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Abstract. In this paper, we study the explicit representation and convergence of Pal-
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1. Introduction

P. Turédn initiated the study of (0,2)-interpolation in order to get approximate
solution of the differential equation y” + f -y = 0. The first result was published
by J. Surdnyi and P. Turdn [19] in 1955. J. Baldzs [2] introduced a generalization
of this problem and considered the weighted (0, 2)-interpolation on the zeros of
ultraspherical polynomial P (), A > —1. Then several mathematicians [5], [8],
[9], [13], [15], [16], [22], [23], [24] considered the weighted (0, 2)-interpolation on
various set of nodes. O. Ki§ [11] was first to consider the interpolation problem on
the unit circle and then a lot of mathematicians [17], [18], [20] studied different
interpolation problems on the unit circle. In paper [1], author proved the con-
vergence theorem of weighted (0, 2)"-interpolation on the projected nodes on the
unit circle.

In case of Pél-type interpolation, P. Mathur and S. Datta [14] considered the
weighted Pél-type (0,2;0) —interpolation on (—oo,00). Recently M. Lenard [12]
has considered the (0, 2;0) and (0; 0, 2)-type interpolation problem on the zeros of
Legendre polynomial P, (z) and give the explicit formulae. H.P. Dikshit [7] con-
sidered the existence of Pal-type interpolation on the non-uniformly distributed
nodes on the unit circle. Later on, in [2], [3], author considered the convergence
of (0,1;0) and (0;0, 1)-interpolation on the sets obtained by projecting vertically
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the zeros of (1 — z?) P, (x) and P! (z) respectively on the unit circle, where P, ()
stands for n'* Legendre polynomial. In paper [4], author considered the (0;0,2)-
interpolation on the projected nodes of (1 — z?) P, (z) and P, (z) respectively on
the unit circle and proved a convergence theorem. The aim of this paper is to
consider explicit representation and convergence of weighted Pél-type (0,2;0)-
interpolation on the unit circle.

Let Z,={z.=k=0,1,...,2n + 1} satisfying

20 =1, 2941 = —1
(11) ZL = COS Qk + 4 sin Qk,
Zntk = Xk, k=1 (1) n

and T,, = {wy = k = 1,...,2n — 2} such that

W) = COS @y, + 1 Sin @y,
12) {k S O

Wpak = —wg, k=1(1)n—1

be two set of nodes such that the weighted (0, 2)-interpolation is prescribed on
the one set of nodes, whereas Lagrange interpolation on the points of other one

In Section 2 we give some preliminaries, in Section 3 we describe the pro-
blem, in Section 4 we represent the explicit forms of interpolatory polynomials,
and in Sections 5 and 6 we give the estimates and convergence of interpolatory
polynomials.

2. Preliminaries

In this section, we shall give some well known results, which we shall use in our
present paper.
The differential equation satisfied by P, (z) is

9

(2.1) (1-2%) P, (z) —22 P, (x)+n(n+1) P,(z)=0
(2.2) W) =[] ¢— =) = KL (1 ;Z ) o

(2.3) H(z) = 2ﬁ2 ) —KP (1 + 22> -

2z
k=1

We shall require the fundamental polynomials of Lagrange interpolation based
on Z, and T,
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(2.5) b (2) = — (wg (('?_ =

(2.6) i (2) = /0 ) 222 L (2)dz

(2.7) Jij (2) :/OZ 2 W (2)dz, j=0,1,
which satisfies

(2.8) Ji (=1) = (=1, (1)
For —1 <z < 1,

(29) Py (2)] < 1

(2,10 o-nes (2)

(211) (1— 2% [P, ()] < v/2n

(2.12) Py o) < LY,

2

If uy be the zeros of P! (z), then by [6]

1
V8rk

Let o = cosfy, (k=1,2,..,n) be the zeros of the n'" Legendre polynomial
P, (z), with 1 > 21 > 29 > ... > —1, then

