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Abstract. The so-called MinMax numbers {M,,} and their subsidiary numbers {N,,}
for the Pell numbers {P,} were studied by (for example) A.F. Horadam [3]. These
MinMax numbers {M,} are positive integers which are the minimal and maximal
representations by means of the Pell numbers. Analogous results for the MinMax num-
bers {D,} and their subsidiary numbers {R,,}, and for the modified Pell numbers {qg,},
are obtained in [3], @, := 2¢, being the Pell-Lucas numbers. A.F. Horadam [4], on
the other hand, expanded this MinMax number system to the algebraic polynomials
{Mp(z)}, {Nn(x)}, {Dn(x)} and {R,(z)}. Our aim in this paper is to investigate re-
sults, which are similar to those in [4], but which hold true instead for the following
generalized sequences of polynomials:

{Pym(x)} and {Qnm ()} (meN; ne NU{0}),

N being the set of positive integers.
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1. Introduction
Throughout this paper, we denote by N the set of positive integers. We also write
No:=Nu{0} ={0,1,2,...}.

The generalized Pell polynomials { P, ,,(z)}, and the generalized Pell-Lucas poly-
nomials {Qn(7)} and {g;,,,(z)}, are defined by (see [1])

(1.1) Pom(x) =22P, 1 m(x) + Proepum() (n = m; m,n € Ny)

with Py,n(z) =0 and P, (z) = 22)" ! (n=1,...,m — 1);

(1.2)  Qum(z) = 22Qnam(z) + @nmm(z) (0 Zm; m,n €Ny

with Qom(z) =2 and Qpm(z) = (22)" (n=1,...,m—1;m € N\ {1}; n € N) and
(1.3)  Gum(®) = 22¢, 1 0 (2) + G omm(z) (0 2 2m; m,n € Ny)

with ¢;,,(z) =1 and ¢ , () = (22)"' (n=1,...,2m — 1; m,n € N).
In their special case when m = 2, the polynomials

Paf3) i au()

are the same as the familiar Fibonacci and Lucas polynomials, respectively (see
[2]; see also [6]).

By using the recurrence relations (1.1), (1.2) and (1.3), and their correspon-
ding initial values, we can compute the first few members of the polynomials

{Paa(x) = Po(2)}, {@na(z) = Qu(z)} and {q;,(z) = g, (2)},
which are given in Table 1, Table 2 and Table 3 below.

Table 1

Pio(x) = 51227 + 10242 + 6722° + 1602° + 10z.
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Table 2
Qo(z) =2
Q1(z) =2z
Qa2(x) = 42° + 2
Qs(r) = 8z° + 62
Qu(z) = 162* + 162 + 2
Qs(7) = 322° + 402° + 10z
Qo(z) = 642° + 962" + 362° + 2
Q(z) = 12827 + 2242° + 1122° + 14z
Qs(x) = 2562° + 5122 + 3202* + 6422 + 2
Qo() = 51227 + 115227 4 8642° + 2402° + 18

Q1o(7) = 10242" + 25602° + 22402° + 8002 + 1002” + 2.

Table 3

qs(z) =

gi(x) = 162" + 82 + 120% + 4o + 1

go(z) = 322° + 162" + 322° + 122° + 62 + 1

¢i(7) = 642° 4 322° + 802 + 322° + 242® + 62 + 1

gs(w) = 12827 + 642° + 1922° 4 802" + 802° + 242* + 8z + 1

¢ (z = 2562 + 12827 + 4482° + 19225 + 2402 + 802> + 4022 + 8z + 1.

