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1. Introduction and preliminaries

The initial work on double sequences is found in Bromwich [4]. Later on, it
was studied by Hardy [7], Moricz [16], Moricz and Rhoades [17], Tripathy ([30],
[31]), Bagarir and Sonalcan [2] and many others. Hardy [7] introduced the notion
of regular convergence for double sequences. Quite recently, Zeltser [33] in her
Ph.D thesis has essentially studied both the theory of topological double sequence
spaces and the theory of summability of double sequences. Mursaleen and Edely
[21] have recently introduced the statistical convergence and Cauchy convergence
for double sequences and given the relation between statistical convergent and
strongly Cesaro summable double sequences. Nextly, Mursaleen [18] and Mur-
saleen and Edely [22] have defined the almost strong regularity of matrices for
double sequences and applied these matrices to establish a core theorem and in-
troduced the M-core for double sequences and determined those four dimensional
matrices transforming every bounded double sequences x = (xy;) into one whose
core is a subset of the M-core of . More recently, Altay and Bagar [1] have de-
fined the spaces BS, BS(t), CS,, CSyp, CS, and BV of double sequences consisting
of all double series whose sequence of partial sums are in the spaces M,,, M, (t),
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Cp, Cip, C, and L,, respectively and also examined some properties of these se-
quence spaces and determined the a-duals of the spaces BS, BV, CS;, and the
B(v)-duals of the spaces CS;, and CS, of double series. Recently, Bagar and Sever
[3] have introduced the Banach space L, of double sequences corresponding to
the well known space ¢, of single sequences and examined some properties of the
space L,. By the convergence of a double sequence we mean the convergence in
the Pringsheim sense, i.e., a double sequence x = () has Pringsheim limit L
(denoted by P — lima = L) provided that given € > 0 there exists n € N such
that |xy; — L| < € whenever k,l > n see [25]. We shall write more briefly as
P-convergent. The double sequence x = () is bounded if there exists a positive
number M such that |zg,| < M for all k£ and [.

An Orlicz function M is a function, which is continuous, non-decreasing and
convex with M (0) =0, M(z) > 0 for z > 0 and M(z) — oo as © — 0.

Lindenstrauss and Tzafriri [10] used the idea of Orlicz function to define the
following sequence space. Let w be the space of all real or complex sequences

x = (xy), then N
KM:{xew:;M<|x—;|> <oo}

which is called as an Orlicz sequence space. The space ¢, is a Banach space with

the norm .
||| :inf{p> 0: ZM<|x—pl€|) < 1}.
k=1

It is shown in [10] that every Orlicz sequence space ¢); contains a subspace iso-
morphic to £,(p > 1). The As-condition is equivalent to M (Lz) < kLM (x) for
all values of x > 0, and for L > 1. The notion of difference sequence spaces was
introduced by Kizmaz [8], who studied the difference sequence spaces l.(A), ¢(A)
and co(A). The notion was further generalized by Et and Colak [5] by introducing
the spaces loo(A™), ¢(A™) and co(A™).

Let m, n be non-negative integers, then for Z = ¢, ¢y and [, we have sequence
spaces

Z(A7) = {o = (&) € w: (A € 2},

where A"z = (ATx;,) = (A" 1tz — A gy ) and A%z, = z; for all k € N,
which is equivalent to the following binomial representation

A?wk = Z(—l)v ( T ) Lhtnv-

v=0

Taking m = n = 1, we get the spaces l.(A), ¢(A) and ¢o(A) studied by Kizmaz
[8]. Taking n = 1, we get the spaces loo(A™), ¢(A™) and ¢o(A™) studied by Et
and Colak [5]. Similarly, we can define difference operators on double sequence
spaces as:

Axk,l = (Jik,z - Ik,l+1) - ($k+1,l - l‘k+1,z+1)

= Tkl — Tkirl — Tkl T Ter1041,
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m m—1 m—1 m—1 m—1
A"z = A" xp, — A" w0 — A" g+ AT T 4
and
m m—1 m—1 m—1 m—1
AVxp; = A0 wp — AV g — AV Xy + AT Ty 41

A double sequence x = (xy;) of real numbers is called almost P-convergent to a
limit L if
m—+p—1n+qg—1

P — lim sup 1 Z Z |zk, — L| =0
l=n

p,q—0o0
man>0 D4 =

i.e., the average value of (xy;) taken over any rectangle
{(k,)): m<k<m+4+p—-1,n<l<n+q—1}

tends to L as both p and ¢ tends to oo, and this P-convergence is uniform in m
and n.

