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Abstract. In this paper we will show that if GG is a finite group with the same order
and degree pattern as the alternating group on 27 letters, then G is isomorphic to Agy.
Furthermore we will show that there are three non-isomorphic finite groups with the
same order and degree pattern as the symmetric group on 27 letters.

Keywords: prime graph, characterization, alternating groups, symmetric groups.
2000 Mathematics Subject Classification: 20D05.

1. Introduction and preliminaries

Let G be a finite group. The set of all the prime divisors of G is denoted by 7 (G)
and the set of elements order in G is denoted by 7. (G). The prime graph or the
Gruenberg—Kegel graph of GG is a simple graph denoted by I' (G) or GK (G) and is
defines as follows. Vertices of I' (G) are elements of 7 (G))and two distinct vertices
p and ¢ are joined by an edge if G possesses an element of order pg. In this case,
we will write p ~ ¢, otherwise p « ¢ means that GG does not have an element of
order pg. The number of connected components of I' (G) is denoted by t(G) and
we write m; = m;(G), 1 < i < t(G) for these connected components. In the case
that 2 € 7 (G) we choose m(G) for the component containing 2. For a natural
number n we write 7 (n) for the set of all primes dividing n. With this notation
| G| can be expressed as a product of the numbers my, mo, ..., my) where m;s are
positive integers with 7 (m;) = m;. The numbers m;, 1 < i < t(G), are called the
order components of G. We write OC (G) = {m1, ma, ..., my)} and call it the set
of order components of G. The set of prime graph components of GG is denoted by
T(G) = {m (G),m2(G),...,myc) (G)}. Throughout this paper we use standard
notation, in particular P denotes the set of all the prime numbers. All groups
considered in this paper are finite.
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Definition 1. Let G be a finite group with |G| = pi"p32...pL*, where p; € P
and «; € N. Let I'(G) be the prime graph of G. For p € n(G), the degree of
the vertex p in ['(G) is the number of vertices adjacent to p and it is denoted
by deg(p), i.e., deg(p) = [{g € 7(G) | p ~ q}|. We choose an ordering such as
p1 < p2 < ... < pgin 7(G) and define D(G) = (deg(p1), deg(p2), ..., deg(px)). We
call D(G) the degree pattern of G.

Definition 2. Let G be a natural number. A group M is called k-fold OD-charac-
terizable if there are exactly k non-isomorphic groups G such that |G| = |M| and
D(G) = D(M). A 1—fold OD-characterizable group is called an OD-characteri-
zable group. In particular, an OD-cha-racterizable group is uniquely determined
by its order and the degrees of its vertices.

Definition 3. Let n € N. A finite non-abelian simple group G is called a simple
K, —group if |1(G)| = n.

The Gruenberg—Kegel graph (prime graph) of a finite group G for the first
time was defined in [5] and its significance can be found in many recent researches.
Characterization of finite groups by their orders and degree pattern will help
us to know the properties of almost simple groups. In [1] it is shown that the
alternating group A,, where p and p — 2 are primes, and all sporadic simple
groups are OD-characterizable. It is also shown that certain groups of Lie type
are OD-characterizable, but the projective symplectic group SPs(3) is 2—fold
OD-characterizable. In [4] it is proved that all the simple K4—groups except
A,y are OD-characterizable whereas Ajq is 2—fold OD-characterizable. In [2] it
is proved that all simple groups of order less than 10% except Ajy and Uy(2) are
OD-characterizable while Ay and Uy(2) are 2—fold OD-characterizable. In [3]
some almost simple groups related to L,(49) are considered and it is proved that
if G = Ly(49) : V, where V is isomorphic to the Klein fourgroup, is the full
automorphism group of Ly(49), then G is 9—fold OD-characterizable, while if W
is a proper subgroup of V', then H = Ly(49) : W is OD-characterizable. In [6]
the authors proved that the alternating group of degree 16 is OD-characterizable.
In this article our aim is to consider the OD-characterizability of the alternating
and symmetric groups Ag; and Sg7. The importance of these groups is that both
of them have connected prime graph. Figure 1 shows the prime graph of Ag;.

