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Abstract. Difference equations are often used to analyze sampled data systems, in
which stability problems are considered to be important. This is evident from a large
number of research papers dedicated to it. However, stability results for nonlinear
nabla fractional difference equations are not yet reported. The present article discusses
stability of nonlinear nabla fractional difference equations of Riemann—Liouville and
Caputo type, using fixed point theory.
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1. Introduction

Fractional calculus deals with the study of fractional order integrals and deriva-
tives and their diverse applications [11]. The analogous theory for discrete frac-
tional calculus was initiated and a series of papers continuing this research has

appeared [3]’ [4]’ [5]7 [6]7 [7]7 [8]’ [9]7 [10]7 [12]7 [13]'
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Qualitative properties of fractional difference equations assume importance
in the absence of closed form solutions. One such qualitative property, which
has wide applications, is the stability of solutions. Motivated by the applica-
tion of fixed point theory in the study of stability of differential equations, we
use Krasnoselskii fixed point theorem, Schauder fixed point theorem and discrete
Arzela—Ascoli theorem to discuss the stability of nonlinear nabla fractional differ-
ence equations.

The present article is organized as follows. Section 2 contains basic definitions
and results concerning nabla discrete fractional calculus. In Sections 3 and 4, we
establish sufficient conditions for stability of nonlinear nabla fractional difference
equations of Riemann—Liouville and Caputo type. We illustrate our main results
through few examples in Section 5.

2. Nabla discrete fractional calculus

Throughout the article, we consider the discrete time scale [2]
T=N,={a,a+1,a+2,..},

where a € R is fixed. For any function f : N, — R, the backward difference or
nabla operator is defined as Vf(t) = f(t) — f(t — 1) for t € Ny1;.

Definition 2.1. For any real numbers « and ¢, the « rising function is defined by

= T+«

(2.1) tGZW’ teR\{....,—2,-1,0}, 0*=0.

Lemma 2.1. For any real numbers a and b, the quotient expansion of two gamma
functions at infinity is given by
I'(t+a)

e efiro(]. 1o

Regarding the rising factorial function we observe the following properties.

Lemma 2.2. Assume the following factorial functions are well defined. For any
positive real numbers t, o and f3,

1. Vi% = at*™1,
2. t%(t + )P = t*+7,
—_ t —
3. 477 =3 "C(t, ) (t — j)5”.
j=0

4. If a <t <r, then o > e

5. If o> B, then t—* < tP.
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6. If0 < a < 1, then (t — af)*? > [(t - ﬁ)ﬁ]a.

F(1+Oéﬂ) o ~aB
T e e

Proof. The proofs of (1), (2), (3) are straightforward. The proof of (4) follows
from Eulers infinite product

7. If a > 1, then [(t + ﬁ)jﬁ]a <

Consider

A e (G N

A4
<
[ ] =
Q
—_
S|
N—
$
Ve
3
+13
=+
[ | =
Q
N——

The proof of (5) follows from Lemma 2.1. Consider
o T(t-a) 4 1 1 1
_— = = = @ - - - < .
t=8  I'(t—p) ! [1+O<t>} to=8 [1+O(t>} =1
For the proofs of (6) and (7), we refer [4], [5]. .

Definition 2.2. (Nabla Fractional Sum [8], [13]) Let f : N, — R and a > 0 be
given. Then the a!"-order nabla fractional sum of f is given by

t

(2.2) Voo f(t) = ﬁ S (t— pls) ™ for t €N,

where p(s) = s — 1. Also, we define the trivial sum by V_°f(t) = f(t) for t € N,.

Definition 2.3. (R-L Nabla Fractional Difference [8], [13]) Let f : N, - R, a >0
be given and let N € N be chosen such that N —1 < o < N. Then, the a'"-order
Riemann—Liouville nabla fractional difference of f is given by

(2.3) Vef(t) = VIV, N9 (1) for t € Ny y.
For a = 0, we get VOf(t) = f(t) for t € N,.