By a lacunary sequence 6 = (i,.), r = 0,1,2, ..., where {5 = 0, we shall mean
an increasing sequence of non-negative integers h, = (i, — i,_1) = 0o (1 — ).
The intervals determined by 6 are denoted by I = (i,_1,4,| and the ratio i, /i, 1
will be denoted by ¢,.. The space of lacunary strongly convergent sequences Ny
was defined by Freedman et al. [6] as follows:

o1
Ny = {x: (1) .TILIEOg—Z|$k—L| =0 for some L}.

" kel,

The double sequence 0, s = {(k,,ls)} is called double lacunary if there exist two
increasing sequences of integers such that

ko=0, h, =k, — k,_1 >0 asr — o0

and
lo=0, hy =1, —l,_1 — 00 as s — 00.

Let k,, = k,ls, by = h.h, and 6, is determined by I,, = {(k,1) : k,_y < k <k,
and l;_1 <1<}, qr = b , s = L
kr—l ls—l

A sequence space F is said to be solid if (ax,2r,) € E, whenever (xy,) € E
and for all sequence (o) of scalars with |ay,| < 1, for all k,1 € N.

A sequence space E is said to be symmetric if (2;;) € E implies (2rx,)) € E,
where 7 is a permutation of N.

A sequence space F is said to be convergence free if (y;;) € E whenever
() € E and xy; = 0 implies yg,; = 0.

Let X be a linear metric space. A function p : X — R is called paranorm, if

and Qr,s = qrs-

1. p(x) >0, for all x € X,

2. p(—x) =p(z), for all x € X,
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3. p(z+vy) <px)+ply), for all z,y € X,

4. if (\,) is a sequence of scalars with A\, = X as n — oo and (x,,) is a sequence
of vectors with p(z,, —z) — 0 as n — oo, then p(A,z, —Az) — 0 as n — oco.

A paranorm p for which p(x) = 0 implies z = 0 is called total paranorm and the
pair (X, p) is called a total paranormed space. It is well known that the metric of
any linear metric space is given by some total paranorm (see [32], Theorem 10.4.2,
P-183). For more details about sequence spaces see ([9], [11], [12], [13], [14], [19],
23], [24), [26], [27], (28], [20)).

Let M = (My,;) be a sequence of Orlicz functions, p = (px,;) be a bounded
sequence of positive real numbers and u = (uy,;) be any sequence of positive real
numbers. Let X be a seminormed space over the field of complex numbers with
the seminorm ¢ and w(X) denotes the space of all sequences x = (xy,), where
xr; € X. Now, we define the following sequence spaces in this paper:

[NG’M7Anmap7Qau]1

= {x = (xy) € w(X): lim ! Z [Mkﬁl<q(uk’lA?xk’l — L)ﬂpk’l =0,

75800 [y k€l s P

for some L and p > O},

[No, M, A, p,q; ulo
= {x = (xy) € w(X): lim ! Z [MkJ(q(uLWﬂpw =0,

r,8—00
’ ™8 k€L
b E]

for some p > 0}
[NGaM7A:1nap7Qau]oo

1 TIRVAND Dl
— {x = (x;) € w(X) : sup - Z [Mk,l(—Q( kil p” kl))} < 00,
r,8 T,5 kol

for some p > O}.

If we take M(x) = x, we get the following spaces:

[Ng, A:znapa q, u]l

1 (q(uklAnmxk,l — L))Pk,l _0

’ "8 kel

for some L and p > O},
[NQ’A;napa q, U]O

9

1 AT Pk,

= {I’ = (z4y) € w(X): lim <—Q(u’“7’ nxkl)) !
T,8—00 hTS p

kel s

for some p > 0}
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[N97 A217p7 q, u]oo

= {x = (xy) € w(X) : sup 1 Z <M>m’l < 00,

h
s s e p

for some p > 0}.
If we take p = (pg;) = 1, we get the spaces like:
[Ng, Ma A:Ln7 q, U’]l

_ {$ ~ (1) € w(X) : Tim 1 Z [Mk7l<Q(Uk7lAnm$k,l — L))} —0

re=oe hrg k€l s P

for some L and p > 0},
[Ng,M,AZL,q,U]O

> ()] <o

S kel s P

T,8—00 hr
for some p > 0}
[Nea Ma A?7 q, u]oo

= {x = (zxy) € w(X): sup < 09,

7,5—00

q(ur ANy
[ (A2
"8 kel P

for some p > 0}.

