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1. Introduction, definitions and results

In this paper, by meromorphic functions we will always mean meromorphic func-
tions in the complex plane C. It will be convenient to let E denote any set of
positive real numbers of finite linear measure, not necessarily the same at each oc-
currence. For any non-constant meromorphic function h(z) we denote by S(r, h)
any quantity satisfying

S(r,h) =o(T(r,h)) (r— o0,r ¢ E).



16 ABHIJIT BANERJEE, PRANAB BHATTACHARJEE

Let f and g be two non-constant meromorphic functions and let a be a finite
complex number. We say that f and g share a CM, provided that f — a and
g — a have the same zeros with the same multiplicities. Similarly, we say that f
and ¢ share a IM, provided that f — a and g — a have the same zeros ignoring
multiplicities. In addition, we say that f and g share oo CM, if 1/f and 1/g share
0 CM, and we say that f and g share oo IM, if 1/f and 1/g share 0 IM.

Let S be a set of distinct elements of CU{oo} and E;(S)= U{z:f(z)—a:O},

a€esS
where each zero is counted according to its multiplicity. If we do not count the

multiplicity, the set | J{z : f(2) —a = 0} is denoted by E(S). If E(S) = E,4(S),
acsS

we say that f and g share the set S CM. On the other hand, if E;(S) = E,(S),
we say that f and g share the set S IM. Evidently, if S contains only one element,
then it coincides with the usual definition of CM (respectively, IM) shared values.

Let m be a positive integer or infinity and a € C U {oc}. We denote by
Ey(a; f) the set of all a-points of f with multiplicities not exceeding m, where
an a-point is counted according to its multiplicity. If, for some a € CU {o0},
Exy(a; f)=Ex)(a; g), we say that f, g share the value a CM. For a set S of

distinct elements of C, we define E,,(S, f) = U Eny(a, f). The condition
acsS
En) (S, f) = Eny (S, g) obviously implies Ej)(S, f) = Ej;(S,g) forall 1 < j <m.
Inspired by the Nevanlinna’s three and four values theorems, in 1970s F. Gross
and C.C. Yang started to study the similar but more general questions of two
functions that share sets of distinct elements instead of values. For instance, they
proved that if f and ¢ are two non-constant entire functions and S7, Sy and S3 are
three distinct finite sets such that f=1(S;) = ¢g7'(S;) for i = 1, 2, 3, then f = g.
In 1976, F. Gross proposed the following question in [8]:

Question A Can one find two finite sets S; (j = 1,2) such that any two
non-constant entire functions f and g satisfying Ef(S;) = E4(S;) for j = 1,2
must be identical ?

In [8], Gross wrote: If the answer of Question A is affirmative it would be
interesting to know how large both sets would have to be ?

Yi [21] and independently Fang and Xu [7] gave the same answer in this
direction.

In 2003, Lin and Yi posed the following question.

Question B ([19]) Can one find two finite sets S; (j = 1,2) such that any
two non-constant meromorphic functions f and g satisfying E¢(S;) = E4(S;) for
j = 1,2 must be identical ?

Gradually, the research on Question B gained pace and today it has become
one of the most prominent branches of the uniqueness theory. For the last two
decades several attempts have been made by different authors to consider the
shared value problems relative to a meromorphic function sharing two sets and
at the same time give affirmative answers to Question B under weaker hypothesis

{see [1]-[7], [10], [14]-[21], [28]-[28], [29]-[30]}.
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In 1994, Yi [20] gave an affirmative answer to Question B and proved that
there exist two finite sets S; (with 2 elements) and Sy (with 9 elements) such that
any two non-constant meromorphic functions f and g satisfying E;(S;) = E,(S;)
for 7 = 1, 2 must be identical.

Inspired by Question B, we will consider the uniqueness of two non-constant
meromorphic functions satisfying Ef(S) = E,(S) and Ef({oc}) = E,({o0}).
According to what we know by now, perhaps this type of results were first ob-
tained by Li and Yang in [17], where they proved that there exists one finite set
S with 15 elements such that any two non-constant meromorphic functions satis-
tying E;(S) = E,(S) and Ef({oo}) = E,({oo}) must be identical. In 1995, Yi [21]
and independently Li and Yang [17] proved that there exists a set S of 11 elements
such that any two non-constant meromorphic functions with E;(S) = E,(S) and
E¢({o0}) = Ey({oo}) must be identical. In 1997 Fang and Guo in [6] exhibited a
set S of nine elements with this property.

In 2002, Yi [25] proved the following result in which he not only reduced the
cardinalities of the set S but also relaxed the sharing of the poles from CM to IM.