Definition 2.4. (Caputo Nabla Fractional Difference [12]) Let f : N, = R, a >0
be given and let N € N be chosen such that N —1 < o« < N. Then, the a'"-order
Caputo nabla fractional difference of f is given by

(2.4) Vg*f(t):V;(N_“)[VNf(t)] for € Nypn

For o = 0, we set V. f(t) = f(t) for t € N,.
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Theorem 2.3. [7], [13] (Power Rule) Let a > 0 and pu > —1. Then, fort € N,
we have

1. Voot — a)F = %(t Q).
2. VOt — a)F — %(z& .

Let f(t,r) : Ny, xR = R, u(t) : N, - R and 0 < a < 1. Consider a nonlinear
nabla fractional difference equation of Riemann—Liouville type together with an
initial condition of the form

(2:5) Vau(t) = f(t,u(t)), t€Na,

(2.6) Vo) = ula) = u(0).

t=a

From [13], u(t) is a solution of the initial value problem (2.5)—(2.6) if and only if
u(t) has the following representation

t

I(a) sgﬂ(t —p())* f(s,uls)), t€Na.

If we consider a nonlinear nabla fractional difference equation of Caputo type
together with an initial condition of the form

(t—a+1)°1 L]
(v
INE)) "

27)  ut) =

(2.8) Vau(t) = f(t,u(?)), € Nap,

(2.9) u(a) = up.

Then from [13], u(t) is a solution of the initial value problem (2.8)-(2.9) if and
only if u(t) has the following representation

t

(2100 ult) = up+ ﬁ S (¢ = p(s) T f(s,uls)), teN,

s=a+1

Definition 2.5. The solution u = ¢(t) of the initial value problem (2.5)—(2.6) or
(2.8)—(2.9) is said to be

1. stable, if given ¢ > 0 and ¢, > 0, there exists 6 = 0(e, tg) such that
lug — ¢(to)] < & = |u(t, zo, to) — p(t)| < € for all ¢ > to.

2. attractive, if there exists n = 7(ty) such that |ug — ¢(to)| < n implies
u(t, xo,to) — ©(t) as t — oo.

3. asymptotically stable if it is stable and attractive.

Definition 2.6. The space [>° is the set of real sequences defined on the set of
positive integers where any individual sequence is bounded with respect to the
usual supremum norm. Clearly, [°° is a Banach space under the supremum norm.
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Definition 2.7. A set Q2 of sequences in [2° is uniformly Cauchy (or equi-Cauchy),
if for every € > 0, there exists a positive integer N such that |u(i) — u(j)| < e,
whenever ¢, j > N for any u = u(t) in 2.

Theorem 2.4. (Discrete Arzela-Ascoli’s theorem) A bounded, uniformly Cauchy
subset ) of I2° is relatively compact.

Theorem 2.5. (Krasnoselskii’s fixed point theorem) Let S be a nonempty, closed,
conver and bounded subset of the Banach space X and let A : X — X and
B : S — X be two operators such that

1. A is a contraction with constant L < 1,
2. B is continuous, BS resides in a compact subset of X,
3. x=Ar+By,ye S] =z € S.

Then the operator equation Ax + Bx = x has a solution in S.

Theorem 2.6. (Schauder fixed point theorem) Let 2 be a closed, conver and
nonempty subset of a Banach space X. Let T : Q2 — Q be a continuous mapping
such that TS) is a relatively compact subset of X. Then T has at least one fixed
point in . That is, there exists an x € €) such that Tx = x.

3. Riemann—Liouville type fractional difference equation

Let [3° be the set of all real sequences u = {u(t)}°, with norm ||u|| = sup |u(t)|,
teN,
then [° is a Banach space. Define the operators

t

B put) = R s S - )T s ()
(32)  Au(t) — %uo.

1 —
B9 B = gy 3 0=l

Lemma 3.1. Let the following condition be satisfied:
(I) There exist constants By € (a, 1) and Ly > 0 such that

(3.4) If(t,ut)| < Li(t —a) ™™, fort € Ny

(3.5) Sy={u(t) : |Jut)| < (t—a)™ " fort € Nopp, 11}
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where y1 = (—1/2)(a — p1) and nqy € N such that

u TN (B —1 LIT(1 — —
(3.6) ll(gj) (ny — yp) /AL o o 1=5) (ni—m) ™" <1

Then the operator B 1is continuous and BSy, is a compact subset of R for
t € Nojnyt1-

Proof. Clearly, 7; > 0. Using Lemma 2.1, for ¢t € N1,

s — oo )]

