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Abstract. In this paper, we study the explicit representation and convergence of Pál-

type weighted (0, 2; 0)-interpolation on two pairwise disjoint sets of nodes on the unit

circle, which are obtained by projecting vertically the zeros of
(
1− x2

)
Pn (x) and P ′

n (x)

respectively on the unit circle, where Pn (x) stands for n
th Legendre polynomial.
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1. Introduction

P. Turán initiated the study of (0, 2)-interpolation in order to get approximate
solution of the differential equation y” + f · y = 0. The first result was published
by J. Surányi and P. Turán [19] in 1955. J. Balázs [2] introduced a generalization
of this problem and considered the weighted (0, 2)-interpolation on the zeros of

ultraspherical polynomial P
(λ)
n (x) , λ > −1. Then several mathematicians [5], [8],

[9], [13], [15], [16], [22], [23], [24] considered the weighted (0, 2)-interpolation on
various set of nodes. O. Kîs [11] was first to consider the interpolation problem on
the unit circle and then a lot of mathematicians [17], [18], [20] studied different
interpolation problems on the unit circle. In paper [1], author proved the con-
vergence theorem of weighted (0, 2)∗-interpolation on the projected nodes on the
unit circle.

In case of Pál-type interpolation, P. Mathur and S. Datta [14] considered the
weighted Pál-type (0, 2; 0)−interpolation on (−∞,∞) . Recently M. Lenard [12]
has considered the (0, 2; 0) and (0; 0, 2)-type interpolation problem on the zeros of
Legendre polynomial Pn (x) and give the explicit formulae. H.P. Dikshit [7] con-
sidered the existence of Pál-type interpolation on the non-uniformly distributed
nodes on the unit circle. Later on, in [2], [3], author considered the convergence
of (0, 1; 0) and (0; 0, 1)-interpolation on the sets obtained by projecting vertically
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the zeros of (1− x2)Pn (x) and P ′
n (x) respectively on the unit circle, where Pn (x)

stands for nth Legendre polynomial. In paper [4], author considered the (0; 0, 2)-
interpolation on the projected nodes of (1− x2)Pn (x) and P ′

n (x) respectively on
the unit circle and proved a convergence theorem. The aim of this paper is to
consider explicit representation and convergence of weighted Pál-type (0, 2; 0)-
interpolation on the unit circle.

Let Zn = {zk = k = 0, 1, ..., 2n+ 1} satisfying

(1.1)


z0 = 1, z2n+1 = −1

zk = cos θk + i sin θk,

zn+k = −zk, k = 1 (1)n

and Tn = {ωk = k = 1, ..., 2n− 2} such that

(1.2)

{
ωk = cosϕk + i sinϕk,

ωn+k = −ωk, k = 1 (1)n− 1

be two set of nodes such that the weighted (0, 2)-interpolation is prescribed on
the one set of nodes, whereas Lagrange interpolation on the points of other one

In Section 2 we give some preliminaries, in Section 3 we describe the pro-
blem, in Section 4 we represent the explicit forms of interpolatory polynomials,
and in Sections 5 and 6 we give the estimates and convergence of interpolatory
polynomials.

2. Preliminaries

In this section, we shall give some well known results, which we shall use in our
present paper.

The differential equation satisfied by Pn (x) is

(2.1) (1− x2) P”
n (x) − 2x P ’

n (x) + n (n+ 1) Pn (x) = 0

(2.2) W (z) =
2n∏
k=1

(z − zk) = KnPn

(
1 + z2

2z

)
zn

(2.3) H(z) =
2n−2∏
k=1

(z − ωk) = K∗
nP

′
n

(
1 + z2

2z

)
zn−1

We shall require the fundamental polynomials of Lagrange interpolation based
on Zn and Tn

(2.4) Lk (z) =
W (z)

W ′ (zk) (z − zk)
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(2.5) lk (z) =
H(z)

H ′ (ωk) (z − ωk)

(2.6) Jk (z) =

∫ z

0

z2n+2 Lk (z) dz

(2.7) J1j (z) =

∫ z

0

z2n+j W (z) dz, j = 0, 1,

which satisfies

(2.8) J1j (−1) = (−1)j+1 J1j (1) .

For −1 ≤ x ≤ 1,

(2.9) |Pn (x)| ≤ 1

(2.10) (1− x2)
1
4 |Pn (x)| ≤

(
2

nπ

) 1
2

(2.11) (1− x2)
3
4 |P ′

n (x)| ≤
√
2n

(2.12) |P ′
n (x)| ≤

n (n+ 1)

2
.

If uk be the zeros of P ′
n (x) , then by [6]

(2.13) Pn (uk) >
1√
8πk

.