(2.13) Py (ug) >

(2.14) (1= wi)" > kn™ k=1 3]
' 1—a3)’>(m—k+1)°n2% k=[2]+1,.,n

(2.15) ] > k7 =1 (3]
Py (z)| > (n—k+1)2n% k=[5]+1,..n

For more details, see | 20], [21].
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3. The Problem

Let {zk}ir:gl and {wk}zzg be two disjoint set of modes obtained by projecting
vertically the zeros of (1 — x?) P, (x) and P! (x) respectively on the unit circle,
where P, (z) stands for n'* Legendre polynomial and w (z) € C be a given function,
called weight function. Here we are interested to determine the convergence of
interpolatory polynomials satisfying the conditions:

Rn (Zk) = g, k:O,l,Q,..,2n+1
(3.1) {w(z) Ry (2)} 7 o, = B, k=1,2,...2n
R, (wg) = Y, k=1,2,..,2n—2

where w (z) = (1 — 22)5 and oy, By and v are complex constants.

4. Explicit representation of interpolatory polynomials

We shall write R, (2) satisfying (3.1) as

2n+1 2n—2

(4.1) Ro(2) =Y adi(2)+ Y BBi(2) + > mCr(2),

where Ay (2), By (2) and Cj (z) are unique polynomials each of degree < 6n — 1
determined by the following conditions:

For k=0(1)2n+1

Ay (Z]) = 5kj7 7=20 (1) 2n+1
(4.2) {(1 _22)3 4, @)}Z:Z_ —0, j=1(1)2n

A (w;) =0, j=1(1)2n -2
For k =1(1)2n

By (z;) =0, j=0(1)2n+1
(4.3) {(1 _2)i B, (’Z)}Zzz, =6y, j=1(1)2n

By (w;) =0, j=1(1)2n -2

For k=1(1)2n —2
Cy (2;) =0, j=0(1)2n+1

(4.4) {(1 pe N er (z)}” —0, j=1(1)2n
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Theorem 4.1. For k=1(1)2n —2

27 (22— 1) W2(2) L (2)

O = T D W L ()
(4.5)
272 YW(2)H (2) Nte Ao .
+wk—2” (w]% _ 1) WQ(wk)H /<Wk> Ly, (Wk) {Gk( ) + 1J10( ) + 2 ( )}
where
(4.6) Gi (2) = / (1 _ 22) W' (Z)j::W(Z) Le (2)dz
with
o= IV (wn)
k k W ()
(4.7) ¢ = G (12>J:0ik)(_1) and
_ G (1) + G (-1
“ 2711 (1)

Proof. Consider (4.5).
Clearly, Cj, (zj) =0 for j = 1(1)2n and Cj, (w;) = dx; for j =1(1)2n — 2.
Also, for z = +1, we get (4.7).
Further, from {(1 — ,22)g C (z)} = 0 for j = 1(1)2n, we get G}, (2),
which on integration gives (4.6) . ]

Theorem 4.2. For k=1(1)2n

(48) Bk (2) = 272n71W(2)H (Z) {kak (Z) + 51J10 (Z) + bQJH (Z)}

where
(4.9) be = 1
2zp (27 — 1)2 W/(2)H (2x)
(4.10) by = —by Je () = S (Z1) and by = —by, Je (L) + Ji (_1).

2JIO (1) 2J11 (1)

Proof. Consider (4.8).
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Clearly, By (z;) =0 for j = 1(1)2n and By, (w;) = d; for j =1(1) 2n — 2.
Again, for z = +1, we get (4.10) .
Further, from {(1 — 22)g By, (z)} = 0y, for j = 1(1)2n, we get (4.9) for

Z=Zzj

Jj =k, owing to (2.7) and (2.14)-(2.15).