Further, (t—a)~71—0 as t—00. Then, there exists n; € N such that (t—a) " — 0
for (t —a) > ny. Clearly v < 1 — (1/2)(a+ p1) and n; — 91 < t — a. Using
Lemma 2.2, we get (n; — v,)/2@P)=1 < (n) — ~4)™ < (t —a)™ — 0 and
(ny —y) " < (t —a)™" — 0. Thus, we have the inequality (3.6) which implies
that the set S; exists. Now, we show that B maps S; in S;. Clearly, S is a closed,
bounded, and convex subset of R. Applying condition (I), Theorem 2.3, Lemma
2.2 and (3.4), we have

(t—a)™ " =

t

|Bu(t)| Si%SE:@—M@Wﬂﬂ&M$H
1 < — =
< f@hgia—M@w—h@—a>ﬁ

= lega(t - a)_ﬁl
_ LA=8) e

F(].—{—OZ—Bl)
BRI N
N N
< m(nl—%) (t—a)
< (t—a) ™,

implies BS; C Sy for t € Ny, 1. Next, we show that B is continuous on S;. Let
e > 0 be given. Then, there exists 77 € N and 7} > ny such that, for t € Ny 7, 41,

LiT(1 - p1)

=
Tita—py 9" " <3

(3.7) :

Since (t —a) >T; >n; and 0 < 1 < /1 — a < 1, we have

(t—a)* P < (t—a) " =0,
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which implies the validity of (3.7). Let {u,} be a sequence such that u,, — u. For
te{a+n+1,a+n;+2,...,a+ T}, applying the continuity of f, we have

<L ST (= o) TS (5 n(5)) — s, u(s))
s€{a+1,a+2,....,a+T1}

g[ﬁi(t—pw))a*][ max | f(s,un(s)) = f(s,u(s))]]

|f(s,un(s)) — f(s,u(s))|| = 0 asn — oo.

For t € Na+T1+17

|Bun(t) — Bu(t)| < ﬁ D (= () I f (s, un()] + |f (s, u(s))]]
2L « — .
< F(Oé) S;l(t - p(S)) (S - CL) &
B i 5 2L T(1- ) —
= 20,V *(t—a)" _—F(l—l—a—ﬁl)(t_a) fr<e.

Thus, for all t € Nyyp, 11, |Bun(t)— Bu(t)| — 0 as n — oo implies B is continuous.
Finally, we show that B.S; is relatively compact. Let 1, to € N, 7,41 such that
ty > t;. Then, we have

| Bu(t1) — Bu(ts)|

t1 to

1 a1 a-1
= \ms;(tl = pl(5))" 7 F(s, u(s)) - ngf — p(s))" 7 f(s, u(s))
< g 2 (= )T ()] + g D (2= pla)) (o)
s=a+1 s=a+1
LiT(1—3) o, LPA-8)
< —r(1+a—ﬁl)(t1 —a)* "’ +—F(1+a—51)(t2 )P < e,

Thus, {Bu : u € S} is a bounded and uniformly Cauchy subset implies BS; is
relatively compact. Hence the proof. .

Lemma 3.2. Assume that condition (1) holds. Then a solution of (2.5) is in Sy
fOTt S Na+n1+1-

Proof. Clearly, A is a contraction mapping with the constant 0, implies condition
(1) of Theorem 2.5 holds. Using Lemma 3.1, the operator B is continuous and
BS; is a compact subset of R, implies condition (2) of Theorem 2.5 holds. Also
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Pu = Au + Bu and u is the solution of (2.5)—(2.6) if it is a fixed point of the
operator P. Now we prove condition (3) of Theorem 2.5. Let us suppose, for a
fixed v € S1, u = Au+ Bv. Applying condition (I) and (3.6), we have

u(t)] < [Au(t)] + [Bu(t)|

t

(t—a+1)>"t 1 —
< T!Ud + (o) Sgl(t —p(s)* | f(s,0(5))]
(t— a)ﬁ Lil(1— ) (t — a)rm

=" T(a) [uol T(1l+a—B)

(3.8) - p|?2|) (t—a) " (t — a— ;) /2FA)T
HQ —a) M (t—a—m) "
= Fh(t;’) (ny — 1) /2letBDT
+FL(1F+(+__%<”1 — ) M (E—a) T
< (t—a)™,

for t € Nyipn,+1. Thus, u € S;. According to Theorem 2.5, u is a fixed point of P
implies w is the solution of (2.5)—(2.6). Hence the proof. .

