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Abstract. In this paper, we applied the hyper structures theory to EQ-algebras and
we introduced the notion of hyper F(Q-algebra which is a generalization of EFQ-algebra.
In the following, we define the notions of good and separated hyper EQ-algebras and
state and prove some properties of (good, separated) hyper EQ-algebras. Moreover, by
define the concept of (pre)filter, we construct the quotient hyper FQ-algebra. Finally,
we investigate the relation between hyper EQ-algebras and hyper BC K-algebras and
(weak) hyper residuated lattices.
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1. Introduction

Recently, a special algebra called EQ-algebra has been introduced by Vilém Novak
in [6]. These algebras are intended to become algebras of truth values for a
higher-order fuzzy logic (a fuzzy type theory, FTT). An FQ-algebra has three
basic binary operations (meet, multiplication and a fuzzy equality) and a top
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element. The implication is defined from the fuzzy equality ”"~” by the formula
a — b= (aAb) ~ a. Its implication and multiplication are no more closely
tied by the adjunction and so, this algebra generalizes commutative residuated
lattice. From the point of view of potential application, it seems very interesting
that unlike (Hajek 2003), we can have non-commutativity without necessity to
introduce, two kinds of implication. The concept of hyper structure (called also
multialgebra) was introduced by Marty in [5], at first. That was 8th Congress
of Scandinavian mathematician 1934. Till now, the hyper structures are studied
from the theoretical point of view for their applications to many subject of pure
and applied mathematics. Now, in this paper, we follow the study of F()-algebras
and get some results as mentioned in the abstract.

2. Preliminaries

Definition 2.1. [8] An EQ-algebra is an algebra ¢ = (F,A,®,~,1) of type
(2,2,2,0) such that, for all x,y, z,t € E:

(E1) (E,A,1) is a commutative idempotent monoid (i.e. A-semilattice with top
element 1);

(E2) (E,®,1) is a commutative monoid and ® is isotone w.r.t. 7 <”

where x <y is defined as z Ay = z);

(
(E3) x~x=1; ( reflexivity axiom )
(E4) ((xANy)~z2)@(t~x)<z~(tAy); (substitution axiom )
(E5) (z~y)®@(z~t)<(r~z)~(y~t); (congruence axiom )
(E6) (xAyAz)~z<(xAy)~ux; ( monotonicity axiom )
(ET) (zAhy)~zx<(xAyAz)~(zAz); ( monotonicity axiom )
(E8) z®@y<z~y. ( boundedness axiom )
)

Remark 2.2. In Definition 2.1, we can omit (E3). Since by (E8), we have
1®1 <1~ 1. Now, since 1 is a top element of £, then 1 ~ 1 = 1. Hence by
(E7), for any = € F,

l=1~1=(1A)~1<(IA1AZ)~(1NZ)=0~2T
and so x ~ x = 1.

Proposition 2.3. [8] Let € be an EQ-algebra, © — y = (x ANy) ~ x and
T =x ~ 1. Then the following properties hold, for all x,y,z € E:

(i) z@y<ry zy<zAy;
(i) z2@@Ay) < (zQ2)A(2®Y);
(i) z~y<zx—y;

(iv) z = x=1;

V) @~y @y~z) <~z
(Vi) (z—=y)@@Yy—2) <zx—z
(vii) z < 1, 1=1;



ON HYPER EQ-ALGEBRAS 79

(viil) 2 ® (z ~y) < ¥;

(ix) (z = (@AY)@(@~1t) <z—=(tAY);

(x) =y ly—z)<z~y;

(xi) fe<y—z thenxz®y<Zz

(xii) if e <y <z, thenz~zx<z~yandzr~z<zx~Y.

The hyperstructure theory was introduced by Marty [5], at the 8th Congress
of Scandinavian Mathematicians. In his definition, a function o : A x A —»
P*(A), of the set A x A into the set of all non-empty subsets of A, is called
a binary hyperoperation, and the pair (A, o) is called a hypergroupoid. If o is
associative, then A is called a semihypergroup, and it is said to be commutative if
o is commutative. Also, an element 1 € A is called an identity element if x € 1oz,
for all z € A.