Figure 1. The prime graph of Ay,
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For the proof we need to know about finite non-abelian simple groups of order
at most 19. In general for a given prime p, we denote by &, the set of all non-
abelian simple groups G such that p € 7(G) C {1, 2, ...,p}. Therefore Table 1 lists
all &19 groups. These are given in [7] and we reproduce them in Table 1 below.

Table 1: Non-abelian simple groups G with 7(G) C {1,2,3,...,19}

G |G| [Out(G)]
65 W(G> g {27 3’ 5}

A = L) 2 Lo(5) | 235 >
Ag = Ly(9) 25325 4
S4(3) = UL(2) 26375 2
S, 7en(G) C{2,3,5,7}

Lo(1) = L3(2) 2537 2
Ls (8) 25327 3
Us(3) 25337 2
v 23.32.5.7 2
L5(49) 213.5.72 4
Us(5) 213753 7 6
Ls(4) 263257 12
As = L,(2) 263257 2
Ao 263157 2
Ja 27.33.5%.7 2
Aj 27.34.5%.7 2
U.(3) 2735 5.7 8
S4(7) 28 32 5277 2
S6(2) 293757 1
0 (2) 212 35 52.7 6
GItt 11 € W(G) - {2,3,5,7,11} |OUt(G)|
Lo(11) 2235.11 2
My, 21325 11 1
My 2633511 2
Us(2) 21035 511 2
Moy 27325711 2
Ay 27.3%.5%.7.11 2
McL 27.35.5%.7.11 2
HS 29.32.5°.7.11 2
Al 2935 52 711 2
Us(2) 215 35 5. 7.11 6
G 13€n(G) C{2,3,5,..,13) | [0ul(Q)]
L3(3) 293313 2
L(25) 2535213 4
Us(4) 2635213 4
S4(5) 20375113 2
L.(3) 2735513 1
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2F,(2) 211 .33.52.13 2
Ly(13) 22.3.7.13 2
Ly(27) 22.33.7.13 6
Go(3) 26.35.7.13 2
3D4(2) 212317213 3
Sz(8) 26.5.7.13 3
L(64) 26.32.5.7.13 6
Uy(5) 27.31.50.7.13 4
L3(9) 27.35.5.7.13 4
S6(3) 29.39.5.7.13 2
O+(3) 29.39.5.7.13 2
Go(4) 212.33.52.7.13 2
Sa(8) 212.345.72.13 6
Of (3) 212 312 52 7.13 24
Ls(3) 29.3105.11%2.13 2
Al 29-3°.52.7.11.13 2
Ay 210.3°.52.72.11.13 2
Ass 210.36.53.72.11.13 2
Ls(3) 211315 5.7.112.13? 4
Suz 213.37.52.7.11.13 2
Asg 211.36.53.72.11.13 2
Figy 217.3°.52.7.11.13 2
Si7 17 € n(G) C{2,3,5, ... 17} | [Out(G)]
Ly(17) 213217 2
Ly(16) 243.5.17 4
Sy(4) 28.32.52.17 4
He 210,33 527317 2
Og (2) 212 315.7.17 2
Ly(4) 212 31 52.7.17 4
Ss(2) 216.3°.52.7.17 1
Uy(4) 212.32.53.13.17 4
Us(17) 26.31.7.13.17° 6
010(2) 220.36.52.7.11.17 2
Ly(13%) 23.3.5.7.132.17 4
S4(13) 26.32.5.72.13*.17 2
L3(16) 212 32.52.7.13.17 24
Se(4) 218 31.53.7.13.17 2
Og (4) 224.35.51.7.13.172 12
Fu(2) 224.30.52.72.13.17 2
A; 214.30.53.72.11.13.17 2
Ag 215 38.53.72.11.13.17 2
Syg 19 € 7T(G) - {2, 3,9, ..., 19} Out(G)
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L5(19) 2232519 2
L3(7) 25325519 6
Us(8) 2931719 18
Us(19) 25 325275 19° 2
L4(7) 293752719 4
Js 27 355.17.19 2
T 2535.7.11.19 1
L3(11) 21352.7.115.19 2
HN 214 35 56 7.11.19 2
U4(8) 218 375.72.13.19 6
Al 205 3853 72 11.13.17.19 | 2
As 277 3B 5T 72 11.13.17.19 | 2
Asy 217 39 5T 75 11.13.17.19 | 2
A 28 39 5T 75 112.13.17.19 | 2
2Es(2) 256 39 52 7211.13.17.19 | 6