Theorem 3.3. Assume that condition (1) holds, then the zero solution of (2.5) is
attractive.

Proof. Using Lemma 3.1, the solutions of (2.5) exist in S; and tend to 0 as
t — oo. Hence the proof. .

Theorem 3.4. Assume that the following condition is satisfied:

(IT) There exist constants Py € (o, 1) and Ly > 0 such that
(3.9) |t u) — Ft,v(t)] < La(t —a) ™ |u—v|, fort € Nay.
Then, the solutions of (2.5) are stable provided that

Proof. Let u(t) be the solution of (2.5)—(2.6), and let u(¢) be the solution of (2.5)
with the initial condition u(0) = uy. Applying condition (II), we have
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-0 < CEHE -
w2 (oIS u() ~ Sl
< = " )” = o — o] + %Z@ = p()* s = @) P lu—
_ ﬁ:%%g_q G|+ LoVt — a) P lu— 17
_ E:%i#_qm—ﬂa+%%¥%E%%u—@%@m—m
< B - ol + B ) -

< alug — U + clu — ul,
which implies that

a _
|u — .
—c

(3.11) ju—ii] < <

For any given £ > 0, let § = (= C)e Then, |u — ug| < ¢ implies |u — u| < €, which

shows that the solutions of (2. 5) are stable. This completes the proof. .

Theorem 3.5. Assume that conditions (1) and (I1) hold, then the zero solution
of (2.5) is asymptotically stable provided that (3.10) holds.

Theorem 3.6. Assume that the following condition is satisfied:

(ILI) There exist constants B3 € (o, %), 70 = 1(1—«) and L3 > 0 such that

(3.12) |f(tu(t)| < Ls(t — a+72) ®|u(t)| fort € Nopi.
Then, the zero solution of (2.5) is attractive.

Proof. Set Sy = {u(t) : |u(t)| < (t —a)™ for t € Ngjpnys1}, where ny € N such
that

|UO| — L3F(1 — P — '72)
(3.13) T(a) (nz —72)77 + Ll +a—3—7)

Clearly 3 — a > 0. Using Lemma 2.1, for t € N, 1,

(ng — 7)™ < 1.

|

Further, (t —a)™ — 0 as t — oo. Then, there exists ny € N such that
(t —a)* P — 0 for (t —a) > ny. Clearly, 3 —a < 75 and ng — 7, < t — a.
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Using Lemma 2.2, we get (ny — 72) 72 < (ng —12)*™® < (t —a)*™® — 0 and
(ny—72)* P < (t—a)* P — 0. Thus, we have the inequality (3.13) which implies
that the set Sy exists. Now, we prove condition (3) of Theorem 2.5. Suppose, for
a fixed v € Sy and for all u € R, u = Au+ Bv. Applying condition (III), we have

lu@®)] < [Au(t)| + |Bu(t)]

t

|uo] a1, | a1
< Tttty +mg;1(t—p(5)) |f(s,0(5))]
|uo] a1, 1« a1 =B
< o) (t—a+1)*"+ mgila — p(8))*  Ly(s — a+y2) P |u(s)]
|uo a—1 Ls d o =5 e
S Tt ety +msgl(t—p(5)) (s —a+72)"%(s —a)
. |U0| a=1 Lg i P oy ——
= Tyt R S:;l(t—p(S)) (s—a)™”
M —a a-1 LSF(l _ 53 _ 72) —a a—PB3—2
< T Y T Tara g Y
_ ol T LsI'(1 — B3 — ) e
Tt YT e s Y
= Tt e )
LsI'(1 — B3 — ) = o
T Tita g Emam) ’
_ [l =5, LsT'(1—B5— ) pcey =
= [F@ o T e oyt -
ol 7, LsU'(1—Ps— ) a—Bs =
< [F(a)(nQ_%) F(l—i—a—ﬁg—%)(m_%) 5](15_@)
< (t-a)

for t € Nyjpy11. Thus, condition (3) of Theorem 2.5 holds. The proof of condition
(2) of Theorem 2.5 is similar to that of Lemma 3.1, and we omit it. Therefore, by
Theorem 2.5, P has a fixed point u € Sy implies u is the solution of (2.5)—(2.6).
Moreover, all functions in Sy tend to 0 as ¢ — oo, then the zero solution of (2.5)
tends to zero as t — oo, which shows that the zero solution of (2.5) is attractive.
This completes the proof. .