Theorem A. ([25]; see also [29]) Let n be a positive integer such that n > 8,
and let a, b be two nonzero complex numbers satisfying ab™ 2 # 2. Then the
polynomial

(1.1) P(w) = aw™ — n(n — 1)w? + 2n(n — 2)bw — (n — 1)(n — 2)b?

has only simple zeros. Let S = {w | P(w) = 0}. If f and g are two non-constant
meromorphic functions satisfying E¢(S) = E4(S) and E¢({o0}) = E,({o0}) then
f=g

Dealing with the question of Gross in [6], Fang and Lahiri obtained a unique
range set S with smaller cardinalities than that obtained previously imposing
some restrictions on the poles of f and g.

Theorem B. ([6]) Let S = {z: 2" +az""' + b= 0} wheren (> 7) is an integer
and a and b are two nonzero constants such that 2" +az""14+b = 0 has no multiple

root. If f and g are two non-constant meromorphic functions having no simple
poles such that E;(S) = E4(5) and Ef({oo}) = E,({o0}) then f =g.

Let S={z:2"—20~1=0} and

%+ e? 4+ ... +eb Cl4e+. . Fe
ltet+... 102 I 154, +eo

Obviously, f = e°g, By(S) = E,(S) and Ey({oc}) = E,({o0}) but f # g. So, for
the validity of Theorem B, f and g must not have any simple pole.

In 2001, an idea of gradation of sharing known as weighted sharing has been
introduced by I. Lahiri in [12], [13] which measures how close a shared value is
to being shared CM or to being shared IM. In the following definition we explain
the notion.

f=
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Definition 1.1 [12], [13] Let k& be a nonnegative integer or infinity. For
a € CU {oco} we denote by Ej(a;f) the set of all a-points of f, where an
a-point of multiplicity m is counted m times if m < k and k + 1 times if m > k.
If Ex(a; f) = Ex(a; g), we say that f, g share the value a with weight k.

We write f, g share (a, k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k) then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and only if f, g share (a,0) or (a, c0)
respectively.

Definition 1.2 [12] Let S be a set of distinct elements of C U {co} and k be a

nonnegative integer or co. We denote by Ef(S, k) the set U Ex(a; f).
a€sS

Clearly, E;(S) = E;(S,00) and E(S) = E4(S,0).

Using the notion of weighted sharing of sets, Lahiri [14] proved the following
theorem, which improved Theorem B.

Theorem C. ([14]) Let S be defined as in Theorem B and n (> 7) be an integer.
If for two non-constant meromorphic functions f and g, ©(c0; f) + O(o0; g) > 1,
E(5,2) = E4(5,2) and Ef({o0}, 00) = Ey({oc}, 00) then f = g.

Recently, the first author [3] has generalized Theorem C by investigating the
problem of further relaxation of the nature of sharing the set {oo} and obtained
the following result.

Theorem D. ([3]) Let S be defined as in Theorem B and n (> 7) be an integer.
If, for two non-constant meromorphic functions f and g, ©(co; f) + O(o0; g) >

+ 6nk +6n—5' Er(S,2) = E4(S,2) and Eg({oo}, k) = E4({oo}, k), where

0<k<oo, then f=g.

In the mean time, the first author [1] has improved Theorem B by relaxing
the nature of sharing the set S and proved the following result.
Theorem E. Let S be defined as in Theorem B. If for two non-constant mero-

1 1

morphic functions f and g, ©(occ; f) > 5 O(o0; g) > 5 and E3)(S, f) = E3)(S, g),
By({sc},00) = E,({oc},00), then f = g.

In the paper, we consider a new range set different from those mentioned
earlier and with the help of the same we will improve and supplement Theorems

D and FE.
The following theorems are the main results of the paper.
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Theorem 1.1 Let
S:{Z(n_l)(n_z) n n(n_z) nfl_i_n(n_]‘) Zn2—120},

1 ® 5~ 1

where n (> 7) is an integer. If, for two non-constant meromorphic functions f
and g, E;(S,2) = E4(S,2) and Ef({oo}, k) = E,({oo}, k), where 0 < k < o0
n 3
i R = — 2 0(0;
and min{Of,0,} > 5 + TS then f = g, where Oy O(0; f) +
20(1; f) + O(oc0; f) and ©, can be similarly defined.

Corollary 1.1 Let S be given as in Theorem 1.1. If, for two non-constant mero-
morphic functions f and g, E¢(S,2) = E,(S,2), Ef({o0},00) = E,({o0}, 00) and

min{O;,0,} > 4 — g, where O and ©4 have the same meaning as in Theorem
1.1, then f = g.
Theorem 1.2 Let

=Dm=2) ., al=2) ., nn=1) .
S:{z. 1 Z" - 5 z +Tz —1—0},

where n (> 8) is an integer. If for two non-constant meromorphic functions f
and g Ef(S,2) = E,(5,2) and E¢({o0},2) = E,({o0},2), then f =g.