Let xk = cos θk, (k = 1, 2, .., n) be the zeros of the nth Legendre polynomial
Pn (x), with 1 > x1 > x2 > ... > −1, then

(2.14)

{
(1− x2

k)
2 ≥ k2n−2, k = 1, ..,

[
n
2

]
(1− x2

k)
2 ≥ (n− k + 1)2 n−2, k =

[
n
2

]
+ 1, .., n

(2.15)

{
|P ′

n (xk)| ≥ k− 3
2n2, k = 1, ..,

[
n
2

]
|P ′

n (xk)| ≥ (n− k + 1)−
3
2 n2, k =

[
n
2

]
+ 1, .., n

For more details, see [ 20], [21].
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3. The Problem

Let {zk}2n+1
k=0 and {ωk}2n−2

k=1 be two disjoint set of nodes obtained by projecting
vertically the zeros of (1− x2)Pn (x) and P ′

n (x) respectively on the unit circle,
where Pn (x) stands for n

th Legendre polynomial and w (z) ∈ C be a given function,
called weight function. Here we are interested to determine the convergence of
interpolatory polynomials satisfying the conditions:

(3.1)


Rn (zk) = αk, k = 0, 1, 2, .., 2n+ 1

{w (z)Rn (z)} ”z=zk = βk, k = 1, 2, .., 2n

Rn (ωk) = γk, k = 1, 2, .., 2n− 2

where w (z) = (1− z2)
5
2 and αk, βk and γk are complex constants.

4. Explicit representation of interpolatory polynomials

We shall write Rn (z) satisfying (3.1) as

(4.1) Rn (z) =
2n+1∑
k=0

αkAk (z) +
2n∑
k=1

βkBk (z) +
2n−2∑
k=1

γkCk (z) ,

where Ak (z) , Bk (z) and Ck (z) are unique polynomials each of degree ≤ 6n − 1
determined by the following conditions:

For k = 0 (1) 2n+ 1

(4.2)


Ak (zj) = δkj, j = 0 (1) 2n+ 1{
(1− z2)

5
2 Ak (z)

}”

z=zj
= 0, j = 1 (1) 2n

Ak (ωj) = 0, j = 1 (1) 2n− 2

For k = 1 (1) 2n

(4.3)


Bk (zj) = 0, j = 0 (1) 2n+ 1{
(1− z2)

5
2 Bk (z)

}”

z=zj
= δkj, j = 1 (1) 2n

Bk (ωj) = 0, j = 1 (1) 2n− 2

For k = 1 (1) 2n− 2

(4.4)


Ck (zj) = 0, j = 0 (1) 2n+ 1{
(1− z2)

5
2 Ck (z)

}”

z=zj
= 0, j = 1 (1) 2n

Ck (ωj) = δkj, j = 1 (1) 2n− 2
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Theorem 4.1. For k = 1 (1) 2n− 2

(4.5)

Ck (z) =
z−2n (z2 − 1)W 2(z)Lk (z)

ω−2n
k (ω2

k − 1)W 2(ωk)Lk (ωk)
lk (z)

+
z−2n−1W (z)H (z)

ω−2n
k (ω2

k − 1)W 2(ωk)H ′ (ωk)Lk (ωk)
{Gk (z) + c1J10 (z) + c2J11 (z)}

where

(4.6) Gk (z) =

z∫
0

(
1− z2

) zW ′ (z) + ckW (z)

z − ωk

Lk (z) dz

with

(4.7)

ck = −ωk
W ′ (ωk)

W (ωk)

c1 = −Gk (1)−Gk (−1)

2J10 (1)
and

c2 = −Gk (1) +Gk (−1)

2J11 (1)
.

Proof. Consider (4.5).

Clearly, Ck (zj) = 0 for j = 1 (1) 2n and Ck (ωj) = δkj for j = 1 (1) 2n− 2.

Also, for z = ±1, we get (4.7) .

Further, from
{
(1− z2)

5
2 Ck (z)

}”

z=zj
= 0 for j = 1 (1) 2n, we get G′

k (z) ,

which on integration gives (4.6) .

Theorem 4.2. For k = 1 (1) 2n

(4.8) Bk (z) = z−2n−1W (z)H (z) {bkJk (z) + b1J10 (z) + b2J11 (z)}

where

(4.9) bk =
1

2zk (z2k − 1)
5
2 W ′(zk)H (zk)

(4.10) b1 = −bk
Jk (1)− Jk (−1)

2J10 (1)
and b2 = −bk

Jk (1) + Jk (−1)

2J11 (1)
.

Proof. Consider (4.8).
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Clearly, Bk (zj) = 0 for j = 1 (1) 2n and Bk (ωj) = δkj for j = 1 (1) 2n− 2.

Again, for z = ±1, we get (4.10) .

Further, from
{
(1− z2)

5
2 Bk (z)

}”

z=zj
= δkj for j = 1 (1) 2n, we get (4.9) for

j = k, owing to (2.7) and (2.14)-(2.15).

For j ̸= k, one can verify the result.

