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1. Introduction and definition

A Whittaker function M, , was introduced by Whittaker [2] (see also Whittaker
and Watson [3]) in terms of the confluent hypergeometric function ;F)
(or Kummer’s function)

1
(11) M)\#(J}) = IH+1/2€(*1/2)$1F1 (5 + W — )\, 2/VL + 1; JI) .

Further generalization of the Whittaker function M) , was introduced by Humbert
[6; p.63 (15)] in the following form

—1
M)\,,Ul“'Mk (:E17 X xk) = xlf+1/2 e xllzk+1/2 eXp |:7(:L‘1 +---+ l’k):|

-\I/ék)[ul +o e — AN+ E/2; 200 4+ 1, 20 + 1 2, T

(1.2)

where \I/gk) denotes Humbert’s confluent hypergeometric function of n-variables
[6; p. 62(11)]
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F)p . .
‘112 [CL,Cl, oy Cy T, 7Ik]

(1.3) > (@)my gy, Ty
= Z o) 1(Ck)k n}él"'.ﬂfy(ma}(ﬂxﬂ,|x2|,...,|xk|}<oo).
ma my ! !

my---mg=0

A Lauricella function Fék) [6; p. 60] generalized the Appell function Fj to a
function of k variables which is defined as

(k) oo | BT =
FC [aab§01;...7Ck;$1,...,xk] :FO:.]_; ''''' : ’1 L1, Tk
iy ey Ck
(14) = i (a)m1+~~~+mk (b1>m1+~~+mk x’lnl .. lek
(Cl)ml (Q’c)mk mq!---my!

( ‘1‘1’4—"'4‘ |xk\<1).

2. Integral transforms

We first establish the following integral

[ee)
v—1_—pu
I :/ wre TP M e (21 - pw)du
0

(2.1) pa+1/2 pet+1/2
xy T L) k) ) T,
Fr7Na, by 2u,41, ..., 20 +1; - ,
(p+X)? ¢ . MR X X
k kj x + e + T
Wherea=u1+~~+uk+§—k,b=u1+---+uk+§+u,xz—1 ; b
and Re(p+ X) > 0.
For k = 2, equation (2.1) reduces to
I = / uy_le_puMA,m,uz (xluv x2u)du
0
TP P D+ + 14 )
(22) (p+X)M1+u2+1+u
F[++1A it 10 21, 21— 2
' N v ; Y v
4| 12 1T 2 1251 iz Pr X prX

(Re(p+ X) > 0)

where as for k = 1, equation (2.1) reduces to a known result [1; p. 215(11)].

Proof of result (2.1)

By using definitions (1.2) and (1.3), the L.H.S. of integral (2.1) is given by
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I = / w e TP (gyu) Y2 ()Y 2 exp 7(I1u + - 4 wpu)
0

-kllék)[ul +o e — AN+ E/2;200 + 1, 20, + L 2w, - 2puldu

= gttt N (O FE— (21)™ - - ()™
. (201 + D)y -+ (24 + 1)mk mal- - my!

my---mg=0

Ty 4 Fx
1 3 k)u

o
. / uu1+~~-+uk+k/2+m1+-~+mk+u—le—(p+ du,
0

and then, using the integral transform [1, p.137(1)], we get the main result (2.1).
In view of integral (2.1), we can also establish the following integral

o
v—1 _—pu—zu?
I :/ u’"e’? My (210, .. 2w du
0

. u1+1/2... Hk+1/2 > (—1)quF(b+2q)
(2.3) =T L q:z() g!(p + X )b+2a

T T
p—{—X7”"p—|—X

P {a,bvt 2¢;2m + 1, 2 + 1

k Foo
wherea:u1+--~+uk+§—)\, b:M1+“'+/ﬁk+§+V7X=w
and Re(p+ X) > 0.

Clearly, if z = 0 in (2.3), the above result reduces to the result (2.1).

3. Generating relations

A well known modified generating relation of Exton is given by [5; p. 147(3)]

xt = s
(3.1) exp(s—l—t—?) = Z Zm!nllFl(—n;m—i-l;x)

where 1 Fy (—n; m+1:z) /min! = LY (2)/(m +n)!, 1F; and L™ are confluent
hypergeometric function and Laguerre polynomials, respectively (see [4; p. 200(1)]).
Pathan and Yasmeen [7] modified the above result (3.1) of Exton, by defining
m* = maz[0, —m] and

(n) n r
Ly’ (x) 1 (—n),x _
A SN - if >m*
(m+n)! n! T:zm:* (m+r)lr! non=m
= 0 if 0<n<m*

A set of expansions

zh=2" Z Z )r(2/2) m+n1F1 (—m; m+1;x) (3.2)

m'n'

m=—00 n=m*
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for r = 0,1,2, ..., has been obtained by Exton [5, p. 148(8)] from (3.1) by taking
successive partial derivatives with respect to ¢t and letting s =t = z/2.