Theorem 1.3 Let S be defined as in Theorem 1.1. If for two non-constant mero-
morphic functions f and g, Es)(S, f) = Es3)(S,9), Ef({oc},00) = Ey({oo},00)
and min{Of, O ,} > 4 — g, where ©¢ and ©,4 have the same meaning as in Theo-
rem 1.1, then f =g.

Theorem 1.4 Let S be defined as in Theorem 1.1. If for two non-constant mero-
morphic functions f and g, Eny(S, f) = Enm)(S,9), Ey({oo},k) = Ey({oo}, k),

n
here 0 < k < >4 and min{O@f,0,} >4 — -4+ ——
where 0 < k < 00, m = 4 and min{©, O} 2 Tk n-1

O, have the same meaning as in Theorem 1.1 then f = g.

where ©¢ and

It is assumed that the readers are familiar with the standard definitions and
notations of the value distribution theory as those are available in [9]. We are still
going to explain some notations as these are used in the paper.

Definition 1.3 [11] For a value a in the extended complex plane, we denote by
N(r,a; f |= 1) the reduced counting function of simple a points of f in |z| < 7.
Denote by N(r,a; f |< m) (N(r,a; f |> m), respectively) the counting function
of those a-points of f in |z| < r, where the multiplicity of each point is not
greater (not less, respectively) than m, m is a positive integer, and each point is
counted according to its multiplicity. Denote by N(r,a; f |< m) (N(r,a; f |> m),
respectively) the counting function of those a-points of f in |z| < r, where the
multiplicity of each point is less (greater, respectively) than m, and each point is
counted according to its multiplicity. Denote by N(r,a; f |< m), N(r,a; f |> m),
N(r,a;f|<m), N(r,a;f|>m) the reduced forms of N(r,a;f|<m),
N(rya; f 1> m), N(r,a; f |[<m), N(r,a; f |> m) respectively.
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Definition 1.4 Let f and g be two non-constant meromorphic functions such
that f and g share a value a IM where a € C U {oc}. Let zy be an a-point of f
with multiplicity p, an a-point of g with multiplicity g. We denote by N (r,a; f)
(NL(r,a;g)) the counting function of those a-points of f and g where p > ¢
(¢ > p), each a-point is counted only once.

Definition 1.5 Let f and g be two non-constant meromorphic functions and m
be a positive integer such that E,,)(a; f) = En,)(a; g) where a € CU {oo}. Let 2
be an a-point of f with multiplicity p > 0, an a-point of g with multiplicity ¢ > 0.
We denote by NT) (rya; f) (N;n) (r,a;g)) the counting function of those common
a-points of f and g, where p > ¢ (¢ > p), each a-point is counted only once.

Definition 1.6 [13] We denote by No(r,a; f) = N(r,a; f) + N(r,a; f |> 2).

Definition 1.7 Let m be a positive integer. Also let 29 be a zero of f(z) —a of
multiplicity p and a zero of g(z)—a of multiplicity g. We denote by N >m11(r, a; f |

g # a) (Ngs>ms1(r,a;9 | f # a)) the reduced counting functions of those a-points
of f and g, where p>m +1and ¢g=0 (¢ > m+ 1 and p = 0).

Definition 1.8 [8], [9] Let f, g share (a,0). We denote by N.(r,a;f,g) the
reduced counting function of those a-points of f whose multiplicities differ from
the multiplicities of the corresponding a-points of g.

Cleatly, N.(r,a; £, 9) = Nu(r,as g, ) and No(r,0: £, ) = Ny(r,0; )+ Ny (r, 5 9).
For E,(a; f) = En(a; g) we can define N.(r,a; f,g) in a similar manner and we

note that here N, (r,a; f, g) = NP (ryas £)+ NP (r,059) + Nysmia(ra; f | g # a)
+ Nosmyr(r,a; 9| f # a).

2. Lemmas

In this section, we present some lemmas which will be needed in the sequel. Let
F and G be two non-constant meromorphic functions defined in C. Henceforth
we shall denote by H and V' the following two functions

go (L _2F \_ (G 26

C\F F-1 G G-1
yo(EF__FY_(& _eN__Fr ¢
- \F-1 F G-1 G) FF-1) GG-1)

Lemma 2.1 [13] If F, G be two non-constant meromorphic functions such that
they share (1,1) and H # 0, then

and

N(r 1L F|l=1)=N(r1,G|=1) < N(r,H)+ S(r, F) + S(r,G).
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Lemma 2.2 [19] If F', G be two non-constant meromorphic functions such that
Ey(1; F) = Ey(1;G) and H # 0 then

N(r,; F|=1) < N(r,H)+ S(r, F)+ S(r,G).