Theorem 3.7. Assume that conditions (I11) and (I11) hold, then the zero solution
of (2.5) is asymptotically stable provided that (3.10) holds.

Theorem 3.8. Assume that the following condition is satisfied:

(IV) There exist constants n € (0,1), By € (a, 2;57’7) and Ly > 0 such that

u(t + &T—a> ‘77 fort € Nyyi.

(3.14) f(t,u(t)] < La(t —a+1)"
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Then, the zero solution of (2.5) is attractive.

Proof. Set

(3.15) Sy = {u(t) : [u(t)] < (t —a)™™ for t € Noyngs1}
where 3 = (1/2)(64 — ) and n3 € N satisfies that

LyU(1 — By — v3m)
L(1+a— By —3n)

|uo|
I'(@)

Clearly v3 > 0. Using Lemma 2.1, for t € N, 1,

(3.16) (ng —73) " < 1

(n3—73)ﬁ4 v3— 1+

(t—a)_”’?':W:Q—a)_%[l—l—O(zﬁiaﬂ.

Further, (t —a)™ — 0 as t — oo. Then, there exists n3 € N such that
(t—a) 7 — 0 for (t —a) > n3. Clearly 73 < 1+ 3 — 34 and n3 —y3 < t — a.
Using Lemma 2.2, we get (ng — 73)* 71 < (ng — v3)™ " < (t —a)~ 7 — 0 and
(ng —y3)™® < (t —a)™7 — 0. Thus, we have the inequality (3.16) which im-
plies that the set S; exists. Now, we prove condition (3) of Theorem 2.5 only,
and the remaining part of the proof is similar to that of Theorem 3.6. Since

n € (0,1), By € (a, 2;:”7) and 73 = (1/2)(84 — «), then 3, v3m, a + v3 € (0,1)
and B4 +3n € (a, 1). Suppose, for a fixed v € S5 and for all u € R, u = Au+ Bw.
Applying condition (IV), Lemma 2.2 and (3.16), we have

u(t)] < |Au(t)] + | Bo()]

< F‘l(‘fl’) (t—a+1)""+ ﬁ s;(t ()" Lals = at )P o s+ 547‘0‘) !
< Fh(g) (t—a+1)*"+ L4) 8_;1(16 = p()* (s —a+gm) (s —a+ ) )"
< P@) (t—a+1)*"+ (;) s_;l(t — p(9))* (s — a+73m) (s — a+yam)

< (- T Z(t R P Sy

< fetb(e - a4 Zu ) s — a) P

= Fl?;’) (t —a)y e T 4 rL(iT@__ﬁ ;4__7,3;3) (t — a)* P

ol e, LD =B e

P14+ a — s — v3n)
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_ Juol (t— )T 4 Lal'(1 = Ba—sm) o)
['(«) I(1+a— Bs—31)
_ )P LyI'(1—B1—73m)
IN(e! T(1+a—pB4—31)
|uo] Aot Lal'(1 = Ba—3m) =5 =
t—a— 473 t—a— 73] t— Y3
(t—a—13) + T(l+a— 5 _7377)( a—1s) (t—a)
B L1 — —
|uo| n 4t (1= Bs—3n)
IF'(l1+a—pBs—73m)

(t—a) " (t—a—y3) "

(ng =) 7 |(t = )"
<(t—a)®
for t € Nyyny+1. Thus, condition (3) of Theorem 2.5 holds. Hence the proof. =

4. Caputo type fractional difference equation

Let [3° be the set of all real sequences u = {u(t)}:°, with norm ||u|| = sup |u(t)|,
teN,
then [° is a Banach space. Define the operator

t

(4.1) Tult) = wo+ —— 3 (¢ = pl(s))™ L (5, u(s)),
(o)

s=a+1
Obviously, u(t) is a solution of (2.8)—(2.9) if it is a fixed point of the operator T

Lemma 4.1. Assume that the following condition is satisfied:
(V) there exist constants 4, Ls > 0 such that

t

(4.2) ‘uo + ﬁ Z (t — p(s)* 1 f(s,u(s))| < Ls(t —a) ™ fort € Nayy.