Note that if A, B C H, then

(i) zoB=|J(ob) , Box=|J®ou),

beB beB
(i) AoB= U (Uaob).
acA \beB

3. Hyper E(Q-algebra

In this section, by considering the notion of EFQ-algebra, we define the notion of
hyper E@-algebra which is a generalization of E(Q-algebra. Moreover, we give
some examples and some important properties of this structure.

Definition 3.1. A hyper EQ-algebra H = (H,\,®,~, 1) is a non-empty set H
with a binary operations A and two binary hyper operations ®, ~ and top element
717 satisfying the following conditions, for all x,y, z,t € H:

(HEQ1) (H,A,1) is a commutative idempotent monoid with top element 717,
(HEQ2) (H,®,1)is a commutative semihypergroup with ”1” as an identity and
® is isotone w.r.t. < ie. if x <y, then r ® 2 < y ® z( where x < y if and only
ifeANy=ux),

(HEQ3) ((xAy)~z2)@(~1x) <z~ (EAY),

(HEQ4) (z~y)@(z~1) < (z~2)~ (y~1),
(HEQS5) (xAyAz)~zx <L (zAy)~ux,
(HEQ6) (xAy)~z << (xAyAz)~(zAz),
(HEQ7) z@y<x~y,

where A < B, means that, for all a € A there exists b € B such that a <b.
Example 3.2.

(i) In any hyper EQ-algebra H = (H,A,®,~,1), if x ~ y and z ® y are
singleton, for any x,y € H, then H is an F()-algebra.
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Let H = {0,1} such that, 0 < 1. Define A, ®, and ~ on H as follows:

~| 0 1
r Ay =min{r,y}, r®y=min{z,y}, 0 | {1} {0,1}
1| {01} {1}

Then H = (H, N, ®,~,1) is a hyper FQ-algebra.

Let H = {0,a,1}, which 0 < a < 1, and A,® and ~ are defined on H as
follows,

& ‘ 0 a 1 ~ ‘ 0 a 1
0 ({0} {op {0} 0 [ {1} {a}  {a}
1

{0} {0,a; {0.a} {a}p {1} {la}
L1{0} {0ap {1} {a} {lLa} {1}

Routine calculation shows that H = (H, A, ®,~, 1) is a hyper EQ-algebra.

— o O >
o O OO
o o Ol®
=l

Let H = {0,a,b,1}, such that 0 < a < b < 1. Define A,® and ~ on H as
follows:

0 a b 1 0 a b 1

(vi)

{1} {a,b,1} {a,1} {0,1}
{a,b,1} {a,1} {ab,1} {a,1}
{0t {0,a} {0b} {0b} {a,1}  {ab,1} {b1} {b,1}
{0} {0.a}t {0b} {0.1} {0,1}  {al} {b,1} {1}

r Ay = min{x,y}

{0y {0} {0} {0}
{0y {0,a}p {0a} {0}

= o OoOR
o o Ol

It is easy to see that H = (H, \,®, ~, 1) is a hyper EQ-algebra.
Let H = [0,1]. Then we define A, ®,~, on H as follows:

0, r+y<1
TRY = , x~y={lLxAy}, zAy=min{z,y}
TNy, 0.W.

Then H = (H, A\, ®,~,1) is a hyper EQ-algebra.

Let H = [0,1]. Define x Ay = min{z,y}, r@y=zyand x ~y = [z Ay, 1],
for all ,y € H. Then it is not difficult to check that H = (H, A\, ®,~,1) is
a hyper F(Q)-algebra.

