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Abstract. In this paper, using the notion of separating space of a linear operator
defined on a bornological vector space introduced in [5], we give some useful criteria
to study the automatic boundedness of operators. In particular, we give necessary and
sufficient conditions in order that operators should be bounded (Theorem 3.1 and Theo-
rem 4.1).
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1. Introduction

In [4], Sinclair studied the necessary conditions for continuity of homomorphisms,
derivations and pair of operators acting on a Banach space.

The aim of the present paper is to extend some of this results in case of
bornological vector space (bvs) and consequently obtains some techniques to an-
swer the boundedness problem for linear operators.

We extend naturally the notion of separating space of some linear operator .S
between (bvs) X and (bvs) Y (see Definition 3.1 below). The notion of separating
space characterizes the continuity of linear operators

The nice properties of the notion of separating space is for an linear operator
T acting on (bvs) X then, T is bounded if, and only if, its separating space is
reduce a zero (see Theorem 3.1 below).

In the following we introduce some techniques which are necessary to study
the boundedness of homomorphisms, derivations and pair of linear operators. Par-
ticulary, we give the characterization of bounded operators acting in bornological
quotient (see Theorem 4.1 below).
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2. Preliminaries

Recall that a bornology on a set X is a family B of subset X such that B is a
covering of X, hereditary under inclusion and stable under finite union. The pair
(X, B) is called bornological set.

A subfamily B of B is said to be base of bornology B, if every element of B
is contained in an element of B .

Let X and Y be two bornological set, a map X of Y is called bounded if the
image of every bounded subset of X is bounded in Y.

A bornology B on K-vector space F is said to be vector bornology on £ if
the maps (z,y) — x + y and (A, x) — A.x are bounded.

We called a bornological vector space(b.v.s) any pair (X, ) consisting of a
vector space FE and a vector bornology B on E.

A vector bornology on a vector space is called a convex vector bornology if it
is stable under the formation of convex hull.

A bornological vector space is said a convex bornological vector space (cbvs)
if it bornology is convex.

A (b.v.s) space is called of type M; if, it satisfies the countability condition
of Mackey:

For every sequence of bounded (By)y in E, there exists a sequence

of scalars (Ag)g>o such that |J A\ By is bounded in E.
k=0

Observe that every Banach algebra is a multiplicative convex bornological
complete algebra of type M;. Also, if F is unital topological algebra with conti-
nuous inverse such that it is F-space, then E is a multiplicative convex bornolo-
gical complete algebra of type M;.

A sequence (z,)n,>0 in bornological vector space (b.v.s) E is said Mackey-
convergent to 0 (or converge bornological to 0) if there exists a bounded set
B C FE such that

Ve > 0 dng € N n > ng implies z,, € ¢B.

If E is (cbvs), then (z,,),>0 is Mackey-convergent to 0 if there exists a bounded
disk B C FE such that (z,),>0 C Ep and (x,),>0 converges to 0 in Ep, where
(Ep,pg) is the vector space spanned by B and endowed with the semi-norm pp
gauge of B.

Let E be a (bvs), F is said separated if there is not a non-zero bounded line
in F/, equivalently, every sequence Mackey-convergent its limit is unique.

A (bvs) E is separated if, and only if, for every bounded disk B the space
(EB,pp) is a normed space.

A set Bina (bvs) E is said M-closed (or b-closed) if every sequence (x,),>0CB
Mackey convergent in F its limit belongs in B.

Let E a separated (bvs) and let F' be a subspace of E, the bornological
quotient space E/F is separated, if and only if, F' is b-closed in E.
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Let E be a (cbvs) and A is a disk in E. A is called a completant disk if the
space (E4,pa) spanned by A and semi-normed by the gauge of A is a Banach
space.

A (cbvs) E is called a complete convex bornological vector space if its borno-
logy has a base consisting of completant disks.

Let E be a (bvs) and A C E, the bornological closure (briefly b-closure or
M-closure) of A denoted A is the intersection of all bornological closed subsets of
E containing A. A (cbvs) E satisfies M-closed properties if for any subset A of F
we have A = AWM where AW is the set of limits in Mackey-sense of the sequences
belonging in A.

For bornology with a nets see [1], [2]. Recall that every bornology of a (cbvs)
having a countable base has a net.