Then there ezists a solution for (2.8).

Proof. Define the set
(4.3) Sy = {u(t) : Ju(t)| < Ls(t —a) ™} for t € Ngy;.

Clearly, Sy is a closed, bounded and convex subset of R. Using Lemma 2.1, we

have
oo

for t € Nyy1. Then, (¢t —a)™ — 0 as t — oo. To prove that T has a fixed
point, first we show that 7" maps Sy in S;. For ¢ € N,yq, from condition (V),
we have |Tw(t)| < Ls(t —a)™* implies T'Sy C S;. Next, we show that T is
continuous on Sy. Let € > 0 be given. Then there exists a N; € N ;1 such that

t > Ny and Ls(t —a)™ < % Let {u,} be a sequence such that w, — wu. For

tef{a+1,a+2,a+3,..., N}, applying the continuity of f, we have
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s=a+1
B ['(t—a+ «)
- T(a+1D)I(t —a) se{a+1,a212?§+3 ..... Ni} £ (s un(s)) = fls,uls))] = 0

For t € {N; +1,N; + 2,...}, we have

t

Tut) = Tuld)] < [ 3 (0= o)™ s.0a(6)) = Fs.(s)

s=a+1

< 2L5(t—a) M <e

Thus, for all ¢t € Nyy1, [Tu,(t) — Tu(t)| — 0 as n — oo, which means that T is
continuous. Finally, we show that T'S; is relatively compact. Let ti, to € N, 4
and ty > t; > Ny, we have

[2)

Tult) = Tu(t)] < [ D (2= p(s)™ s, us)
(4.4) + \ﬁ St ()™ (s u(s))
s=a+1
< L5(t2 - CL)T’YI‘F L5(t1 — CL)T’YI < €.

Therefore, {Tw : u € S4} is a bounded and uniformly Cauchy subset. Hence, by
Theorem 2.4, T'S, is relatively compact. According to Theorem 2.6, T has a fixed
point in S, which is the solution of (2.8) - (2.9). Hence the proof. n

Theorem 4.2. Assume that condition (V) holds. Then the zero solution of (2.8)
is attractive.

Proof. By Lemma 4.1, the solutions of (2.8) exist and are in Sy;. But all functions
in Sy tend to 0 as t — o0o. Then, the zero solution of (2.8) tend to zero as t — oc.
This completes the proof. u

Theorem 4.3. Assume that the following condition is satisfied:

(VI) there exist constants v5 € (v, 1) and Lg > 0 such that

(4.5) [f(tut) = f(t,0(t)] < Lt —a)™®
Then, the solutions of (2.8) are stable provided that

u—wv| fort € Ngip.
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Proof. Let u(t) be the solution of (2.8)-(2.9), and let u(¢) be the solution of (2.8)
satisfying the initial condition u(0) = uy. Applying condition (VI), we have

|u(t) — u(t)] SIm—ﬂM+—L-j:@—M@VAVQWG»—ﬂ&QBN
['«)

< Juo — o +% S (6 p()* s — a) Plu -1

= |ug —ug| + LeV,“(t — a)_i%|u — u|
L(;F(l — ’}/5)

D1+ a—75)

< ug — gl + LeT'(1 — v5)|u — 4

= |uo —uo| + (t = a)*"fu —ul

< |up — ug| + cju — 4l

which implies that

~ o _
4.7 —uf < — Up|.
(17) o= < o fu—
For any given ¢ > 0, let ¢ = (10(;6)6. Then, |u — up| < 0 implies |u — u| < e, which
shows that the solutions of (2.8) are stable. This completes the proof. .

Theorem 4.4. Assume that conditions (V) and (VI) hold. Then, the zero solution
of (2.8) is asymptotically stable provided that (4.6) holds.

Lemma 4.5. Assume that the following condition is satisfied:

(VII) there exist constants v¢ € (o, 1) and Ly > 0 such that

(4.8) %uo + flt,u()| < L(t —a) ™ fort € Noyq.