Lemma 2.3 Let f and g be two non-constant meromorphic functions sharing
(1,m), where 1 < m < oco. Then

N 150)+ B 1) = N1 f 1= 1)+ (= ) Bl 130
1

< SIN( L)+ N(r 1 9)]

2
Proof. Let zy be a 1- point of f of multiplicity p and a 1-point of g of multiplicity
q. Since f, g share (1, m), we note that the 1-points of f and g up to multiplicity
m are same. When p = ¢ = 1, 2 is counted once, both in left and right hand side
of the above inequality but when 2 < p = ¢ < m, 2, is counted 2 times in the
left hand side of the above inequality whereas it is counted p times in the right
hand side of the above inequality. If p = m + 1, then the possible values of g are
as follows. (i) ¢ =m + 1, (ii) ¢ > m + 2. When p = m + 2, then ¢ can take the
following possible values (i) ¢ = m + 1, (ii) ¢ = m + 2, (iii) ¢ > m + 3. Similar
explanations hold if we interchange p and ¢. Clearly, when p =q¢ > m + 1, 2y is
counted 2 times in the left hand side and p > m + 1 times in the right hand side

of the above inequality. If p > ¢ > m + 1, in view of Definition 1.8 we know zj is

3 3
counted m + 3 times in the left hand side of the inequality and Z% > m+ 3

times in the right hand side of the above inequality. If ¢ > p, we can explain
similarly. Hence the lemma follows. n

Lemma 2.4 Let f and g be two non-constant meromorphic functions such that
m) (15 f) = Eny (15 9), where 1 <m < oco. Then

m

N 150)+ W 1i9) = N1 F1= 0+ (5 = ) (Nsmaa(r 13 19 1

+ Nysmer(r Lig| f# 1)} + (m - %) {W’LH)(T, L f)+ N7 (r, 1;9)}
1
2

< S [N(r,1; f) + N(r, 1; g)]

Proof. By the condition that E,,)(1; f) = E,,(1; g), we note that every common
zero of f —1 and g — 1 up to multiplicity m has the same multiplicities related
to f and g. Let 2y be a l-point of f with multiplicity p and a 1-point of g
with multiplicity ¢. If p = m + 1, then the possible values of ¢ are as follows:
(i) g =m+1; (ii)) ¢ > m + 2; (ili) ¢ = 0. Similarly, if p = m + 2, the possible
values of ¢ are as follows: (i) ¢ = m + 1; (ii) ¢ = m + 2; (iii) ¢ > m + 3;
(iv) ¢=0. If p > m+ 3, we can find the possible values of ¢ similarly. Now,
Lemma 2.4 follows from the above explanation. u
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Lemma 2.5 Suppose that F, G share (1,0), (00,0) and a is a complex number
satisfying a # 0, 1. If H #£ 0 then

N(r,H) < N(r,0;F|>2)+N(r,0;G|>2)+N(r,a; F|>2)+ N(r,a;G |> 2)
+N,(r,1;F,G) + N,(r,00; F,G) + No(r,0; F') + No(r,0; G,

where No(r,0; F') is the reduced counting function of those zeros of F' which are
not the zeros of F(F — 1)(F — a) and No(r,0;G") is similarly defined.

Proof. By the definition of H we verify that the possible poles of H result
from the following six cases: (i) The multiple zeros of F' and G. (ii) The multiple
a- points of F'and G. (iii) Those common poles of F" and G, where each such pole
of F' and G has different multiplicities related to F' and G. (iv) Those common
1-points of F' and G, where each such point has different multiplicities related to
F and G. (v) The zeros of F’ which are not zeros of FI(F' — 1)(F — a). (vi) The
zeros of G’ which are not zeros of G(G — 1)(G — a). Now proceeding as in the
proof of Lemma 2.4, we can get the result of the lemma. n

Lemma 2.6 Let E,,(1; F) = E,(1;G), let F', G share (00,0) and let a be a
complex number satisfying a # 0,1. If H # 0, then

N(r,H) < N(r,0;F [> 2) + N(r,0:G |2 2) + N(r,a; F [~ 2) + N(r,a: G | > 2)
—|—NT)(T, L; F) —I—N?)(r, L,G)+ Npspm(r, 1, F | G #1)
+NG2m+1(T7 17G | F 7é 1) +N*(T700;F7 G) +N0(T7O;F/) +N0(T,O;G/),
where No(r,0; F') and No(r,0; G") has the same meaning as in Lemma 2.5.