Theorem 2.1 (bornological closed graph theorem) Let (E, B) be a complete (cbvs)
and (E', B') be a (cbvs) such that B' has a net. Then, every linear map u : E — E'
with a bornological closed graph in E x E' is bounded.

Theorem 2.2 (bornological isomorphism) Let E be a complete (cbvs) and let F
be a (cbvs) where its bornology has a net. Then every bijective bounded linear map
u: F'— E is a bornological isomorphism.

For details, see [1], [2], [3], or [6].

3. Separating space

Definition 3.1 [5] Let X and Y two (bvs), let T" a linear map between X and Y.
We called separating space of T' the subset of Y denotes by o(T)

o(T)={ycY/Izn)n C X : 2, — 0and T(z,) — y}.

Proposition 3.1 Let X and Y two (cbvs) of type My. Then, every separating
space of linear map T : X — Y is a b-closed subspace in Y .

Proof. Evidently, o(T") is a subspace vector of Y. o(T") is b-closed, indeed.
Let (yg)k>0 a sequence in o(T") converging to y in Y. We prove that y € o(T).
For every k € N*| y;, € o(T). Then, there is a sequence (z,x), C X such that

Tng —M 0 and T(z,, ;) —M y.
Since , —M (), then there is a bounded disc By in X:

(Tng)n C Xp, and ninﬁooka (xnr) = 0.
(Br)r>0 is a sequence of bounded disc in X which is of type M;, hence there
is (Ag)r C R*" and there is circled bounded B such that By C A\;B, therefore
pB < pg,, for any k € N. (B can be disked, if not we take the disked hull of B).
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Consequently, there exists a bounded disked B in X such that

(mn,k)n,k C X37

we have

> =

vk >1 3]\7]C - N, n > Nk :pB(CL’n’k) <

On other hand, (T'(z,x))» converges bornological to y.
Again, by the same argument, there exists a bounded disked B’ in Y such
that [T'(xn k) — Ykln C Yp/, we have

Vk>13N,eN, n> N, = pp (T(xnr) — yr) <

| =

Consequently, there exists a sequence (z;)r C Xp such that (T'(z) — yx), C Yo
and, for every k € N*, we have

| =

1
pB(2k) < z and pp (T'(2) — yr) <

Since 1, —M 7, then there is a bounded disked C' in Y such that

(Yk — Y)r=1 C Yo and po(yr —y) <

i

Let D be the disked hull of B’ U C. We have pp < pg/, pp < pc, Ypr C Yp
and Yo C Yp.
On other hand, for every k£ € N*, we have

T(z) —y = (T(z) —y) + (e — v)-
This gives

(T(Zk) — y)kzl CYp and lim pD(T(Zk) — y) = 0.

k— 400

We conclude that, y € o(T). .

Proposition 3.2 Let X and Y two (cbvs) and let T : X — Y be a linear map.
Then, we have

i) o(T) = {0} if, and only if, the graph of T is b-closed.
ii) Let R and S be two linear operators of X into Y, if TR = ST, then
S(e(T)) C o(T).

Proof. Let G(T') the graph of T
i) Suppose that o(7T") = {0}.
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Let (2, T(zn))ns>0 C G(T) such that (x,,T(z,)) —M (z,y) € X x Y.
Then, x, —™ z and T(z,) — y. Since, T'(z, — x) = T(z,) — T(z), then
T(z, —x) —My—T(z).

Consequently, (y — T'(x)) € o(T). Hence, y = T(z).

Conversely, suppose that G(7T) is b-closed, and let y € o(T). There exists
(Zn)n>0 C X such that:

z, —™M 0 and T(z,) —M y.
Since, (2, T'(24))nz0 C G(T) and (4, T(2n))n — (0,y). Then, (0,y) € G(T).
Therefore, y = 0.

ii) Let y € o(T). There exists (z,)n>0 C X such that x, —™ 0 and
T(z,) —™ y. R being bounded, then R(z,) — 0.

On other hand, TR(x,) = ST(x,) and S is bounded then T R(x,) — S(y).

Consequently, S(y) € o(T), i.e., S(o(T)) C o(T). .

Theorem 3.1 Let X be a complete (cbvs) and Y a (cbvs) such that its bornology
has a net. Let T : X — Y be a linear map. Then T is bounded if, and only if,

o(T) = {0}.