Then, there exists a solution for (2.8).

Proof. Define the set

L7F(1 — ’76)
L1+ a—)

(4.9) S5 = {u(t) u(t)] < (t — a)a_%} for t € Ngy1.

From the definition, clearly, Ss is a closed, bounded and convex subset of R. First,
we show that 7" maps S5 in S5. From condition (VII), we have
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Tu(t) = 0+Fm)§j@—p@W%vwm@w
_ 1 t a1 (s—a)” 1 t a-1
= [T 2 ) gy ey 2 () (s ke
R a1 (s —a)®
= |ff 2 (0P hu_a¢m+ﬂaMﬁﬂ
< LS T
a F(Oé) s=a+1
= L7V;a(t — G)T'YG
L7F(1 — ’)/6) P
Ti+a—ng! "

for t € N, implies T'Ss C S5. The remaining proof of T'S; to be relatively
compact is similar to that of Lemma 4.1, and we omit it. By Theorem 2.6, T" has
a fixed point in S5 which is the solution of (2.8)—(2.9). Hence the proof. n

Theorem 4.6. Assume that condition (VIL) holds. Then the zero solution of (2.8)
15 attractive.

Theorem 4.7. Assume that conditions (VI) and (VII) hold. Then the zero solu-
tion of (2.8) is asymptotically stable provided that (4.6) holds.

Lemma 4.8. Assume that the following condition is satisfied:

1 1
(VIII) there exist constants 5 > ——, a < v < — and Lg > 0,
Il—a B5—1 5
such that
t— a
(4.10) é(l—_alé)uo + f(t,u®))| < Lglu(t +7)|* fort € Noyy.

Then, there exists a solution for (2.8) provided that

LsI'(1 = Bsy7) T'(1+ Bsyr)
(4.11) T o ) Tl =

1
< — which implies that v, exists.

(07
Bs—1 = PBs

1
In addition, v < 5— means that I'(1 — B577) > 0 and I'(1 + a — B5y7) > 0,
5

< 77 implies that o — 8577 < —~7. Define the set

1
Proof. From 35 > T we have that
—

(07

Bs—1

(4.12) Se = {u(t) Ju(®)] < (¢ —a)™ fortENa+1}.
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We show that 7" maps Sg in Sg. Applying condition (VIII), Lemma 2.2 and (4.11),
we have

Tu(t)] = uo—i—ﬁ S (-

- féhzﬂa—mm“ﬂ§§¥§m+f@u@ﬂ|

< E; ) Muls +7)|”

< Z+ Y[t — a+ 7))
s]i;;ﬁjﬁﬁ%é;a—M@w*a—a+&wr%w
< T Z“ Pl e

— L R Goagy e

IO+

Lel'(1 — B577)

I'(1 +65’77) (t i a)m
D14 a — Bs5y7) [T(1 + 7))

(
<
LsD'(1 = Bsyr) T(1+ Bs7) = .
S M+agmaspprt Y <t-9

for t € N,11 implies T'Sg C Sg. The remaining part of the proof is similar to that
of Lemma 4.1, so we omit it. .

Theorem 4.9. Assume that the condition (VIII) and (4.11) hold, then the zero
solution of (2.8) is attractive.

Theorem 4.10. Assume that the condition (VI) and (VIII) hold, then the zero
solution of (2.8) is asymptotically stable provided that (4.6) and (4.11) hold.

5. Examples

Example 5.1.

(5.1) VOiu(t) = (0.3t P sin(u(t)), V-u(t) =u(0), teN,.
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Here, f(t,u(t)) = (0.3)t %% sin(u(t)),t € Ny. Clearly, |f(t,u(t))| < (0.3)t70%
implies condition (I) holds. Further, | f(t,u(t)) — f(t,v(t))] < (0.3)t™0%|u — v|
implies condition (II) is satisfied. Here L, = 0.3 and B2 = 0.25 and we have
¢ = LyI'(1 — 55) = (0.3)I(0.75) ~ (0.3)(1.2254) < 1, implies that the inequality
(3.10) holds. Hence, the solution of (5.1) is asymptotically stable by Theorem 3.5.

Example 5.2.