Our present investigation is motivated essentially by the earlier works of Ho-
radam (see, for details, [3]) dealing with the so-called MinMax numbers {M,, } and
their subsidiary numbers {N,, } for Pell numbers { P, }, and also with the MinMax
numbers {D,,} and their subsidiary numbers {R,,} and the modified Pell numbers
{q}, Qn := 2q, being the Pell-Lucas numbers. These MinMax numbers {M,, } are
positive integers which are the minimal and maximal representations by means
of the Pell numbers. Analogous results for the MinMax numbers {D,,} and their
subsidiary numbers {R,}, and also for the modified Pell numbers {g,}. Sub-
sequently, Horadam [4] expanded this MinMax number system to the algebraic
polynomials {M,(z)}, {N.(z)}, {Dn(z)} and {R,(z)}. The main object of this
paper is to present results, which are similar to those in [4], but which hold true
instead for the following generalized sequences of polynomials:

{Pom()}  and  {Qum(z)}  (meN; neNU{0}),
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which are defined here by (1.1) and (1.2), respectively.

2. The MinMax polynomials {M,, ,,(x)}

The polynomials {M, ,,,(z)} (m € N; n € Ny) are defined by means of the
following recurrence relation:

(2.1) Mym(x) = 22 M1 () + My—omm(x) +1 (n 2 2m; m,n € N)

with Mo(z) = 0 and M, () = (22)" ! (n = 1,....,m) and My11m(z) =
(22)™ 4+ 1 and My, () = 20 M1 m(z) (n =m+2,...,2m — 1), where

0 (n#mk+1; k €Ny

1 (n=mk+1).
One of our main results is asserted by Theorem 1 below.

Theorem 1. For m € N and n = m, each of the following equalities holds true:

[n/m]
(2.2) Mon(@) = Y Pacnigm(2)
i=0
and
P P, _
(2.3) My m(z) = 4 1.2m(T) + Pri1—m2m () l’
7 2
where
0 (n #mk; k € No)
l pr—
1 (n =mk).

Proof. We make use of the principle of mathematical induction on n in order to
prove equalities (2.2) and (2.3). First of all, it is easy to prove equality (2.2) for

n=0,1,..2m—1.

Suppose now that (2.2) holds true for n = mn (n € N). Then, for n = mn + 1,
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we apply the recurrence relation (2.1) to get

an—l—l,m(x) - 21}an,m<x) + an+1—2m,m('r) +1

n n—2
=2z Z Pmn—mi,?m(x> + Z Pmn—i—l—?m—mi,Zm(x) +1
i=0 =0

2

n

- (prmn—mzﬂm + Pmn+1—2m—mi,2m)

ﬂ.
o

+22( P om(x) + Poom(x)) + 1

n—2
= Z Panrlfmi,Zm(x) + Pm+1,2m(~r) + Pl,Qm(x)
1=0

M:

Panrlfmi,Zm ($),

<.
[en]

which proves the the first assertion (2.2) of Theorem 1.

Next, clearly, equality (2.3) holds true for n =0,1,--- ,2m — 1, by means of
the recurrence relations (1.1) and (2.1). Suppose that (2.3) holds true for n = mn.
Then, for n = mn + 1, we find that

Mopns1.m(2) = 20 M () + Mpnt1—2mm(x) + 1
Pmn+172m(1') + Pmn+1—m,2m($) —1
2x
Pmn+2—2m,2m(x) + Pmn+2—3m72m(x)
2x
Pmn+2,2m($) + Pmn+2—m,2m(x)
2 ’

which, by the principle of mathematical induction on n, proves the second asser-
tion (2.3) of Theorem 1. Our proof of Theorem 1 is thus completed. n

=2z

+ +1

3. The polynomials {N,, ,,(x)}
The polynomials {N,,.,(z)} (m € N; n € Ny) are defined by
(31) Nn,m(x) = Mn-l—l,m(x) + Mn+1—2m,m(m) (TZ 2 2m)7

which, in conjunction with (2.1), shows that the polynomials {N, ., (x)} satisfy
the following recurrence relation:

(3.2) Ny () = 22Ny 1m () + Ny—omm(x) +1

with Ny () =1and N, ,,(z) = (22)" (n = 1,...,m—1) and Ny, n(z) = (22)"+1
and Ny () = 2eNy_1 () (n=m+1,...,2m — 1), where

0 (n # mk; k € Np)

| —
2 (n =mk).
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Theorem 2. The polynomials { Ny ()} satisfy the following relationship:

o Qn+1,2m + Qn—i—l—mﬂm (17) - l

. N, —
(3 3) nm(x) o )
where
0 (n#mk+m—1; k€ Ny)
l:
2 (n=mk+m—1).

