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Abstract. In this note, we study a class of finite p-group determined by an inequality
of the order of any two-elements generated subgroups. If |{z, y)| < p‘max{|z|, |y|} for all
z,y € G, then G is called a M;-group. If |(z,y)| < p’|z| for all z,y € G, then G is called
a Pj-group. Such groups relate to a problem posed by Berkovich and Janko (Groups of
prime order, Walter de Gruyter, Berlin, vol. 1, 2008) (Problem 461 and 237). In this
paper, we mainly get the nilpotent class of P;(or M;)-groups, the exponent of derived
subgroup of P;(or M;)-groups and GP* < Z(G).
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1. Introduction

In this paper, only finite p-groups are considered, where p is a prime.

Finite p-groups are often determined by their subgroup structure, especially
determined by their two-elements generated subgroups. For example, see [1], [5],
and [6]. As in [1], authors have studied the finite p-groups with small subgroups
generated by two conjugate elements and define K;-group. Recall a finite p-group
is called a Kj-group if [(z,2¥) : (x)| < p for all z,y € G. Generally, a finite
p-group is called a K;-group if [(x,z¥) : (x)| < p' for all z,y € G. We denote this
class by K;.

In this paper, we consider finite p-groups in which any two-elements generated
subgroups with large cyclic subgroup, that is, [{x,y)| < p‘max{|z|, |y|} for all
z,y € G. We define that a group G is called a M;-group if [(z, y)| < p'max{|z|, |y|}
for all z,y € G. This problem is posed by Berkovich and Janko in [2] problem
461 and 237. We denote this class by M;.

In addition, we also consider the stronger case. We define that a group G is
called a P;-group if [(z,y)| < p'|z| for all z,y € G. We denote this class by P;.

Clearly, we have P, C M; C K;. It is obvious that K; € M; and K; ¢ P,. For
example, Q1 € K1, but Qo ¢ M; and Qo ¢ P;. In addition, we have Dys € My,
but Dos ¢ Py

In Section 2, we mainly study FP»-group. We get the following results:

(1) If p > 3, then G < Z(G) and exp(G') < p. Moreover, if p > 5, then
Cl(G) < 2; If p= 3, then CI(G) < 3.

(2) If p = 2, then G* < Z(Q), exp(G') < 4 and CI(G) < 3.

Moreover, in Section 3, we study the group M;-groups. Firstly, since
M, C Ky, we apply another method to get more precise results: CI(G) < 2 and
G < Z(@), if G € M. Secondly, we prove that G*' is cyclic and G¥* < Z(@), if
G € M,. Furthermore, if G € M,, we have CI(G) < 4, where p # 2 and p # 5
and the exponent of derived subgroup of G.

We use standard notation. Throughout this paper, G denotes a finite p-group
for some prime p. H <1 G means that H is a normal subgroup of G. Q,(G) =
(x e G| 2" =1), G = (2*"|| z € G). CI(Q) is the nilpotent class of G. exp(G)
is the exponent of G. ~;(G), Z;(G) is the low central series, the upper central
series of G, respectively. Z(G) = Z1(G). G' = 2(G).

2. P,-groups

Lemma 2.1 Let G be a nonabelian p-group of order p™*t' with cyclic subgroup

A = (a) of index p. Then G is isomorphic to one of the following groups:

a) My = (a,b|a”" =t =1, b"lab = a'*""""), where n >3 if p= 2.

(
(

)
b) p=2, Dyt = (a,b | a® =b> = 1,bab = a™1).
(C) p= 27 Q2n+1 — (a,b ’ a2n _ 17b2 — agn—ljb_lab — CL_1>.
(d) p=2, SDons1 = (a,b | a® = 0> =1,bab = a~"*2""), where n > 2.
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Proof. See [2, Theorem 1.2]. n

Lemma 2.2 Let G € P, and x € G of order p. Then, for each y € G, let
H = (x,y), we have that H is either abelian or CI(H) = 2; and |H| < p* and
exp(H) = p, when p > 3; H = Dg, when p = 2.

Proof. By G € P,, we have |H : (z)| < p?, then |H| < p®. If H is nonabelian,
when p > 3, then |H| = p* and exp(H) = p; when p = 2, then H = Dx. .

Theorem 2.3 Let G = (x,y) is a nonabelian p-group. If G € Py, then

(1) when p > 2, then |G| < p* and G is a minimal nonabelian p-group;

(2) when p = 2, then |G| < 2*; and when |G| = 2%, we have G = Qy1; when
|G| = 23, we have G = Das.

Proof. Since G € P, we have [(z,y) : (z)| < p?. Thus there exists subgroup
H such that |H : (z)| < p. Therefore, H has a cyclic subgroup (x) of index p.
If p > 2, by Lemma 2.1, we have H = (z,g) and |g| = p. Since H € P,, we
get |H| < p?lg| = p?® and |G| < p*. If p = 2, we have H = (x,g) and |g| < p*.
Therefore, |H| < p*|g| = p* and |G| < p°.