2. Main result

At first, we consider the alternating group on 27 letters, As;, and will show it is
OD-characterizable. It is easy to verify that |Ay;| = 222.33.59.7%.112.132.17.19.23
and D (Ayr) = (8,8,7,7,5,5,4,4,2). Let G be a finite group such that |G| = |Ay|,
7(G) = {2,3,5,7,11,13,17,19,23}, D (G) = (8,8,7,7,5,5,4,4,2), where D (G)
is the degree pattern of G in its prime graph. Since deg(2) = 8 we deduce that the
prime 2 is joined to all vertices in 7(G) — {2}, hence I'(G) is a connected graph.
Now it is easy to see that I'(G) = ['(Ay7) and that

©) > 2,3,5,7,11,13,17,19, 23,6, 10, 14, 22, 26, 34, 38, 46, 15, 27,
Tel™) =1\ 33,39,51,57,69, 35,55, 65, 85,95, 77,91, 119, 133, 143

Lemma 1. Let K be the maximal normal solvable subgroup of G. Then K 1is a
{2,3}—group. In particular, G is a non-solvable group.

Proof. Let p be a prime divisor of the order of K and S, be a Sylow p—subgroup
of K. Since K<4@G, by the Frattini argument we obtain G = K Ng(S,). Next we
distinguish several cases:

Case (1) p = 23. In this case, So3 is a cyclic group of order 23, hence N = %

is isomorphic to a subgroup of Zsyy. Therefore, N‘ is a divisor of 22. But deg(23)
in I'(G) is 2 and 23 is joined to 2 and 3 only, hence C(S23) is a {2, 3,23} —group.
Thus, |Ng(S23)| = 24.37.117.23, where 0 < o < 22,0 < < 13,0 < v < 2
and from G = KNg(S23) we deduce that 19 | |K|. Since K is assumed to be
solvable, we can consider a {19 — 23}—Hall subgroup of K which has order 19.23
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and should be cyclic. This implies 19 ~ 23 which is a contradiction because Agr
has no element of order 19.23. We conclude that 23 1 | K.

Case (2) p =19 or 17. This case is treated with the same technique as in case (1)
and a contradiction is obtained.

Case (3) p =13 or 11. First, we consider p = 13, the case p = 11 is treated simi-
larly. If a Sylow 13—subgroup of K has order 13, then with the same techniques
as in case (1) we obtain a contradiction, therefore we may assume that a Sylow

13—subgroup of K has order |Si3| = 13%2. We have N = gggjg)) < Aut(S13). If
Sis is a cyclic group, then |Aut(S13)| = 13.12 and if S5 is elementary abelian,
then |Aut(S13)| = |GLy(13)] = 2°.3%.7.13. Therefore, in any case we deduce that
N is a {2,3,7,13}—group. Since deg(13) = 5 and 13 ~ 2, 13 ~ 3, 13 ~ 5,
13 ~ 7, 13 ~ 11, we obtain that Ng(Ss3) is a {2,3,5,7,11, 13} —group, hence
19 | |K|. Again considering a {19, 13}—Hall subgroup in K results in a contra-
diction. Therefore, |K| cannot be divisible by 13 or 11.

Case (4) p = 7. In this case, a Sylow 7—subgroup of K has order 7, 7% or 73.
If |S;| = 7 or 7%, then using the same techniques as in case (1) and case (3) we
will obtain a contradiction. Hence, suppose |S;| = 7. From G = K Ng(S;) and
the fact that 23 1 |K|, we deduce that 23 | |[Ng(S7)|, so S7 is normalized by an
element o of G with order 23. Since G has no element of order 23.7, (o) should
act fixed-point-freely on S7, implying 23 | 73 — 1, a contradiction.