Proof. By using (1.2) and (3.2), we readily obtain

. Qm,2m(flf) + Qoyzm(iv) -2
B 2x ’

Nm—l,m(x)

which shows that relationship (3.3) holds true for n = m — 1. If we assume that
(3.3) is holds true for n # mk, then, for n = mk, we find by using the recurrence
relation (3.2) that

Notoan () = 22 Nong—1,m(2) + Nong—2m,m () + 2
— 9 (ka,Zm(I) + ka_m,gm(x) — 2)

2x
Qmikt+1-2m.2m(T) + Quk+1—3m,2m ()
2x
_ ka+1,2m(x) + ka+1fm,2m<x>
2x ’

0 +2

which evidently completes our proof of Theorem 2. .

By some suitable algebraic manipulations based upon (3.3), we get the fol-
lowing result.

Theorem 3. For m € N and n = m, the following relations hold true:

(3.4) Nom (%) = Ny (2) = Qnom ()
and
(3.5) Nn,m(l’) - Nn—2m,m(x) = Qn,2m(x) + Qn—m,2m(x)'

Proof. Upon setting n = m in (3.4), we get
Nm,m('r) - NO,m<x> = Qm,2m<x>7
which, by virtue of (3.2) and Table 2, coincides with the identity:

(22)" +1— 1= (22)™



SOME CLASSES OF GENERALIZED MinMax POLYNOMIALS 43

If (3.4) holds true for some fixed positive integer n (n = m), then

Nt 1m(2) = Npg1-mm ()
= 22Ny () + Nps1—2mm ()
— 2Ny () — Npg1—3mm ()
= 22 [Ny () — Ny, (2)]
+ [Nn—I—l—Qm,M(‘T) - Nn+1—3m,m(x>]
= 22Qn 2m () + Qni1-2m,2m ()
(3.6) = Qnt12m(7),

which implies that relation (3.4) is holds true when n is replaced by n + 1.
The second assertion (3.5) of Theorem 3 is a direct consequence of the first
assertion (3.4). -

4. The subsidiary MinMax polynomials {D,, ,,(z)}

Instead of the MinMax polynomials for the generalized Pell polynomials { P, ,(x)}
defined by (1.1), we now consider the analogous polynomials for the polynomi-
als {Qnm(z)} and {q; ,,(7)}, which are defined by means of the recurrence re-
lations (1.2) and (1.3), respectively. We thus define the MinMax polynomials
{Dpm(2)}nen, by means of the following recurrence relation:

(4.1) Dym(x) = 20Dy 1 () + Dyp—omm(x) + 1 (n 2 2m; m,n € N)

with Dyn(z) = 0 and D, (z) = (22)" ! (n = 1,---,m) and Dy m(x) =
(22)™ 4+ 2 and Dy pm(x) = 22Dy p(x) (Rn=m+2,--- ,2m — 1), where

0 (n#mk+1; ke Ny)
l:
2 (n=mk+1).

Theorem 4 below provides the connection between the classes of
polynomials {M,, ,,(z)} and {D,, (x)}.

Theorem 4. For m € N and n = m the following relationships hold true:

(4.2) My () + My () = Dy () (n>m);

* + * B —
(43) Dmm(l‘) _ QnJrl,m(x) q2n;1 m,m(x) (TL z m)’

where
0 (n # mk; k € Ny)

2 (n = mk);
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(4.4) Dy () = Do () = qz,m@) (n = m)
and
(4.5) Dipn(®) = Dn2mm () = €500 (@) + €ropm(@) (02 2m).

Proof. We first assume that (4.2) holds true for some positive integer n. Then,
for n —n+1, we get

Myi1m(z) + Mps1—mm(x) = 20 My m(x) + Myi1—omm(z) +1
+ 20 M (2) + Mog1—smm(z) +1
= 22 [My (%) + My (7)] + M1 —2m.m ()
+ Myi1-3mm(z) + 21
= 22Dy () + Dpt1—omm(z) + 21
= Dpi1.m(2) (2l=2 or 20=0).