Proof. The proof is obvious. n

Lemma 2.7 [18] Let f be a non-constant meromorphic function and P(f) =
ap +arf + asf?+ ...+ a,f", where ag,ay,as...,a, are constants and a, # 0.
Then T'(r, P(f)) = nT'(r, f) + O(1).

Next, we set

n—1)(n—2) (n—1)

_ ( n n(n B 2) n— n n—
e p=0TNOED e 0022 10

where f, g are two non-constant meromorphic functions and n > 3 is an integer.

Lemma 2.8 Let F, G be given by (2.1) and (2.2), where n > 7 is an integer and
H #£0. Suppose oy and oy are the roots of the equation
n=—1)(n-2) , nn-2) n(n —1)

1 2% — 5 z+ 1 = 0.
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If F, G share (1,m) and f, g share (00,k), where 2 < m < oo. Then, for a
complex number a(# 0, 1),

37” (T, )+ T(r9)} < 2AN(r,0; ) + N(r,0:9)} + Na(r, on; f)

+No(r, a3 g) + Na(r, ag; f) + Na(r, oz g)
+Ny(r,a; F) + No(r,a; G) + N(r, 00; f)
3

+N(T7 OO;g) +N*(Ta Q3 f7 g) - <m - 5)
N.(r,1;F,G) + S(r, f) + S(r, g).

Proof. By the second fundamental theorem we get

2{T(r, F)+T(r,G)} < N(r,1; F) 4+ N(r,0; F) + N(r,a; F)
(2.3) +N(r,00; F) + N(r,1;G) + N(r,0; G) + N(r,a; G) + N(r, 00; G)
— No(r,0; F') — No(r,0;G") + S(r, F) + S(r, G).

Using Lemmas 2.1, 2.3, 2.5 and 2.7 we see that

(2.4) N(r,1; F)+N(r,1;G) < Z[N(r,1; F) + N(r, 1; G)]

N | —

1\ —
+N(r,1; F|=1) — (m— 5) N.(r,1; F,G)

< AT (r, f)+T(r,9)} + N(r,0; f) + N(r,0; g)
roag f1>2)+ N(ras; f [>2)

N(
N(r,ou;9 |>2) + N(r,az; 9 |> 2)
N(
N

|3

+
+

+N(r,a; F |>2) + N(r,a; G |> 2)

3\ __
+ *(T,oo;f,g) - (m_ 5) N*<T71;F7G)
+No(r,0: F') + No(r, 0, &) + S(r. f) + S(r. 9).
Using (2.4) in (2.3) the lemma follows in view of Definition 1.6. n

Lemma 2.9 Let F, G be given by (2.1) and (2.2), where n > 7 is an integer and
H # 0. Suppose oy, i = 1,2 has the same meaning as given in Lemma 2.8. If
Eny(1; F) = E(1;G) and f, g share (00, k), where m, k are integers such that
1<m<ooand k>0. Then for a complex number a(# 0, 1)

ST AT} < 2AN00:0) 4 N(r,0:9)} + Nolr,on: f)

+N2(7”’ al;g> + NZ(T" Qg; f) + N2(r7 Oég,g)
+Ns(r,a; F) + No(r,a; G) + N(r, 00; f)
+N(r,00; g) + N.(r,00; f, g)
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3 o _
— <% — 5) {NFZm—i—l(T;l;F | G?A 1)+NG2m+1(T71;G | F% 1)}

- (m— g) {NT)(r,l;F) +W)(T,1;G)} + S(r, f)+ S(r,9).

Proof. Using Lemmas 2.2, 2.4, 2.6 and 2.7 we obtain
N(r,1;F)+N(r,1;G)

< ZIN(r1;F)+ N(r,1;G)] + N(r,1; F |= 1)

% B %) {Nme-i-l(rv Lflg#1) +N92m+1(r7 Lg|f# 1)}

m — %) {NT)(T, L f)+ N, 1;9)}

{T(r, )+ T(r,9)} + N(r,0; f) + N(r,0; )
(ran; f 122) + N(r,ag; f [> 2)

(7“, a1 9 ’2 2) +N(?", Q23 g ’Z 2) +N(T7GQF ’2 2)
(r,a;G |>2) + N.(r,00; f, )

= S Fron P16 2 1) 4 N 561 F £ 1)

T N T N

IN
I3

(2.5)

-+

|
2 —~— =2 =2 =2

+

- (- T 60}

+No(r,0; F') + No(r,0;G) + S(r, f) + S(r, g).