If p > 2 and |G| = p?, then G is not a maximal class group. Otherwise,
we can choose generators such that G = (x,g) and |g| = p. We have |G| < p?,
which is a contradiction to |G| = p'. Therefore, CI(G) < 2. If |G'| = p?, then
[(h, G')| = p? for h ¢ G' and (h,G') is abelian maximal subgroup of G. We get G
is a maximal class group, which is a contradiction. Thus |G'| = p, that is, G is a
minimal nonabelian p-group.

If p=2and |G| = 2%, then |G'| # 2. Otherwise, we have G is a minimal
nonabelian 2-group, that is, Qg, which is a contradiction to |G| = 2*. Therefore,
|G'| = 22 and G is a maximal class 2-group. Since Dy: and SDys not in Py, we
have G = Q9.

If |G| = 2°, we have G is a maximal class 2-group when |G| = 2°. By Lemma
2.1, we get |G| < 2%, which is a contradiction to |G| = 2°. When |G'| = 2, G is
Qs, which is a contradiction to |G| = 2°. Therefore, |G'| = 22. It is obvious that
lz| > 2% and |y| > 2. Let H = (2", y), then we have |[H| = 2% and G’ < H < G.
Therefore, H & Qg+ and H = (z?,g), where |g| = 22. Thus, G = (z,g) and
|G| < 2%, which is a contradiction to |G| = 2°.

In addition, it is obvious that Dys is in P, when |G| = 23. n

Theorem 2.4 Let G € P,.

(1) If p > 3, then G? < Z(G) and exp(G') < p. Moreover, If p > 5, then
ClUG) <2;If p=3, then CI(G) < 3.

(2) If p=2, then G* < Z(Q), exp(G") < 4 and CI(G) < 3.
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Proof. Let 2,y € G and H = (z,y).

If p > 3, by Theorem 2.3, we get that H is either a abelian or minimal
nonabelian p-group. Therefore H? € Z(H) and |H'| < p, that is, G? < Z(G) and
exp(G') < 4. Since CI(H) < 2, we get G is a 2—Engle group. Therefore, the
conclusions are obvious.

If p = 2, by Theorem 2.3, we have H = Qo1 or H = (o3. Therefore,
H* € Z(H) and |H'| < 4, that is, G* < Z(G) and exp(G') < 4. Let G = G/G*,
then exp(G) < 4. Since the quotient group G is also Gy-group, by Theorem 2.3,
we get H = Q5. Thus G is a 2—Engle group. Therefore, CI(G) < 2. Note that

G* < Z(@G), we have Cl(G) < 3. n

3. Ms-groups

Theorem 3.1 Let G € M; (i € N). Then G is cyclic.
Proof. If G” is noncyclic, let x € G such that |z| = exp(G). Then there exits
y € G, such that " ¢ (z#'). Since (z)(y) C (x,y) and (z)N{y) C ('), we have

|z[ly] Zllyl o i , :

(z,y)| > [(x)(y)| = > ——2— > p""|z|, which contradicts G € M;. =
(=) )|~ [y |

Remark. Clearly, we have P; C M;. Therefore, if G € P; , then G”' is cyclic.

Proposition 3.2 Let G = (a,b) nonabelian. Then G € M if and only if G is
(a) or (c) in Lemma 2.1, where G = Qqs if G is (c).

Proof. Let |a| = p™ > |b|. Since G € M, we have |{(a,b)| < pla|, that is, G be a
nonabelian p-group of order p"*! with cyclic subgroup A = (a) of index p. Then
G is isomorphic to one of groups in Lemma 2.1.

Case 1. G is (b). Since (ab)? = aa® = 1 and G = (a,b) = (b,ab), then |G| =
(b, ab)| < 22 , which contradicts the fact that G is a nonabelian.

Case 2. G is (c). Since (ab)* = ab?*(b~tab)ab*(b~tab) = b* =1 and G = (a,b) =
(b, ab), then |G| = |(b, ab)| < 23, that is, G = Qqs.

Case 3. G is (d). Since (ab)? = abab = aa® = a®" ', then |ab] = 4. By G € M,
and G = (a,b) = (b, ab), we have |G| = |(b, ab)| < 23, which contradicts n > 2. =

Theorem 3.3 Let G € M,. Then CI(G) <2 and G? < Z(Q).

Proof. Let H = (z,y) for z,y € G.

(1) If p > 3, then H is (a) by proposition 3.2, that is, C{(H) < 2. Thus G is
2-Engle group, by [7, Theorem 3.3.2], we have CI(G) < 2.