Next, we suppose that the relationship (4.3) holds true for n = mk. Then,
for n = mk + 1, we get

Dmk+1,m(x) - 2$Dmkz,m(x) + Dmk—l—l—?m,m(x) +2

q:nkJrl,m(x) + qrnk:Jrlfm,m(x) -2

=2
2x
T @)+ G @)
2x
1 . X
= 2$qu+1,m(x) + qu+172m,m(x)

2x
+ 2xq:nk+1fm,m (':C) + Q;knkJrlf?)m,m (IE)]

_ QZ’L]C+2,’ITL('Z) + qakJerm,m(x)
2x .

For n =m in (4.4), we are led at once to the following obvious identity:

Dy () — Do () = Q:n,m(x)7

so (4.4) holds true for n = m. Suppose that (4.4) holds true for some positive
integer n (n 2 m). Then, for n — n+ 1, we get

Dpi1m() = Dyg1—mm () = 22Dy () + Dpy1—2mm () +1
— 22Dy (%) — Dypt1—3mm(z) — 1
= 22(Dym,(2) = Dnmm () + Dpg1-2mm(2)
- Dn+173m,m(x)
= QIQZ,m(f) + Q:L+1—2m,m<x)

= qu+1,m(‘r)'
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The last assertion (4.5) of Theorem 4 is an immediate consequence of assertion
(4.4). The proof of Theorem 4 is thus completed. .

We now present another interesting result.

Theorem 5. The polynomials {D,,,(x)} possess the following representation:

[(n—1)/m]

=0

Proof. For n =1 in (4.6), we have the following obvious special case:

0
Din(®) = Y €5 mim (),
i=0

which shows that that formula (4.6) holds true for n = 1.
Suppose now that (4.6) holds true for n = mk. Then, for n = mk+ 1, we get

Dmk—l—l,m(x) - QxDmk,m(x) + Dmk+1—2m,m($) + 2
[(mk—1)/m] [(mk—2m)/m]

=2z Z Q:nkfmz,m(x) + Z Q:nkJrlme,m (JI) +2

=0 i=0

k—1 k—2
=2z Z Te—rmi,m (T) + Z Dt 1—2m,m (T) + 2
i=0 i=0

k

2
= Z(z‘rq:‘nkfmz,m(x) + qrnkJrlmefmi,m(I))
=0

+ 22— (—1),m (T) + 2

k—2
=0

EE

2
= Dot 1—miom (T) + Gy () + 1
0

i=

- ; e 1-mim (T) (k - [%D '
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For n = mk + 2, we find from the recurrence relation (4.1) that

Dmk+2,m($) - szmk—i-l,m(fL‘) + Dmk+2—2m,m(x)

K k2
=2z Z Db+ 1—mim (T) + Z Dik+2—2m—mim (T)
i=0 i=0

k—2
= Z Q:nk+2fmi,m(x> + 2xQ:<n+1,m<x) + QSUQT,m(x)
1=0
k—2
= Z qrnk+2—mi,m(x) + q:n+2,m($> + qg,m(z)
1=0

k
= Z q;nk+2fmi,m (SL’) :
=0

This, evidently, completes our proof of Theorem 5. .

5. The subsidiary MinMax polynomials {R,, ,,(x)}

In this section, we introduce and investigate the sequence of polynomials
{Rn.m(x)}men, which are the subsidiary MinMax polynomials of {D,,,,(z)} for

{@nm(x)}, where
2¢n2(7) = Qna(x).

Thus, by definition, we have
(5.1) Rym(x) = 22Ry—1m () + Ry—omm(x) +1 (n 2 2m; m € N)

with Ro(z) = 0and R, n(x) = (22)" (n=1,...,m—1) and R, ;n(x) = (22)™+2
and R, ., (z) = 22Ry_1m(z) (n=m+1,...,2m — 1), where

0 (n # mk; k € Np)
[ —
2 (n = mk).