Using (2.5) in (2.3), the lemma follows in view of Definition 1.6. n

Lemma 2.10 Let f, g be two non-constant meromorphic functions and suppose
a;, 1 = 1,2 has the same meaning as given in Lemma 2.8. Then

(n—1)%(n = 22" 2(f — aa)(f — a2)g" *(9 — a1)(g — az) Z D,
where b is a non-zero constant and n > 5 is an integer.

Proof. On the contrary, suppose that

(2.6) (n=1)*(n =2 f"*(f — a)(f — a2)g" (g — a1)(g — az) = .

Let zp be a zero of f with multiplicity p. Then z, is a pole of g with multiplicity
g such that

(2.7) (n—2)p=(n—2)q+2q=ng.

From (2.7) we see that 2¢ = (n —2)(p —q) > n—2 and so p = n

q >

SIE

n—2
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Let 2y be a zero of f — a; ¢ = 1,2 with multiplicity p. Then 2 is a pole of g
with multiplicity ¢ such that p = (n — 2)q + 2¢g = ng > n.
Since the poles of f are the zeros of g and g — «; 2 = 1,2, we get

IA
=

N(r,o00; f) (r,0;9) + N(r,a1;9) + N(r, a9; g)

1 1
N(T,O,g>+ﬁN(7‘,Oé1,g)+ﬁ N(T,Oég;g)

IA

IN

SIS
S
=
S

By the second fundamental theorem we get

20(r.f) < N(r0:f) + N(r,on; f) + N(r,az: f) + N(r,00; f) + S(r, f)
< ZNGL0S) + - Nl ars )+ Nl ag )+ - T(r,9) +5(r, f)
< ST )+ S T(0) + 505 )
ie.,
4 4
25) (2-2) 10.0 < 2 700) + 500
Similarly,
4 4
29) (2-2) 760 < 276N+ 509

Adding (2.8) and (2.9) we get

(2 _ §) (T(r, [)+T(r,9)} < S(r, f) + S(r, ),

n

a contradiction for n > 5. This proves the lemma. u

Lemma 2.11 [5] Let f, g be two non-constant meromorphic functions and sup-
pose n (> 6) is an integer. If

(n — 1)(” — 2) fn o n(n _ 2)fn—1 + n<n B 1)fn—2
(2.10) 2(n ) —2) ’ n(n — 1)
= > g —nn=2)g"" + =——¢"",

then f =g.

Lemma 2.12 [22] If F, G share (00,0) and V =0 then F = G.
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Lemma 2.13 Let F, G be given by (2.1) and (2.2), where n > 7 is an integer
and V. Z 0. If F, G share (1,2), f, g share (00, k), where 0 < k < oo, then the
poles of F' and G are zeros of V' and

(nk+n—1) N(ryoo; f |>k+1) = (nk+n—1)N(r,o0;9|>k+1)
< N(r,0; f) + N(r,au; f) + N(r, as; f)
+N(r,059) + N(r, a1;.9) + N(r, as; g)
+N.(r,1; F,G) + S(r, f) + S(r,9),
where a; © = 1,2 has the same meaning as in Lemma 2.8.

Proof. Since f, g share (co; k), it follows that F', G share (oco;nk) and so a pole
of F' with multiplicity p(> nk + 1) is a pole of G with multiplicity (> nk + 1)
and vice versa. We note that F' and G have no pole of multiplicity ¢ where
nk < q < nk + n. Now using the Millouzx theorem [9, p. 55| and Lemma 2.7 we
get from the definition of V'

m(r,V) = 5(r, f) + 5(r, 9).
Hence
(nk+n—1)N(r,00; f|>k+1) = (nk+n—1)N(r,00;g |> k +1)
= (nk+n—1)N(r,00; F |> nk +n)
< N(r,0;V)
<T(r,V)+0(1)
N(r,o0; V) +m(r,V)+ O(1)
(r,o0; V) + S(r, f) + S(r,g)
(r,0; F) + N(r,0;G) + N,(r, 1, F,G)
+S(r, f)+ S(r,g)
< N(r,0; f) + N(r,au; f) +
+N(r,0:9) + N(r, a1; 9)
+N.(r,; F,G) + S(r, f)

<
<N
<N

This proves the lemma. u

Lemma 2.14 Let F', G be given by (2.1), where n > 7 is an integer. Also let S
be given as in Theorem 1.1. If E¢(S,0) = E,(S,0), then S(r, f) = S(r, g9).