Proposition 3.3. Let H = (H,N\,®,~,1) be a hyper EQ-algebra such that
x> y=(xANy) ~xand T =x ~ 1. Then the following conditions hold,
forall xz,y,z € H and A,B,C C H:

(1)
(11)
(ii)
(

iv)

r<r®l, A<A®I;
lex~zr, 1< —zandl € A~ A
20 (e Ay) < (02) A (2@ y);

if A B and B < C, then A < C
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v) z~y<Ly~z, A~ B<KB~A;
) z~y<a—y;
i) ife<y, thenl ez —y;
viil) 7 <
ir) if AL B, then A C < B®C;
X) (zry@y~z)<e~zand (x—y) QY —2)<K<e — 2;
) @=y)@y—z) <z~y;
TRQUKT~Y;
@ (z~y) < g
ifr<y, thenti Ly x~y=y—zc,z2—>r<L22y,y—2Lr— 2
xv) if AL B, thenC - A< C — B;
) vy, y<T =Y
i) (22 (@AY)@(@~1) <z—=(tAY);
xvill) if t Ky — 2z, then x @ y K Z;
xix) ifr<y<z thenz~zx<Lz~yandxr ~z<Lx~Y;
xx) (x~y)@(z~t) < (xA2)~(yAt);
xxi) z~y<L(xAz)~(yAz);
xxil) e~y << ((zAt)~2)~((yAt) ~z) andx ~y < (2 ~ (T At)) ~ (2~
At));
xxili) * s y=x— (zAy);
xxiv) s~y (z~z)~v(y~z)andre~y << (z~x) ~ (2 ~y);
Xxv) r~y<L(z—=x)~(z2—=y);
) zoy<L(z—2) = (z—y).

KB o
2 EE

><
=

<

v
~
=

/\/\/‘\/‘\/\/\/\/‘\/‘\/\/\?/‘\/‘\/\/\/\/\/‘\/\/\/\/\
—
~—

Proof. (i): By definition of identity, z € x ® 1. Since z < z, then 7z < z ® 1.
The second part is clear.

(ii): By (HEQ7), 1€ 1®1 <1~ 1. Since 1 is a top element, then 1 € 1 ~ 1.
Now, by (HEQ6), 1 ~1=((1A1)~1) < (IA1AZ)~(1Az)=x~ . Since 1
is a top element, then 1 € z ~ x. Hence 1 < & ~ x. The rest is clear.

(iii): Since z Ay < z,y and ® is isotone, then 2 ® (r Ay) < (z ®z) and (z ®y).
Hence 2 ® (z AN y) € (2@ 2) A (2 ®y).

(iv): The proof is straightforward.

(v): By (i), (ii), (iv) and (HEQ3),

rey<L(@~y)@l=((@A])~y) @1l < ((zA])~y) @ (z ~ )
Ly~(xzNl)=y~z
The second part is clear.

(vi): By (i), (i), (HEQ3), (iv) and (v),

rryL1l@ @~y K (zhx)v) @z ~y) < (e Az) ~2) R (y ~ )
Lzr~EAyY) L (tAy)~z=x—y

(vii): If x <y, then x -y = (z Ay) ~x =x ~ . Hence, by (ii), l €z — y.
(viii): By (i), (iv) and (HEQ7), s < z® 1 <2 ~ 1 = 7.
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(ix): The proof is straightforward.
(x): By (HEQ3), (HEQ2), (iv) and (v),

T~y R@y~z) =G~z @~y =((YN1)~2) 0@~y <(z~(@A1)
=(z~r)<Le~2

Now, by (HEQ5), (HEQ1), (iv) and (v),

(z—=y)@y—2 = (zAy)~2)@((YA2)~y) < (z~ (A (yA2))
< ((A(yAz)~z)=(((xAz)ANy) ~x)
L (xNz)~vx=2— 2.