Theorem 4.3. For k = 1 (1) 2n,

(4.11)

Ak (z) =
(z2 − 1)H(z)L2

k (z)

(z2k − 1)H(zk)

+
z−2n−1W (z)H (z)

(z2k − 1)W ′(ωk)H(zk)
{Tk (z) + a1J10 (z) + a2J11 (z)}+ akBk (z)

where

(4.12)

ak = −
(
z2k − 1

) 5
2

{
H”(zk)

H ′(zk)
+

2zk
(z2k − 1)

H ′(zk)

H(zk)
+

35zk

(z2k − 1)
2

+
7

(z2k − 1)
+

28zk
(z2k − 1)

L′
k (zk) + 4

H ′(zk)

H(zk)
L′
k (zk)

}

(4.13) Tk (z) =

z∫
0

z2n+1
(
1− z2

) Lk (z)− L′
k (zk)Lk (z)

z − zk
dz

(4.14) a1 = −Tk (1)− Tk (−1)

2J10 (1)
and a2 = −Tk (1) + Tk (−1)

2J11 (1)
.

Further, for k = 0, 2n+ 1

(4.15) Ak (z) = z−2n−1W (z)H (z) {a1J10 (z) + a2J11 (z)}

where

(4.16) a1 =
1

2W (1)H (1) J10 (1)

(4.17) a2 =
1

2W (1)H(1)J11(z)
.

Proof. One can check that in this theorem (4.11) and (4.15) are polynomials of
required degree satisfying (4.2) , so we omit the details of proof.
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5. Estimation of interpolatory polynomials

For convergence of interpolatory polynomial, we need the estimates of fundamental
polynomials:

Lemma 1. Let Ak (z) be defined in (4.11), then for |z| ≤ 1, we have

(5.1)
2n∑
k=1

|Ak (z)| ≤ cn
3
2 log n

(5.2) |A0 (z)| ≤ c, |A2n+1 (z)| ≤ c,

where c is a constant independent of n and z.

Lemma 2. Let Bk (z) be defined in (4.8), then for |z| ≤ 1, we have

(5.3)
2n−2∑
k=1

|Bk (z)| ≤ c
log n

n
1
2

where c is a constant independent of n and z.

Lemma 3. Let Ck (z) be defined in (4.5), then for |z| ≤ 1, we have

(5.4)
2n−2∑
k=1

|Ck (z)| ≤ cn
3
2 log n

where c is a constant independent of n and z.

Proof of Lemma 3. Consider (4.5) and using (2.10)-(2.15), we get (5.4) , owing
to results from [20], [21]. So we can omit the details of the proof.

Proof of Lemma 2. Consider (4.8), we have

(5.5) |Bk (z)| ≤ |Pn (x)P
′
n (x)| {|bk| |Jk (z)|+ |b1| |J10 (z)|+ |b2| |J11 (z)|} ,

where

(5.6) |bk| ≤
1

(1− x2
k)

7
4 |P ′

n (xk)|2

(5.7) |Jk (z)| ≤ max
|z|≤1

|Lk (z)|
z∫

0

t2n+2dt,

by substituting z = eiθ (0 ≤ θ < 2π) .

Combining (5.5)-(5.8) and using (2.10)-(2.15), we get (5.3) .
Similarly one can prove Lemma 1.
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6. Convergence

In this section we prove the following:

Theorem 6.1. Let f (z) be continuous in |z| ≤ 1 and analytic in |z| < 1. Let
the arbitrary numbers βk’s be such that

(6.1) |βk| = o
(
n

3
2ω2(f, n

−1)
)
, k = 1 (1) 2n.

Then the sequence {Rn} be defined by

(6.2) Rn (z) =
2n+1∑
k=0

f(zk)Ak (z) +
2n∑
k=1

βkBk (z) +
2n−2∑
k=1

γkCk (z)

satisfies the relation

(6.3) | Rn (z)− f(z)| = o
(
n

3
2 log n.ω2(f, n

−1)
)

where ω2 (f, n
−1) is the modulus of smoothness of f (z) .

Remark. Let f(z) be continuous in |z| ≤ 1 and f ′ ∈ Lip α. α > 1
2
, then the

sequence {Rn} converges uniformly to f (z) in |z| ≤ 1, follows from (6.3) provided

(6.4) ω2(f, n
−1) = o

(
n−1−α

)
.

To prove Theorem 6.1, we shall need the following:

Let f(z) be continuous in |z| ≤ 1 and analytic in |z| < 1. Then there exists
a polynomial Fn (z) of degree 2n− 2 satisfying Jackson’s inequality

(6.5) |f(z)− Fn (z)| ≤ cω2

(
f, n−1

)
, z = eiθ (0 ≤ θ < 2π)

and also an inequality due to O. Kǐs [11] viz. :

(6.6) F (m)
n (z) ≤ cnmω2

(
f,

1

n

)
,

for positive integer m.

Proof. Let z = eiθ (0 ≤ θ < 2π), using (6.1), (6.2) , (6.4)–(6.6) and Lemmas 1,
2 and 3, we get the result.
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