The following inequality will be used throughout the paper.
If 0 < pry < suppp; = H, K = max(1,277"), then

(1.1) |ar + bl < K{]ax,

Pkl + |bk’l|Pk,l}

for all k,1 and ag;, by, € C. Also |a|P*! < max(1, |a|") for all a € C.
The main aim of the present paper is to study some topological properties
and inclusion relations between the above defined sequence spaces.

2. Main results

Theorem 2.1. Let M = (My,;) be a sequence of Orlicz functions, p = (pg,)
be a bounded sequence of positive real numbers and u = (uy,;) be a sequence of
strictly positive real numbers. Then, [Ng, M, A" p,q,ul1, [Ng, M, A" p,q,ulo
and [Ng, M, AT p,q, ulo are linear spaces over the set of complex numbers C.

Proof. Suppose z = (zy;) and y = (yg,) € [No, M, AT, p,q,ulo. Then, there
exist positive numbers pq, po such that

lim 1 Z [Mk,z(Q(Uk’lAgb(xk’l)))]pk’l =0

re=o0 s 157 P1
5 7,8
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and

ti L 37 [ (ST

r,8—00
T,5 k€l s P2

Let p3 = max(2|alp1,2|5|p2). Since M = (My,) is a non-decreasing and convex
so by using inequality (1.1), we have

A P,
lim : [Mk,z(q(uk’l "axg + 5yk,z))] kot
7,8—00 r,s kAl p3
1 1 A Dk,
< K lim Z [Mkz(qu’l n<xk1)))} o
7r,8—>00 hr s 2Pk,l ’ pl
S kel s
1 1 q(up AT (Yr)) \ P
+K r,lslinoo hrs Z Pkl |:Mk71< P2 >:|
S kel s
A™ Pk,
K LY [ (A )y
7r,8—>00 r,s kel pl
3 e[r,.s
A™ Pk,
+K lim Mk,z<q<Uk’l - (ykl)))] o
7,8—00 r,s k,lGIr,s p2
=0.

Thus, ax + By € [Ng, M, A" p,q,ulo. This prove that [Ny, M, A™ p, q,u]y is a
linear space. Similarly, we can prove other cases.

Theorem 2.2. Let M = (My,;) be a sequence of Orlicz functions, p = (pk,)
be a bounded sequence of positive real numbers and u = (ur;) be a sequence

of strictly positive real numbers and 6 = (k.s) be a lacunary sequence. Then
[Ng, M, A™ p,q,ulo is a paranormed spaces with the paranorm

Z [Mk,l<—Q(Uk’l?;nxk’l>} <1,

"8 kel

for some p >0 andr =1,2,3, },

m,n 1
9@) = 3 lais| +inf {p/" s sup
ij=1 T,

where H = max(1, sup py,).

kil
Proof. Clearly g(z) = g(—=x). Since M;;(0) = 0, for all k,l € N, we get
g(0) = 0. Let x = (x3,;) and y = (yry) € [Ng, M, A}, p,q,ulp and let us choose
p1 > 0 and py > 0 be such that

1 q(ug Az )

sup

r,s

o

S lel P1

)} <1, r=1,2,3,..,

and

| Am
sup — > [Mkl(M)] <1, r=1,2,3 ..

"% k€l s P2
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Let p = p1 + p2. We have

sup 1 Z [Mk’l<Q(UklA?($k,l'f‘yk,l))}

rs B kel P
1 up A"
S( 1 )sup Z [Mk:,l<Q( [RPA kl))]
P1 + P2 r,8 hr,s k€l s P1
1 ug ] A
() 3 [ (A
p1+p2/ rs Ny KleTos P2
<1

Since p > 1, we have

9(x +y)
= E |23 + yij| + inf {,0 H :sup E : [Mk,l<q( kA (@ yk,l)))”
i, 7,8 hrs P
1,5=1 ) s k‘,lelr,s
m,n . Pkl ) 1 q(ukylAff(:rk’l))
Si]z:l | 4|+ inf {,0 H srusp s k; [Mkz( P >] <1, r=1,2,3, }

— . Pkl 1 Q(Ukz zAm(?/k z))
f{ i ) [M ( 12 Gk, >]<1, :1,2,3,...}
ISR o L S

= g(x) + g(y).