If p = 3, then CI(H) < 2 by proposition 3.2 and |H'| = p. Thus H is
a regular 3-group with cyclic derived subgroup. It follows that G satisfies that
every two-elements generate subgroups have cyclic derived subgroups. By [7,
Theorem 5.2.11], we have G is a regular 3-group. Let G = (x,yi, ..., yx), where
2] = exp(G).
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If [z,y;] # 1 for every y; € G(i = 1, ..., k) , by Proposition 3.2, we can choose
y; € G(i = 1,...,k) such that |y;| = p. so G = () (G), where exp(Q;(G)) = p.
Since G' € Py, then 4(G) is elementary abelian. Therefore, CI(G) <1+ 1= 2.

If there exists y; € G such that [z,y;] = 1, then G has y; € G such that
[z,y;] # 1 and |y;| = p(Otherwise G is abelian, conclusion is correct). Since G is
a regular 3-group, then we get |y;y;| = |y;| and [z, y;y,] # 1. So, we can substitute
yiy; for y; in G = (x, 1, ..., yx) such that |y;| = p. Therefore, C1(G) < 2 by proof
in above paragraph.

Since CI(G) < 2 and |H'| = p, we have [z, y] = [z,y]? = 1, that is, GP <
Z(G).

(2) If p = 2, by Proposition 3.2, we also have CI(H) < 2. Then, CI(G) < 2
and G% < Z(Q). -

Remark. Clearly, M; C K;. In [1], if G € K}, authors mainly get the nilpotent
class of G and G? < Z(G)(or G* < Z(@)). In Theorem 3.3, we get more concise
conclusions, if G € M;.

Lemma 3.4 Let G is a mazimal class 2-group. If G € My, Then |G| < 2*.

Proof. Since GG is a maximal class 2-group, by Lemma 2.1, then G is one of
(b).(¢) or ().
If G is (b), since G = (a,b) = (b, ab) and (ab)* = 1, then |G| = |[(b,ab)| < 23.
If G is (c), since G = (a,b) = (b, ab) and (ab)* = 1, then |G| = |(b, ab)| < 2%.
If G is (d), since G = (a,b) = (b, ab) and |ab| = 4, we have |G| = [(b, ab)| < 2*.

Theorem 3.5 If G € M,, then G < Z(G).

Proof. Let x € G such that |z| = exp(G). By Theorem 3.1, G¥* = (z°). If
2| < p3, by |GP’| < p and G < G, we have G** < Z(G). Now, suppose that
lz| = p" > p'. Let y € G and let subgroup H = (x,y). We will prove that
HY = (2") < Z(H).

Since H is also a P, group, then |H| < p™™2. If |H| = p"*!, then |H : (x)| = p.
By Lemma 2.1, we get H = (z,yo), where |yo| < p®. Since |yo| = p? if and only
if p=2and H = Qqn+1, it means that H = (zyg, o), where |zyo| = |yo| = 22,
a contradiction. Hence we have 3y = 1. By Lemma 2.1 and 3.4, it is easy to get
that CI(H) <2 and H? < Z(H).

Now consider the case that |H| = p"*2. Let H; be the maximal subgroup
of H such that z € H;. Then we have H; < H and CI(H;) < 2. It follows
Lemma 2.1 we have Hy = (z,21), where 2¥ = 1,2 = """ or 2™ = gz,
We see that Qy(Hy) = (27" ", z;) and Q4 (H,) < ®(H). Let the quotient group
H = H/Q(H,) and 7 = 2Q,(H;). Then |H : (z)| = p. If p = 2, by |z| > p?, we
get H is a 2—group of maximal class. Hence there is an element y; € H such that
H = (Z,1%), where |g;| < 4. Then we have H = (zy;, 71), where |27, | = |g1| < 4.
Since Q4 (H1) < ®(H), we have H = (xy1,y1) and |zy;| = |y1] < 8. Since H € M,
we have |H| < 2°. By 2" > 2 which contradicts with |H| = 2" > 2°. Hence
by Lemma 2.1 we get that CI(H) < 2. It follows that H = (z,3;), where |7;| = p
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— a7 — — ] — n—2
and 7% = 7 or /' = Z'™P"". Then we have H = (z,y;) and 2% = xa} or

Y = x1+pn72x’f, where 0 < k < p— 1.
Note that H| is a subgroup of order p. If z¥* = za¥, by Hall-Petrescu formula,
we have
(@ = (b = o (b = o,
which means that 27° < Z(H). If 2¥' = 27" 2% similarly, by Hall-Petrescu
formula, we have (z¢°)¥" = (7" " 2¥)7* = 22° and then 2#° < Z(H). So, we get
that G** < Z(Q). .

Lemma 3.6 Suppose G = (x,y) is a p-group. If G € My and p > 3, then
0.(G)| < p*; If G € My and p > 5, then |Q,(G)| < p*.

