861. The system
(3.1) without impulses and hybrid term is unstable with the initial functions (3.2)
(see Fig. 2).

It should be noted that the global exponential stability cannot be derived
by applying existing criterion in [21], where only local uniform stability is proved
under the same conditions. Therefore, Theorem 2.1 or Corollary 2.1 substantially
extends and improves the main results of [21].

X, ®

3 —

Fig. 1. Global exponential stability of Fig. 2. Instability of system (3.1) without
system (3.1) with At = 0.013. impulses and hybrid term.
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Example 3.2. Consider the following Machey-Glass [22] nonlinear delayed im-
pulsive hybrid model:

o 172t —7(t)) 3

l’(t) = 068$(t) + T {L‘s(t — T(t)) + T Ql’k, t e [tk,tk+1),
(3.3) kE+1

fL'(t) = %Q—H[E(t‘i), t = tk, ke N7

where 0 < 7(t) < 7 < +00. The corresponding system (3.3) without impulse and
hybrid term is a chaotic system. Fig. 3 shows its simulation results for 7 = 4 with
the initial function:

0, te[-4,0),

(3.4) p(t) =
12, t=0,

It is easy to see that condition (H) holds for

with {; = 0 and [, = 1.7. By taking P = 13, A3 = 24.64, Ay = 0.0452, A5 =
0.1731, X\¢ = 0.0769, then all the conditions of Theorem 2.2 are satisfied. By the
condition (iv) of Corollary 2.2, if At; < 0.0933 the zero solution of system (3.3) is
globally exponentially stable for any time delay. The numerical simulation with
Aty = 0.092 and the initial function (3.4) is given in Fig. 4, the global exponential
convergence rate is 0.0422.

0.07f

0.06 X 1

0.051
0.04
0.03

| \ SN % / 0.02

oe \\’/',é\\\v 7 0.01 1
a8 S

0.6 \\\!‘Q&%’,’" w” 0 e

) (“"’) 8 4 5 6 7 8 d

0.4 ")\/"///’ t
///I/’“ i

0.2 : : = . ‘ : ‘ ‘ ‘ ‘

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 0 2 4 6 8 10

x(t) t
Fig. 3. Chaotic behaviors of system (3.3) Fig. 4. Global exponential stability of
without impulse and hybrid term. system (3.3) with At; = 0.092.

By Remark 2.3, let P = 13,7 = 4, Fig. 5 shows the relationship between
A and Aty in system (3.3). By Remark 2.3, in Theorem 2.2, the satisfaction of
both (i) and (ii) is equivalent to At < h(A). Hence, in Fig. 5, D can denote the
globally exponentially stable region.



390 X. WU, Y. LIU, Z. QIAO

0.1

- - — —h(\)
= ~N
0.08f ~
\
\
N D
0.06f \
™ \
pot \
\
0.04f \
\
N .
(ST
0.02 N
N
N
O L L L I i S
o 0.5 1 15 2 25 3

Fig. 5. Globally exponentially region of system (3.3) for (A, Aty).

It can been seen from Example 3.2 that the impulses hybrid terms can con-
tribute to global exponential stability for nonlinear delayed dynamical systems
even if the corresponding systems without impulses and hybrid terms may be un-
stable or chaotic itself, which can be usually used as an effective control strategy to
stabilize the underlying delayed dynamical systems in some practical applications.

4. Conclusions

In this paper, the global exponential stability criteria of linear and nonlinear
impulsive hybrid dynamical systems for any time delay are investigated. By
employing the methods of Razumikhin technique and Lyapunov function, some
global exponential stability criteria have been established. Our results have im-
proved and generalized some of the known results existing in the literature. Two
examples are given to illustrate the theoretical results. Furthermore, it is shown
that the impulses and hybrid term can stabilize an unstable or even chaotic dy-
namical system, which is particularly meaningful for control and design of hybrid
dynamical systems in practice.
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