For j # k, one can verify the result.
Theorem 4.3. For k =1(1)2n,

(2" =1 H(z)L; ()

Ap (Z) = 2 >
(4.11) _2n_1WEZI;H 1<) ;:I< k)

+(z,§ _ 1) W’(wk)H(zk) {Tk (Z) + a1J10 (Z) + a2J11 (Z)} + CLkBk (Z)
where

9 5 H”(Zk) 2Zk H/(Zk) 35Zk
ar = —(z;—1)2
(4.12) k et {H'(Z’f) TE-DHE o1y
7 282’k ’ H/(Zk) ’
REREE AR S )
(413) T, (Z) _ /Z2n+1 (1 . 22) Lk (Z) ;[jgi:k) Lk (25) dz
T (1) =T (=1) (1) + Tk (1)

(4.14) a; = — 20 (1) and ay = — 270 (1) .
Further, for k =0,2n + 1
(4.15) A (2) = 27 TW(2)H (2) {a1Jyo (2) + azx 11 (2)}
where
4.16 = !
(419 = W (D) S (D
4.17 = L
(4.17) T OWWHM) ()

Proof. One can check that in this theorem (4.11) and (4.15) are polynomials of
required degree satisfying (4.2), so we omit the details of proof.
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5. Estimation of interpolatory polynomials

For convergence of interpolatory polynomial, we need the estimates of fundamental
polynomials:

Lemma 1. Let Ay (2) be defined in (4.11), then for |z| < 1, we have

2n

(5.1) Z | A (2)| < en?logn
k=1

(5.2) [Ao (2)] < ¢, Ao (2)] < ¢,

where ¢ is a constant independent of n and z.

Lemma 2. Let By (z) be defined in (4.8), then for |z| < 1, we have

2n—2

logn
(5.3) ST B (2)] < o2
k=1 nz

where ¢ is a constant independent of n and z.

Lemma 3. Let Cy (2) be defined in (4.5), then for |z| < 1, we have

2n—2

(5.4) Z |Cr (2)] < cn? logn

k=1

where ¢ is a constant independent of n and z.

Proof of Lemma 3. Consider (4.5) and using (2.10)-(2.15), we get (5.4) , owing
to results from [20], [21]. So we can omit the details of the proof.

Proof of Lemma 2. Consider (4.8), we have

(55) Bk (2) < [P (2) By (2)[{1&] |k ()] + 1ba] 20 (2)] + [ba] |12 (2)]}

where
1
(5.6) by < _ 2
(1— 22)F [P, (ap)]
(5.7) 9 (2)] < max | Ly () / gt

0

by substituting z = ¢ (0 < 6 < 27).
Combining (5.5)-(5.8) and using (2.10)-(2.15), we get (5.3).
Similarly one can prove Lemma 1.
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6. Convergence
In this section we prove the following:

Theorem 6.1. Let f (z) be continuous in |z| < 1 and analytic in |z| < 1. Let
the arbitrary numbers By ’s be such that

6.1) 1B = o0 (n%wg(f, n_1)> . k=1(1)2n.

Then the sequence {R,} be defined by
2n+1 2n 2n—2

(6.2) Ro(2) =Y f(zn)Ak(2) + > BiBr(2) + Y wCr (2)
k=0 k=1 k=1

satisfies the relation

(6.3) | Ra(2) = f(2)] = 0 (n?log naos(f,n ™))

where wy (f,n™1) is the modulus of smoothness of f (z) .

Remark. Let f(z) be continuous in |z| < 1 and f’ € Lip a. o > 1, then the
sequence { R, } converges uniformly to f (2) in |z| < 1, follows from (6.3) provided

(6.4) wa(f,n ) =0(n'7%).
To prove Theorem 6.1, we shall need the following:

Let f(z) be continuous in |z| < 1 and analytic in |z| < 1. Then there ezists
a polynomial F,, (z) of degree 2n — 2 satisfying Jackson’s inequality

(6.5) 1f(z) = F(2)] S (fin"), z=€"(0<6<2n)

and also an inequality due to O. Kis [11] viz. :

(6.6) Fi™ (2) < en™wy (f, l) ;

n
for positive integer m.

Proof. Let z = ¢ (0 <6 < 27), using (6.1), (6.2), (6.4)—(6.6) and Lemmas 1,
2 and 3, we get the result.
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