Finally, let A be a given non-zero scalar in C. Then the continuity of the product
follows from the following expression

g(A\x) = % |Az; ;| + inf {ppLHl : sup 1 Z [Mkyl<q(uk’lA;n()\xk’l))>] <1,

h
T8 r,S ki€l s P

for some p > 0 and r=1,2,3, }

> [ (]

ij=1

=AY [yl +inf {([Aln)F s sup

ii=1 r,s Iirs k1€l s n
for some p > 0 and r=1,2,3, },
where n = i > (. This completes the proof of the theorem. .
(Y

Theorem 2.3. Let M = (My;) and M' = (M) be two sequences of Orlicz
functions and p = (pr,) be a bounded sequence of positive real numbers. Then

(i) [N97M7Azlvpv%u]z - [NevM oM’vAgvpa%u]Z

(11) [N97M7A:’Ln7p’Q7u]Z N [NGaM/7A7Tap7Q7u]Z g [NQ,M + MIaAnm7p7 an}Za
where Z = 0,1, c0.
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Proof. The proof of the theorem is easy, so we omit it. n

Theorem 2.4. The inclusion [Ng, M, A™ 1 p g ul; C [Ny, M,A™ p,q,ulz
hold, for m > 1. In general, [Ny, M, Al p,q,ulyz C [Ng, M,A™ p,q,ulz, for
1=1,2,3,...,m — 1 and the inclusions are strict, where Z = 0,1, co.

Proof. Let x = (zy,;) € [Ny, M, A" p q,ulo. Then, there exists p > 0 such

that
D SELAICE Y

kel s P

Since M is non-decreasing and convex, we have

AT Pk,
lim [Mkz(q(%’l n@kl)))] o
7,5—00 hrs ’ 2p
S kel .
_n [Mkl(q (g AT Hwgy) — up g AT~ (xk+1,l+1)))]pkﬂl
r,s—oo h v 2p
Uu A x Pkl
< [Mkl<q k,l kl))}
r,5—00 h ’
S kel s
) up A (x Pht
X |:Mk,l<q k,l k—l—ll—&-l))}
7",5—>oo
5 kel
Uu A x Pk,i
< [Mkl<q k,l kl))}
r,5—00 h ’
S kel s
up A (x Ph,i
+ li [Mk,z<q Bl k+ll+1))} — 0 asr,s — o0,
7“,5—>oo
5 kel

e, x = (xr;) € [Ng, M, AT p,q,u]o. The other cases can be proved in the similar
way. .

Theorem 2.5. Let 0 = (k1) be a lacunary sequence and let M = (My,;) be a

sequence of Orlicz functions. Then

(1) [N97M7A;Lnap7Q7u]0 g [NaaMaAgapaqau]l g [N97M7A?7p7q7u]007
and the inclusion is strict.

(11) ]f|uk,l| S 17 then [N97MaA;nvpﬂ q, U]Z g [NeyManapv q7]Z
for Z =10,1,00.

Proof. (i) The inclusion [Ny, M, A" p,q,uloC [Ny, M, A" p,q,u]; is obvious.
Let (x;) be an element of [Ny, M, A", p,q,u]y. Then, there exists p > 0 such

that
5 [ (et )

"8 kel s P

7,800 h
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Since (My,) is non-decreasing and convex, we have

h1 Z [Mk,l (CJ(Uk’lA?(x’%l)) > } Pkl

"8 kel P
1 q(up Az — L))\ 7Pe1
I L G |
T e k; " P

+K max [1, My, (q(%))} H,

where H = sup(py,), K = max(1,277). This completes the proof of the (i).
kil

(ii) The proof of the (ii) is easy, so we omit it. .

Example. Let

(o01) 4, if k,1 are even;
Pist) = 5, otherwise.

Let m,n > 0 be given. Let uy;, = (kl), My, (x) = 22, for all k,l € Nand q(z) = |z|.
Let 6 = (27%) be a lacunary sequence. Consider a sequence (zy,;) defined by

(zr1) = L™ (k)™ (kD)™ 3.
Thus, the sequence (zy,) belongs to [Ny, M, A" p, q,uly, but (xx;) does not be-
IOIlgS to [N'97 M7 A:1n7p7 q, U]O'

Theorem 2.6. Let M = (My;) and M' = (My;) be two sequences of Orlicz
functions. If M and M’ are equivalent for each k,l € N and 0 = (k.,l5) be a

lacunary sequence. Then
[Nev M7 ATapa q, u]Z = [Né’a ¢7 A:znapv q, u]Z7

where Z = 0,1, c0.
Proof. The proof of the theorem is easy, so omitted. .