Proof. Applique the b-closed graph theorem’s and Proposition 3.2. u

4. Characterization of bounded operators

Proposition 4.1 Let X and Y two (cbvs) of type My and Z a separated (bvs).
Suppose that X is complete and the bornology of Y has a net. Let S : X —Y be
linear and R :'Y — Z be bounded linear map. Then

i) RS is bounded if, and only if, R(c(S)) = {0}.
i) [Ro(S)|V = a(RS).
For the proof. we shall need the following lemma.

Lemma 4.1 Let X be a (bvs) and F be a vector subspace of E. Let ¢ : E —
E/F the canonical surjection. Then, For every sequence (x,)n>0 C E such that
(o(xn))n>0 bornological converges to 0 in E/F, there exists a sequence (yn)n>0 C F'
such that (x, — Yn)n>0 bornological converges to 0 in E.

Proof. Let (z,,),>0 C E such that (¢(z,)), borbological converges to 0 in E/F.
The exists increasing sequence (€,), C R*t converging to 0 and a bounded discked
B in E such that

o(x,) € enp(B), Y neN.

Let (z,)n C B such that o(x,) = €,¢(2,) for every n. Then, (2, —€,2,), C F.
We set y, = x,, — €,2,,,V n € N. Then

Tp — Yn = €n2n € €, 8B, ¥V n e N.

Therefore, (z,, — y,), bornological converges to 0. .
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Proof of Proposition 4.1

i) Suppose that RS is bounded.

Let y € o(S). Then there exists (z,),>0 C X such that z, — 0 and
S(x,) —My.

R being bounded, then RS(z,) — R(y).

On other hand, by hypothesis RS is bounded then, RS(z,) —* 0.

Z is separated, thus R(y) =0, i.e: Ro(S) = {0}.

Conversely, suppose that R(c(S)) = {0}.

Let @ : Y — Y/o(S) the canonical quotient map.

Consider Ry : Y/o(S) — Z defined by: Ry(y + o(S)) = R(y).

Clearly, Ry is well defining and we have R = Ry(). Therefore, RyQS = RS.

Since Ry is bounded, it suffice to show that @S is bounded and for this we
prove that o(QS) = {0} (Theorem 3.1).

Let y + 0(S) € 0(QS). Then there exists (z,),>0 C X such that

z, —™M0 and QS(x,) —™ Qy) =y +a(9).

Then, Q(S(z,) —y) —™M 0 in Y/o(S).
By Lemma 4.1, there exists a sequence (y,),>0 C (5) such that:

S(@n) —y—yo —M0inY.
Thus, for every k € N*, there exists (2, )n>0 C X such that:
Tpg — 0 and S(2,k) — .

Now, as already showed in proposition 3.2, we conclude that there exists two
bounded disked B and B’ in X and Y respectively and a sequence (2,),>0 C Xp
such that

(S(an) - yn)nZO C YB/

and, for every k € N*, we have

| =

1
pe(zK) < T and pp (S(x,) —yr) <

Since
S(@n = 2n) =y = (S(@n) =y — yn) + (¥ — S(zn)),

the sequence (S(z, — 2n))n>0 bornological converges to y. Since (x, — zn)n>0
bornological converges to 0. Then, y € o(5).
Consequently, o(QS) = {0}.

ii) We shows that [Ro(S)]V) = o(RS).
We have R(0(S)) C o(RS), indeed.
Let y € 0(5). There exists (z,,)n>0 C X such that

z, —™My and S(z,) —M y.
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R being bounded, then R(S(z,)) —* R(y). This gives, R(y) € o(RS).
Hence, 0(RS) is b-closed (Proposition 3.2). Then

[Ro(S)|Y c o(RS).
Next, to show the converse inclusion, consider the canonical quotient map:
Qo : Z — Z/[Ra(S)|W
such that
Qo(2) = z + [Ra(S)]|W.

Then, Qg is bounded. Thus Qo R is bounded.
On other hand, Qo[Rc(S)] = {0} where 0 is the class of 0. Then, by Propo-
sition 3.2, QRS is bounded. Therefore,

Qoo (RS) = {0}.

Thus
o(RS) C [RJ(S)](l).

The proof is complete. .