On replacing s,t and z by su,tu and zu, respectively, in (3.1), multiplying
both sides by

v—1_—pu
u e P My g (T2, L )

integrating the multiple series with respect to u between the limits zero and infi-
nity. Using integral (2.1) and definition (1.2) and adjusting the parameters, we get

I Tk
—s—t + x—t+X""’p—s—t+%+X

F&la, b 2Mr+1,nw2uk+l;p

]

e}

 (ps—t+E4X) Z Z b)imin
B p+X m' n!( p+X ymAn

m=—o0 n=m*

(3.3) n l
(—n)i (b+m-+n), ( x )
T (mA) L \prX
(k) T Tk
EFx7Na, b+-mAn + 1 2u+1, . 2 +1; s
c { H1 Mk P+ X X
k k x4+t
Wherea:u1+---+uk—|—§—/\,b:u1+---—|—uk+§+v,X:%’g
and Re(p) > 0, Re(p+ X) > 0.
Similarly, using the result (3.2) in place of (3.1), we get
F®lab 47 20+ 1, 2+ 1 —2
C[a7 —f-T’, ,LL1—|— PIRRERY :uk:+ ) +X7 ’p‘l‘X]
Sy Y G
b = = m'n' (p+ X)mtn-r
3.4
(3.4) (=n); (b+m+n), x :
! (m+ 1), 1! p+ X
T Tk

FOlab+m+n+1:2u 41,0, 20 + 1 o
c M1 Mk Pt X Pt X

k k r+-+x
Wherea:ﬂl—i‘+Mk+§—)\>b:/i1++uk+§+V,X:1#k
and Re(p) > 0, Re(p+ X) > 0.

By setting s =t = /2 in (3.3), the result reduces to
FPla,by 20 4+ 1,0, 20 + 1 s
C H1 Kk p+X7’ Y prX

(2/2)™ (D) sn o= (—n)y b+m+n) [ 2z '

(3.5) mz_oo n; m! n!( p—l—X)”“" ; (m+ 1), 1! p+X
.ﬂmkﬁ+m+n+h2 P o1 — T }
c H1 Hk P+ X P+ X
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k k x_i_.._i_x
Where@=M1+---+uk+§—A,b:u1+---+nk+§+u,X:—1 K

2
and Re(p) > 0, Re(p + X) > 0. which can also be obtained from (3.4) by taking
r = 0.

4. Special cases

On setting z = 0 in (3.3), the result reduces to

F®a, b; 2/“+1’m’2uk+1;]9—<9i—1t—im>(""""’]9—£—kt—i—)(]
ay U Y > e
-Fék) {a,b+m+n;2u1—l—1 20 + 1 p—{—X"“""’pj—kX}
Wherea:m—l—---qL,uqug—/\,b:,u1+---+,uk+§—l—y,X:w
and Re(p) > 0, Re(p+ X) > 0.
For k = 2, equation (4.1) reduces to
Fy [a,b; 2'u1+1’2M2+1;p—si1t+X’p—3i2t+X}
—g— X)b b e
(4.2) s ;+§(+ mZ_:OO HZ; m! nl p+X;m+”
F {a btm+n:2u + 1,2+ 1; +X pr]

T+
where a = py +po+1 - AN, b= +pus+1+v, X = : 2

Re(p+ X) > 0.
For k = 2, equation (3.5) reduces to

and Re(p) > 0,

T2
Fyla,b; 2u0 + 1,209 + 1;
4[ 251 2 +Xp+X}

(/2™ B o= (=) btmtny (x
(4.3) Z Zmln|p+Xm+n; (m+1) ! l(p+X)

m=—oo0 n=m*

X2
Fyla,b+m+n+1;2u + 1,200 + 1, ——
4[ 451 2 —|—X p—l—X]

T+ X2

where a = p1 +po+1—XN, b= +pus+1+v, X =
Re(p+ X) > 0.

and Re(p) > 0,
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For k = 1, equation (3.5) reduces to

2F1[ s Yy

T ]
p+X

(2/2)™ (D) an o= (—n)y b+m+n) [ 2z '
(4.4) Z Zmlnlp+Xm+n§ (m+ 1), 1! p+X

m=—00 n=m

F; b [;2 1;
D) 1{(1 +m+n+1;2u + —I—X}

1 1
Wherea:u1—|—§—)\,b:u1+§+1/,X:%andRe(p)>O, Re(p+ X) > 0.

By putting z; = 0 and 5 = 01in (4.3), the above result reduces to a known
result of Pathan and Yasmeen [7; p. 242(2.3)]

x/2p mn )m—f—n (mye—1) (P~ 2x
(15) Yy T i e (122

m=—o00 n=m*

where the Jacobi polynomials P (x) is defined by [4; p. 254(1)]

(14 a),
n!

P (x) =

1—=
JF, —n,l+a+B+n ; ]

2
14+« ;
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