(xi): By (iv), (v), (x) and (HEQ3),
(z—=y)ey—z)=((zAy) ~2)@ ((zAy) ~y)
(@~ (TAY)@(zAy) ~y) <x~y

(xii): By (iv), (v) and (x), 2@y = (z~ 1)@y~ 1) < (z ~1)@(1 ~y) < z ~ .
(xiii): By (viii), (iv), (v), (ix) and (x),

r@~y) <@~y D@~y <A~vz)@ @~y <l~ry<y~1=y

(xiv): Let z <y. By (HEQ5), (zAyAl) ~1 <K (yAl) ~1. Thenz~1 <y ~1
ie. T < y. Again, by (HEQ5),

zox=0ZAr)~z=ZAzAY) ~2KL (zAy)~z2=2—>y

The proof of other part is similar.

(xv): The proof is straightforward.

(xvi): Since x < 1, then by (xiv), l =y < x — y. Hence, y=y~1=1—-y <
x — y. Moreover by (viii) and (iv), y < z — y.

(xvii): By (HEQ3), (iv) and (v),

(= (@A) @@~ <(z=(@AY) @~ 1)
=((zA(zAy) ~2)@(t~x)
Lz~ (ZAEAY) <z — (EAY)

(xviii): Let z < y — z. By (viii), (iv), (ix), (x) and (HEQ5),

TRYL (Y= 2)y=(yN2)~y)@@Yy~1) < (yAz)~1
=yYNzA)~1<K<(2A])~vl=2~1=2Z

(xix): If z <y < 2z, then by (HEQ5) and (iv),
s L (xNz)~vz=(xANyANz)~v2KL (YN2) vz=y~ 2z
For the other case, by (HEQG6),

r~z=@A2) 2L (@A AYANz)~ (2 AYy) =0~y
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(xx): By (HEQG), 2~y = (2 A1)~y < (2 ATA2) ~ (yA2) = (A 2) ~ (YA 2)
and in the same way z ~t < (y A z) ~ (y At). Now, by (x), (ix) and (iv),

@~y @ (z~t) <((eA2)~(yA2)@((YAz)~ (Y AL)) < (zAz)~ (YAL)
(xxi): By (i), (i), (iv), (v) and (HEQ3),
Ty <Ly~ L1y ~r) < ((A2) ~ (2A2) @y ~ o) < (2A2) ~ (YA 2)

(xxii): By (i), (ii), (iv), (xxi) and (HEQ4),

Y
(xAL)~ (YAt) @ (2~ 2)

)

r~ey<L (e At)~ (YAt < (zAt)~(yAt) @1
<(
L ((@AL)~2) ~ ((yAt) ~ 2)

The proof of second part is similar.

(xxiii): The proof is clear.

(xxiv): By (xxii), it is enough to take t = 1.

(xxv): Let t = z. Then by (xxii), the proof is clear.
(xxvi): By (xxv), (iv), (v), (vi) and (xiv),

r—oy=@Ay)~z < z2=@ANy))~z—o2)<K(z—22)~(z—=(xAYy))
L (z=2)> =2 @ANy) < (z—=2) = (2—>y). =

Proposition 3.4. Let H = (H,N\,®,~,1) be a hyper EQ-algebra with bottom
element 70”. If we set mx = 0 ~ x, then, for all x,y,t € H;
(i) 1e€-0;
(i) ifx <y, then -y < —x;
(iii) z® 2 <0, TR0 K —~x, 2@ 0 KT
(iv) "z®@-y<zr—y;
(v) 0< —z;
(Vi) z~y <<~ ~ oy,
) (x~y) @y < (= y) @y < g
i) -y <y — 2;
r~y L (e At) ~a(yAt).

Proof. The proof of (i) and (ii) are clear.
(iii): Straightforward.
(iv): By Proposition 3.3 (iv), (v), (vi) and (x),

@y =0~2)@0~y) <(@z~0)@0~y <z~y <z Y.
(v): It follows from Proposition 3.3 (xix) and 0 < x < 1.
(vi): By Proposition 3.3 (xxiv), x ~ y < (0 ~ ) ~ (0 ~ y) = - ~ .
(vii): By Proposition 3.3 (iv), (v) and (x),

(x~ry)@-y=(2~yY) 0~y <(z~y)R@Yy~0)<Kr~0K
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The proof of other case is similar.