(5.2) VO0u(t) = (0.1)(t+ 1)t %%u(t), VZ%%u(t)] =u(0), teN;.

t=0

Here f(t,u(t)) = (0.1)(t 4+ 1)~°%u(t),t € Ny, where f5 = 0.6 and a = 0.5. Clearly,
1 1

B3 € (04, %), Yo = 5(1 —a) = 0.25 and L3 = 0.1 such that

LF(t,u())] = 1(0.1)(¢ + 1)~ u(t)] < (0.1)(t +0.25)Ju(t)]
which implies that condition (III) is satisfied. Further,
[F(,u(t) = f(t o) < (0.1)(E+ 1) u — o] < (0.1)(8)u o],

implies that condition (II) is satisfied. Here, Ly = 0.1, 55 = 0.6 and o = 0.5.
Then, we have ¢ = LyI'(1 — f33) = (0.1)I'(0.4) ~ (0.1)(2.2181) < 1, implies that
the inequality (3.10) holds. Hence, the solution of (5.2) is asymptotically stable
by Theorem 3.7.

Example 5.3.

(5.3) V%u(t) = (0.2)(t4+1.5)"%[u(t+0.05)*3, V-95u(t)| =wu(0), teN.

t=0

Here, f(t,u(t)) = (0.2)(t + 1.5)7%5[u(t + 0.05)]°%, where 8, = 0.6, n = 0.3,

2
+ an) such that
247

Ly = 0.2 and o = 0.5. Clearly, n € (0,1), 54 € (a,

|f(t,u(t))] = 1(0.2) (¢ + 1.5)"%C[u(t + 0.05)]>%| < (0.2)(t + 1) *C|u(t + 0.05)[*3

which implies condition (IV) is satisfied. Hence, the zero solution of (5.3) is
attractive by Theorem 3.8.

Example 5.4.
(5.4) VoSu(t) = (0.2)t " Psin(u(t)), u(0)=0, t&Nj.

Using (2.10), we get

t

ult) = iy Dl p(e)) s O sinu(s)

s=1
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Now, consider

t

~+

implies that (V) holds. Further, |f(t,u(t)) — f(t,v(t))| < (0.2)t7%7|u — v| implies
condition (VI) is satisfied. Here, Lg = 0.2, 75 = 0.75 and we have ¢ = Lgl'(1—75) =
0.2I'(0.25) ~ (0.2)(3.6256) < 1, implies (4.6) holds. Hence, the zero solution of
(5.4) is asymptotically stable by Theorem 4.4.

Example 5.5.
7 0.5
(5.5 Vu(t) = (0.2)f O sin(u(t)) — UOPEO.5)’ w(0) = o, 1 EN,
Using (2.10), we get
u(t) = g + —— i(t — p(5))70 [(0 2)s 07 sin(u(s)) — u aa
"TT5) & P ’ °T(0.5)

Now, consider

uo% + f(t,u(t))‘ < (0.2)t7 %7 sin(u(s))] < (0.2)t707 < 707

implies that (VII) holds. Further, |f(t,u(t)) — f(t,v(t))] < 0.2t797|u —v| implies
condition (VI) is satisfied. Here, Lg = 0.2, 75 = 0.75 and we have ¢ = Lgl'(1—75) =
0.2I'(0.25) ~ (0.2)(3.6256) < 1, implies (4.6) holds. Hence, the zero solution of
(5.5) is asymptotically stable by Theorem 4.7.

Example 5.6.

(5.6)  V2u(t) = (0.5)[u(t +0.2)]° — “OFEO..&;)’ w(0) = ug, 1t €Ny,
Using (2.10), we get
u(t) = ﬁ S0t p(s) [ (05)uls + 020 o FfO'.S)] |

s=1

Now, consider

t0‘5
“T(0.5)
implies that (VIII) holds. Here, Lg = 0.5, f5 = 2 and 77 = 0.2 and we have

LsT'(1— Bsyr) T(1+Bsyr)  (0.5)0(0.6) T(1.4)
T(1+a—Bsy) T +7)%  T(07) [T(12)2 0.6039 <1,

T, u(t))( — ‘(0.5)[@4@ +0.2)12] < (0.5)u(t +0.2)2
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implies (4.11) is satisfied. Hence, the zero solution of (5.6) is attractive by Theo-
rem 4.9.
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