Proof. Since E¢(S,0) = E,(S,0), it follows that F' and G share (1,0). We first
note that the polynomial
(n—1)(n—2)

n(n —2) n(n —1)

= n n—1 n—2 1
p(2) 1 z 5 2"+ — 7
has only simple zeros. In fact,
/ nn—1)(n—-2) ,_
p(z)= ( I ) 2" —1)2

4
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Also we note that p(0),p(1) # 0. Thus all the zeros of p(z) are simple and
we denote them by w;, j = 1,2,...,n. Since F', G share (1,0) from the second
fundamental theorem we have

(n_2)T<Tvg) < N(T’,U}j;g)—FS(T,g)

J

N (r,wy; f) + S(r, )

|

7j=1

nT(r, f)+ S(r,g).

IA

Similarly, we can deduce
(TL - 2)T<T7 f) < nT(h g) + S(T, f)

The last inequalities imply T'(r, f) = O (T'(r,g)) and T'(r,g) = O (T'(r, f)) and so
we have S(r, f) = S(r, g). n

3. Proofs of the theorems

Proof of Theorem 1.1. Let F, G be given by (2.1) and (2.2). Since E(S,2) =
Ey(S,2) and Ef({oo}, k) = E,({oo}, k) it follows that F', G share (1,2) and
(co,mk +n —1). So N,(r,00; f,9) = N.(r,00; F,G) < N(r,o0; F |> nk +n) =

N(r,o00; f |> k+1). By a simple computation it can be easily seen that 1 is a

1 1
root with multiplicity 3 of F' — 5 and hence F' — 5= (f —1)° Qn_s(f), where
Qn—3(f) is a polynomial in f of degree n — 3 and thus

Ma(rgiF) < 2N 0.0:Qualf)
< 2N(r, 1; )+ (n—=3)T(r, f) + S(r, f).

Suppose that H #£ 0. Then F # G. So, it follows from Lemma 2.12 that V' # 0.
Hence, from Lemma 2.8 with a = 3> m = 2, and Lemma 2.13, we obtain for
e(>0)

(5+1) {T0.H+T0rg)}
< 2{N(r,0; f) + N(r,0;9) + N(r,1; f) + N(r,1;9) } + N(r,00; f)
+N(r,00;9) + Nu(r,00; f, 9) — %N*(M;F, G) + S(r, f) + S(r, g)

< (5-20(0; f) —20(1; f) — O(o0; f) + &) T(r, f)
+(5—-20(0;9) —20(1;9) — ©(o0;9) +¢) T(r,9)

e [3T(r, f) + 3T(r, g)] + S(r, f) + S(r, 9).
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That is
E—4+@ - —c | T(r,f)
2 ok +n—1 ’
(3.1) n_y 3\
+ 2 + 9, nk+mn—1 c (r.9)

< S(r, f)+5(r,9).

Without loss of generality, we may suppose that there exists a set I with infinite
linear measure such that

T(r,g) <T(r.f), rel

From (3.1) and Lemma 2.14, we have

6
@f+@g_8+n—m—2€ T(T,g) SS(T,g), TGI\E,

which leads to a contradiction for sufficiently small ¢ > 0. Hence H = 0. Then

aG+b
3.2 F=—
(3:2) cG+d’

where a, b, ¢, d are constants such that ad — bc £ 0. Also
(3.3) T(r,F)=T(r,G)+ O(1).
We now consider the following cases.

Case I. Let ac # 0. From (3.2) we get
(3.4) N(r,00;G) =N (r, 2; F) )
c
So, in view of (3.3), by the second fundamental theorem we get

T(r,F) < N(T,O;F)+N(r,oo;F)+N(r,%;F>—i—S(r,F)
= N(r,0; f) +2T(r, f) + N(r,00; f) + N(r,00; g) + S(r, f)
< 5T(r, f) + S(r, f),

as v € [ and r — oo. This, together with Lemma 2.7, gives n < 5, which
contradicts the condition n > 7.

b
Case II. Let a # 0 and ¢ = 0. Then F = oG + 3, Whereazgandﬁ:a
If F' has no 1-point, by the second fundamental theorem we get
T(r,F) < N(r,0;F)+ N(r,o0; f) + S(r, F)
< 3T(r, f) + N(r,00: f) + S(r, f),
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as r € [ and r — oo. This, together with Lemma 2.7, gives n < 4, which
contradicts the condition n > 7.
If F and G have a common 1-point, then a4+ 8 = 1, and so

(3.5) F=aG+1-a.