Case (5) p = 5. In this case, |S5| = 5%, 1 < a < 6. By case (1), we have 23 1 | K],
and from G' = K N¢(S5) we deduce that S is normalized by an element of order
23, hence 23 | 5* — 1. But considering all the numbers 1 < o < 6 impossibility of
the last divisibility is proved.

Therefore, we have proved that |K| can only be divisible by 2 and 3 and part
of the lemma is proved. If G is a solvable group, then it has a {23,19}—Hall
subgroup of order 23.19 implying that 23 ~ 19, a contradiction. u

In the following lemma, we keep fixed the notation used in Lemmal.

Lemma 2. % is an almost simple group, i.e. S < % < Aut(S) where S is a

simple group isomorphic to Aoy.

Proof. Let us put G = £ and S = Soc(G) where Soc(G) denotes the socle of the
group G, i.e., the subgroup of G generated by the set of all the minimal normal
subgroups of G. Then, S = S| x Sy x ... x S, where S;s are finite non-abelian
simple groups. We assume n > 2 and derive a contradiction.

If 23 | ‘§|, then the order of only one S; is divisible by 23. We assume
23| |S1|. Because only 23 ~ 2 and 23 ~ 3 hold in the prime graph of G, S;, i > 2,
must be {2, 3}—groups contradicting simplicity of S;. Hence, 23 ¢ ‘E}

: : — NA(S = _

Since K is a {2, 3} —group, we have 23| |G|. From Cgééi = C@G(é) < Aut(9),
we deduce that 23 € 7(G) C m(Aut(S)). But |Aut(S)| = [S|.|Out(S)|, hence
23 | |Out(§) ‘ Let Py, P, ..., P, be non-isomorphic simple groups among Sy, ..., S,
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such that S = Plt1 X PQt2 X ... X P,:’“, where ¢ +t3 + ... + t, = n. We have
Out(S) = Out(P{') x Out(Py?) x ... x Out(P;*), and from 23 t |S| we have
23 1 |Py|, for all 1 < i < k, so P;s are simple {2,3,5,7,11,13,17,19}—group and
by Table 1 we obtain 23 { |Out(P;)|, 1 < i < k. But Aut(P") = P;WrS,,, and
from 23 |Aut(P{*)| = |P,|" .t,! we obtain 23 | ¢,! which implies ¢, > 23. Therefore,
(23!), x 228 = 2%2 must divide the order of G, a contradiction. Therefore, n = 1
and S is a simple group. n

Next, we consider the fact that |G| | |Aut(S)|, |G| = 222.313.56.7%.112.13%.17.19.23,
and S an Sio-group. Now, by Table 1, we obtain S = Ay; and S < % < Aut(S).

Theorem 1. G s isomorphic to Agy.

Proof. By Lemma 2, Ay < % < Aut(Ag7) = So7, therefore % >~ Ay or Sor.
If £ = Ay, then |K| = 1, because |G| = Ay, so G = Ay, If £ = Sy, then
2|K| =1, which is impossible. .

Next, we consider OD-characterizability of the symmetric group So7;. The
degree pattern of Sy; is the same as the degree pattern of Ayr, ie., D(Sy;) =
(8,8,7,7,5,5,4,4,2), but |Syy| = 22.313.50.73.112.132.17.19.23. We assume that
G is a finite group with |G| = |Sy7| and D(G) = D(S27). As in the case of Agy,
if K is the maximal normal solvable subgroup of GG, then we can prove that K is
a {2,3}—group. Also, if we set G = % and S = Soc(G), then similar techniques
yields S = Ay; and S < G < Aut(S).

Theorem 2. The symmetric group So7 is 3—fold OD-characterizable.

Proof. Since Ay; < % < Aut(Ay;) = Sor we will obtain & = Ay; or Syr. If
£ = Sy, then we obtain |[K| = 1 and G = Sy;. If £ = Ay, then |K| = 2,
hence K < Z(G). Since K is the maximal normal solvable subgroup of G we
obtain K = Z(G) and G is the central extension of Zs by Ay;. Therefore, we have
two possibilities for G | i.e., G = Zy X A9y or G = Zs.A97 the covering group of
Ag7. Both groups have the same degree pattern and orders as So7 and theorem is
proved. n

=
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