Proof. Let H = (a,b) for every a,b € G. If |a] = |b| = p and G € My,
then |H| < p®. Therefore, |H'| < p. Since p > 3, then Q,(H) is regular, that
is, Q1(G) is. Without loss of generality, we assume |z| > |y|. Hence, we have

el 2 161 2 [, (@) = I~ WD gy 10,6 < .

[(z) NU(G)]
If G € My and p > 5, then |H| < p*. Therefore, H is regular. Thus Q;(G)
Q
is regular. Similarly, we have p*|x| > |G| > [{z, % (G))| = % =
1
Q
IO s 10,6 < 1. .
p

Theorem 3.7 If G € Ms, then CI(G) < 4, where p #2 and p # 5.
Proof. Let H = (a,b) for every a,b € G. By Lemma 3.6, we get |Q;(H)| < p°.
O (H
IF 4 (H)] = 3, since p?la] = [H] > (@, ()] = LBE g e
p

have H = (a, (H)) Therefore, H/Q,(H) is cyclic. Then, H = [H,Q,(H)] <
Q(H) and |H | <p

If | (H)| = p2, since 14 < |H/Qy(H)| < |al, then H/Qy(H) is cyclic (where
|H/Q(H)| = |a‘) or has a cychc subgroup of index p (where |H/Q (H)| = |a]).

(1) If H/Q (H) is cyclic, we get H' < Q;(H), that is, |H'| < |Q(H)| < p.

(2) If H/Q4(H) has a cyclic subgroup of index p, when |H/Q,(H)| = |a| = p?,
then |H'| < |Q(H)| < p?. Without loss of generality, we assume |a| = p" > p°.
By Lemma 2.1, there exists b; € H such that H = (a,b;), where |b;| = p?

If (@) N (br) = 1, since p?lal > [H| = [(a,b)| = |(a)|[(b1)| = p?|al, then
H = (a)(by), that is, H is metacyclic. Therefore H/(b;)" is cyclic. Thus, we have
H' < (b))". By H is metacyclic, we get H is regular. Then, exp((b;)") < |b| < p?
We have |H'| < p?.

If (a) N (b)) # 1, let Hy = Qy(H) = (a*" ",by). Since (a?) < H, then
(a”" ") Q H. Therefore, H; = (a”" ")(by) and |H,| = p®. We have CI(H;) < 2.
Since we have (a?" by = " (b7 = 1(a?" = W), let by = a?" b7,
then we get H = (a, b1> = (a,by), where |by| = p. Therefore, H/Q(H) =
(a2 (H), b2 (H)) = (aQq(H)), that is , H/Q(H) is cyclic. Then, we have
[H'| < [u(H)] < p*.
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Since every two-elements generated subgroup H of G has ]H/] < p* and
CIl(H) < 3, then we get G is a 3-Engle group. By [8], we have CI(G) < 4, where
p # 2 and p # 5. n

Theorem 3.8 If G € M, then:

(1) if exp(G) = p, then, if and only if G is CI(G) < 3, where p = 3;
or CI(G) = 2, where p > 3.

(2) if exp(G) = p? and p > 3, then exp(G') < p.
(3) if exp(G) > p? and p >3, exp(G') < p*.

Proof. (1) Let H = (a,b), for every a,b € G. Since |H| < p?, by Theorem 3.3 in
[9], (1) holds.

(2) Let H = {a,b), for every a,b € G. If |a| = |[b] = p, then |H'| < p.
Therefore, let |a|] = p* > |b]. Since (a?) = H? < G and exp(G) = p?, then
a? € Z(G). By Theorem 3.7, we have |H'| < p? and CI(H) < 3. Therefore,

p(p—1)

1 = [a?,b] = [a,b]P[a,b,a] "z . Since y3(H) < vo(H) = H', then [a,b]? = 1. We
have G = ([a,b]|a,b € G) < Q,(G), by Lemma 3.6, G is regular and exp(G’) < p.

(3) Let H = {(a,b), for every a,b € G. If |b| < |a| < p?, by (2), then we
have [a, b]? = 1. Without loss of generality, we assume |a| > p? and |a| > [b|. By
Theorem 3.7, we have |H'| < p? and CI(H) < 3. Since v3(H) < v2(H) = H', we
have [a?,b] = [a,b][a, b, a] e [a,b]”. By Theorem 3.5, we get 1 = [a?”,b] =
[a,b]”". Therefore, G' < Qy(G) .

For every z,y € Q5(G) and |y| < |z| < p?, we have |(z,y)| < p*. If (z,y) is a
maximal class group, then|zy| < p?. If (z,y) is not a maximal class group, then
Cl({z,y)) < 2 and |zy| < p*. Therefore exp(G') < p?. .
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