Suppose a # 1. If 1—a % 1, then in view of (3.3) and the second fundamental
theorem we get

27 (r, F)

IN

_ _ _ 1 _
N(r,O;F)—i—N(r,l—a;F)—l—N(r,ﬁ;F) + N(r,00; F) + S(r, F)

< 3T(r,f) + N(r,0;G) + (n — 2)T(r, f) + N(r,00; f) + S(r, f)
< (n+5)T(r, f)+5(r, ),

as v € [ and r — oo. This, together with Lemma 2.7, gives n < 5, which
contradicts the condition n > 7. If v = 3, then we have from (3.5)

1
F=—-(G+1).
2
So, by the second fundamental theorem we can obtain, using (3.3), that
— — 1 — —
2T(r,G) < N(r,0;,G)+ N (T, 5 G) + N(r,—1;G) + N(r,00; G) + S(r, Q)

3T(r,g) + (n —2)T(r,g) + N(r,0; F) + N(r,00;g) + S(r, g)

<
< (n+5)7T(r,g)+S(r,9),

as r € [ and r — oo. This, together with Lemma 2.7, gives n < 5, which
contradicts the condition n > 7.

So a =1 and hence F = G. So, by Lemma 2.11, we get f = g.
7G1+5’ where v = g and 0 = %
If F" has no 1-points, then as in Case II we can deduce a contradiction. If F' and
G have a common 1-point, then v+ 0 = 1 and so

1
F=——.
vG+1—7
Suppose v # 1 If v # —1, then by the second fundamental theorem we get

Case III. Let a = 0 and ¢ # 0. Then F =

(3.6)

2T(r, F)

IN

_ — 1
N(r,0; F) + N(r, .

— 1 —
L P)+W <r,§;F) + N, 001 1) + S, f)
< 3T(r f) + N(r,0:G) + (n = 2)T(r, f) + N(r, 00 f) + S(r, f)
< (n45)T(r, f) + S(r, f),
as v € [ and r — oo. This, together with Lemma 2.7, gives n < 5, which
contradicts the condition n > 7. If v = —1 from (3.6) we have

1
T —G+2
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Now, the second fundamental theorem with the help of (3.3) yields

27(r, G)

IN

_ _ 1 _ _
N(T,O;G)+N(T,§;G> + N(r,2;G) + N(r,00; G) + S(r,G)

3T(r,g) + (n—2)T(r,g) + N(r,00; F) + N(r,00; G) + S(r, g)

<
< (n+3)T(r,g) +S(r,g),

as r € I and r — oo. This, together with Lemma 2.7, gives n < 3, which
contradicts the condition n > 7. So, we must have v = 1 which implies F/G = 1,
which is impossible by Lemma 2.10. This completes the proof of the theorem. =

Proof of Corollary 1.1. Let F', G be given by (2.1) and (2.2). Since E(S,2) =
E,(S,2) and E¢({o0}, 00) = E,({c0}, 00), it follows that f, g share (oo, k) for all
large k. Also since min{©;,0,} > 4 — 7, for sufficiently large k& we can have
min{Oy, Oy} >4 — 7% + ﬁ and hence, by Theorem 1.1, we get the conclusion
of Corollary 1.1. So, Corollary 1.1 can be treated as a special case of Theorem 1.1. =

Proof of Theorem 1.2. Let F, G be given by (2.1) and (2.2). Since E((S,2) =
E,(S,2) and Ef({o0},2) = E,({o0},2) it follows that F, G share (1,2) and
(00,3n — 1). Suppose that H # 0. Now proceeding in the same way as done in

1
the proof of Theorem 1.1, using Lemma 2.8 with a = 37 m = 2 and Lemma 2.13
for k =0 and k = 2 we obtain

(5+1) {70 )+ T(r,9)}
< 2{N(r,0; )+ N(r,0;9) + N(r,1; f) + N(r,1;9) } + 2N(r, c0; f)
FN(r,001f 2 8) = N, 1 F,G) + (7, /) + (1, 0)

<4{T(r, f) +T(r,9)} + %{T(r, f)+T(r,g)}

+ {T(r, f) +T(r,g)} + S(r, ) + 5(r,9),

3n—1

that is

1) (5 -3 27 - o) 0D+ T9)} < S0.0) 4 50.0).

Clearly (3.7) implies a contradiction for n > 8 and hence H = 0 and the rest of
the theorem can be proved in the line of proof of Theorem 1.1. .

Proof of Theorem 1.3. Let F, G be given by (2.1) and (2.2). Es5)(S, f) =
E5)(S,g), Ef({o0},00) = Ey({o0}, 00) it follows that Eg (1, F) = E3)(1;G), and
F @G share (00,00). We omit the detail proof since using Lemmas 2.9, 2.10 and
2.11 the proof of the theorem can be carried out along the line of the proof of
Theorem 1.1. u
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Proof of Theorem 1.4. Let F, G be given by (2.1) and (2.2). E,(S, f) =
Eny (S, 9), Ef({oc}, k) = Ey({oo}, k) it follows that £, (1, F) = E,(1;G), and
F G share (oo, nk +n —1). We omit the detail proof since the same can be done
in the line of proof of Theorem 1.1. u
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