The connection between the polynomials { R, ()}, { Npm(x)} and { Dy, ()}
is given by Theorem 6 below.

Theorem 6. Fach of the following relationships holds true:

(5.2) Rn,m(x) = Dpi1m(®) + Dpy1—2mm() (n 2 2m),
(5.3) Rpym(2) = Non (%) + N (2) (n 2 m),
(5.4) Ry (%) = Rpm(7) = q:LH,m(x) + q;kl+172m,m(x) (n = 2m)

and
(5.5)  Rum(x) = Ry—mm () = Ny () — Np—omm () (n = 2m).
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Proof. Suppose that (5.2) is correct for n = mk. Then, for n = mk + 1, the
recurrence relation (5.1) yields

Rkarl,m ($) = 2:L)Rmk,m (fﬂ) + Rmk+172m,m(x)
= 2-T(Dmk+1,m($) + Dmk+1—2m,m(x)) + Dmk+2—2m,m<x) + Dmk+2—4m,m<x)
= Dmk+2,m($) + Dmk+2—2m,m($)a

which proves relationship (5.2).

By using the initial values for R, ,,(z) and N, ,(z), we can easily prove
relationship (5.3). Let relationship (5.3) hold true for n # mk. Then

Ryt () = 22 Ryp—1.m (%) + Rpk—omm(x) + 4

= 22(Npk-1.m(T) + Nok—1-mm () + Nonk—2m.m () + Nok—smm(x) + 4

= 22 Npk—1.m(2) + Nik—2m.m(2) + 2 + 22 Npk—1—mm () + Npk—smm () + 2
= mlam(x) + Nmk—m,m(x)a

which proves relationship (5.3).

Suppose now that the relationship (5.4) holds true for some positive integer
n. Then, for n — n + 1, we find from the recurrence relation (5.1) in conjunction
with (3.1) that

Rn1m(2) = Rogimm ()

=22Ry () + Rps1—2mm () + 1 — 22 Ry (%) — Rut1—3mm(x) — 1
(5.6) =27 [Rym(r) — Rumm(2)] + Rug1-2mm(T) — Rog1-3mm ()

= 22¢; 44, m(T) +22q) 2m, m(T) + q:z+2—2m,m(x) + Gnr2-amm(7)

qn+2 m(x) + qn+2 2m, m(‘r)

which proves relationship (5.4).

It is easily observed that the last assertion (5.5) of Theorem 6 is a direct
consequence of relationship (5.3). .

6. A set of sequences of numbers

In their special cases when = = 0, the above-investigated MInMax polynomials
{My ()}, {Nnm(2)}, {Dnm(x)} and {R, . (x)} would lead us to some interes-
ting sequences of MinMax numbers, which we denote by {M, ..}, {Nnm}, {Dnm}
and {R,, .}, respectively. Some of these sequences of MinMax numbers are given
below:
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M, o {0,1,0,1,0,2,0,2,0,3,0,3,0,4,0,4, ... };

M, 3 {0,1,0,0,1,0,0,2,0,0,2,0,0,3,0,0,3,...};

My < {0,1,0,...,0,1,0,...,0,2,0, ...,0,...}.
pneiianeiinent

Npo : {1,0,1,0,3,0,3,0,5,0,5,..};

N,s3 : {1,0,0,1,0,0,3,0,0,3,0,0,5,0,0,5,...};

Nom + {1,0,..,0,1,0,...,0,3,0,...,0,3,0,...,0,5, ...}
-1 m—1 m—1 m—1

D, {0,102 ,3,0,4,0,5,0,...};

D3 {0,100 ,0,0,3,0,0,4,0,0,5,...};

Dy o {0,1,0,.. ,0,..,0, ..}

m—1 m—1
R,. : {0,0,2,0,4,0,6,0,8,
R,s : {0,0,0,2,0,0,4,0,0,
Rum ¢ {0.50,2,0,..0,.}

\,-/

m— 1 m—1

.10, ...}
,0,0,8,0,0,10,...};
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