Remark 1 In the conditions of Proposition 4.1, the subspace S~![(S)] is
b-closed in X.

Proof. S71[o(S)] = Ker(QS) = (QS)~1({0}). Since o(S) is b-closed and Y /o (S)
is separeted, then, S~![o(S)] is b-closed in X. .

Theorem 4.1 Let X and Y two (cbvs) of type My and S : X — Y be linear
map. Suppose that X is complete and the bornology of Y has a net.

Let Xy and Yy two subspaces b-closed of X and Y respectively such that
S(Xo) C Y.

Let Sy : X/ Xo — Y/Yy defined by:

Then, Sy is bounded if, and only if, o(S) C Yp.

Proof. Suppose that Sy is bounded. Let y € o(5). There exists (z,)n>0 C X
such that : z, —™ 0 and S(x,,) — y. Then

S()(l‘n + Xo) = S(l’n) + Y() —>M Yy + Yb and S()(l’n + Xo) —>M S@(Xo)

Yy being b-closed, then Y/Yj is separated. Consequently, y + Yy = Sp(Xo) C Y.
Thus, y € Y.

Conversely, suppose that o(7T) C Yy. Consider the canonical quotient map
Q:Y — Y/Y,. Q is bounded by the definition of the quotient bornology, and
we have

Q(a(95)) € Q(Yo) = {0}.
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Then, @S is bounded, (by Proposition 3.1). Since S(Xy) C Y, we have:
QS(Xo) = {0}

On other hand,
So(x + Xo) = 5(x) + Yo = QS(x).

Then, Sy is bounded. n

Remark 2 In the conditions of Proposition 4.2, we have
o(S|Xo) C Yonao(S),
where S/ X is the restriction of S in Xj.

Proposition 4.2 Let X and Y two (cbvs) of type My such that X is complete
and the bornology of Y has a net. Let Zy,Zs, ..., Z, the complete (cbvs) and

T, T, ..., T, the bounded linear maps of Z; into X such that X = > T;Z;. Let
j=1

S: X — Y be bounded linear map. Then, we have
[0(STh) + -+ (ST, = o(S).

Proof. The proof is establish in two parts.
1°) Suppose that, for every j € {1,2,...,n}, ST; is bounded.
Let T': Z — X defined by

T(z1, .y 2n) = Th(z1) + -+ To(zn)
such that

Since for j = 1,...,n, T} is bounded, by definition the bornology of Z, T' is
bounded.
On other hand we have

ST(2) = S(Ty(21) + - + Tulzn)) = STi(21) + - + STh(2n).

Then, ST is bounded.
Now, we prove again that S is bounded:
Let © € X. Then = T'(2), where z € Z. Thus, S(z) = ST(z).

Let B a bounded in X = ) T;Z;. Then, there exists By, B, ..., B, bounded
j=1

in Z; such that
BcCcTBi+13By+---+1,B,

Therefore,
S(B) C STy(By) + STo(By) + -+ - + ST, (By).
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Since STj is bounded, for every j € {1,2,...,n}, > ST;(B;) is bounded in Y.
j=1

Thus, S(B) is bounded in Y. Consequently, S is bounded. Then, o(S) = {0}.
Since, 0(5T;) = {0}, Vj =1,2,....,n. Thus :

[Z o(ST))

J=1

1
=0o(9)

2°) General Case:
We have:
o(ST;) Co(S), Vj=1,2,...,n.

Indeed, let y € o(ST;). There is a sequence (2} ),>0 C Z; such that
27 —M0 et STi(27) —M oy,
Since, by hypothesis, T; are bounded, then
T;(2}) —™ 0 and S[T;(2])] —" .

Then, y € 0(95), i.e., 0(ST;) C o(S). This gives

n

> o(STy) C a(9).

J=1

Since ¢ (S) is b-closed, we have

[Z o(ST))

Jj=1

1
Ca(9).

Next, we shows the converse inclusion.
1)

Let Q:Y — Y/W, where W = [Z o(ST;)| . Then, @ is bounded.
j=1

On other hand, we have

Qlo(ST))] c Q(W) = {0}.
Then,
Qlo(STy)] = {0}

By Proposition 3.2, we conclude that QST; are bounded. Therefore, by the
first case it results that QS is bounded. Then, Q[o(S)] = {0}, i.e: o(S)CW. =
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