Theorem 2.7. Let M = (My,) be a sequence of Orlicz functions and let q; and
g2 be two seminorms. Then

(1) [N97Ma A;Lnapa Q17u]Z N [N97Ma A;rznapa Q2,U]Z - [N97Ma A;rzn>p7 ¢+ QQ,U]Z;
(11) [N97M7Anm7p7 qlau]Z - [N97M7Anm7p7 Q2,U]Z; where Z = 07 1700'
Proof. The proof is easy, so omitted.

Proposition 2.8. The spaces [Ny, M, p,q,ulo and [Ny, M, p, q,u|s are solid as
well as monotone. The spaces [Ny, M, A" p,q,ulz are not solid in general, for
Z =0,1, 0.
Proof. Let (zx;) € [Ng, M., p,q,u]o. Then, there exists p > 0 such that
lim [Mk ! (—Q(“’“W’Z)HW —0
7,6—00 hT,S ’ P

kel s



356 K. RAJ, S.K. SHARMA, S. JAMWAL

Let (ag;) be a sequence of scalers such that |ag,| < 1, for all k£, € N. Since

|| < max(1, |ag|) < 1, for all k,I € N, where H = suppy; < oo, then, for
k,l

each r, s, we have

1 (et (U ry)) \ 75 1 (Up Tpy)\ 1Pk
> [M(® W< X o (F0)

"8 kel s P "8 glel s

h

Therefore, (o xk) € [No, M, p, q, ulo. Hence [Ny, M, p, q,u]o is solid. Therefore,
the space [Ny, M, p, q, uo is monotone.

Hence the space [Ny, M, p, q, u] is solid as well as monotone.

In order to prove that the spaces [Ng, M, A™ p, q,u]; and [Ng, M, A" p, q, u]so
are not solid in general, we consider the following example.
Example. Let M, (z) = 2, for all k,l € N and s,t > 1. Let (pry) = (),
(urg) = (kl), for all k, 1 € N and ¢(z) = |z|. Let § = (2"°) be a lacunary sequence,
for all k,l € N. Consider a sequence (zy,) defined by

(zy) = (k1)?, for all k,I € N.

Then, (zx,) belongs to [Ng, M, A", p, q, u|; and [Ny, M, AT, p, q, u]s for m,n = 1.
Let (ax;) = (—=1)*, for all k,I € N. Then, (aj;xx;) does not belong to the
spaces [Ng, M, A" p, q,u]; and [Ng, M, AT D, q, u]oo.
Hence the spaces [Ng, M, A" p, q,ul; and [Ny, M, A™ p, q, u| are not solid.
Therefore, the spaces [Ny, M, A™ p, q,u]; and [Ny, M, A™ p, q, u] are not mono-
tone.

Proposition 2.9. The spaces [Ny, M, A" p,q,ulz are not symmetric in general,
for Z =10,1,00.

Proof. The proof of the result follows from the following example. u

Example. Let My (z) = 22, (pry) = (kl) and (ug;) = (kl)*, for all k,l € N
and ¢q(z) = |z|. Let = (2"%) be a lacunary sequence for all k,l € N. Consider
a sequence (z3;) defined by (x3;) = (kI)*, for all k,1 € N. Then (z,) belong
to [Ng, M, A" p, q,ulo, for m,n = 1. Consider the sequence (yx;) which is the
rearrangement of the sequence (xy;) defined by

(yk,z) = (331,1, L2,2,%44,23,3,299,L55,L16,16, L6,6, L25,25, L7,7, )

Then, (yx,;) does not belongs to [Ny, M, A" p,q,u.
Hence the spaces [Ny, M, A" p, q,u]z are not symmetric in general.

Proposition 2.10. The space [Ny, M, A" p,q,uly is not convergence free.
Proof. The proof of the result follows from the following example.

Example. Let My, (z) = z, (pry) = (kl), (ugy) = (kl), for all k,l € N and
q(z) = |z|. Let § = (2"*) be a lacunary sequence for all k,l € N. Consider a
sequence (zy,;) defined by

2, if k,l are even;
(Tra) =

0, otherwise.
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Then (z,) belongs to [Ny, M, AT p, q, u]y, for m,n = 2.

Consider the sequence (yi;) defined by

(kl)?, if k,l are even;
(yrt) = .
0, otherwise.

Then, (yx;) does not belong to [Ny, M, A", p, q, ulo.
Hence the space [Ny, M, A™ p, q, u)o is not convergence free.
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