(viii): Since 0 < z, then by Proposition 3.3 (xiv), "y =0~y <y > 0 <Ly — 2.
(ix): By Proposition 3.3(xxii), z ~y < (0 ~ (x At)) ~ (0 ~ (yAt)) = =(zAt) ~
—(y At). n

Theorem 3.5. Fach hyper EQ-algebra of order n, can be extend to a hyper
EQ-algebra of order n+ 1, for any 2 <n € N.

Proof. Let H = (H,A\,®,~,1) be a hyper EQ-algebra of order n, e be an ele-
ment such that e ¢ H, and Hy; = H U {e}. Then we define a binary operations
A1 and two hyper operation ~; and ®; on H; by:

xANy , z,ye H

x , reHy=e
A =
Ty y , yeHaxz=e’
e , r=ey=e

\

r®y , r,yeH
B {z,e} , xeHy=e
Ty = {y,e} , yeHar=e'’

| e , r=ey=c¢e

x~y = x~y)U{e}
We define x < y if and only if x Ay y = x. It is clear that for any x € H, x < e.

Now, by some modification we can show that H; = (Hy, A1, ®1,~1,€) is a hyper
EQ-algebra. .

Example 3.6. Let H = {1}. Then 1A1:=1,1~1:={1},1 ~1:={1}. Hence
it is clear that H = (H, A\, ®,~, 1) is a hyper EQ-algebra.

Corollary 3.7. There exists at least one hyper EQ-algebra of order n, for any
n € N.

Proof. By Examples 3.6, 3.2(ii) and Proposition 3.5, the proof is clear. .

Definition 3.8. Let H = (H,A\,®,~,1) be a hyper EQ-algebra. Then H is
called,

(i) separated if 1 € x ~ y, then z =y, for all z,y € H, ( in other words
1 € x ~ yif and only if z = y);

(11) goodifx ~1=x=1~z, forallz e H.

Example 3.9. (i) Let H = {0,a, 1}, which 0 < a < 1, and A, ® and ~ are defined
on H as follows,

AlO a 1 ®| 0 a 1 ~| 0 a 1
0(0 0 O 0 | {0} {0} {0} 0| {1} {0,a} {a}
a0 a a a | {0} {0,a} {0,a} a [{0,a} {1} {a}
110 a 1 1 | {0} {0,a} {1} 1 | {0,a} {0,a} {1}
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Routine calculation shows that H = (H,A,®,~,1) is a separated hyper EQ-
algebra but it is not good.

(17) Let H = {0,a,1}, which 0 < a < 1, and A, ® and ~ are defined on H as
follows,

®‘ 0 a 1 N‘ 0 a 1
U 0 [{0) {0} {0 0| (1} {0a] {0}
Ay=min{nylho oy o) {0 a | {04} {1} {a)
10} {0a) {1} Loy {a) (1)

Then H = (H, A, ®,~,1) is a good and separated hyper EQ-algebra.

Proposition 3.10. Let H be a good hyper EQ-algebra. Then the following con-
ditions hold, for all x,y € H,

(i) <@~y ~y, z<(y~x)~y;

(i) z<(x—y) =y,

(iii) z® (x ~y) <y;

(iv) 2@ (r —y) <y,

(v) if <y — 2z, thenx ®@y < z;

Proof. (i): By Proposition 3.3 (i), (ii), (iv), (HEQ4) and goodness,
el @~ y~y) <(@z~vy)~ 1~y =@~y ~y

The proof of second part is similar.
(ii): By (i) and Proposition 3.3(iv), (vi) and (xiv),

L ((2Ay) ~ 1) ~ (2Ay) = (2 = y) ~ (2AY) < (2 = y) = (2Ay) < (2= y) = ¥

(iii), (iv): By Proposition 3.3 (xiii) and (iv), the proof are straightforward.
(v): Let < y — z, for some z,y,z € H. Then by (iv), 2 @y < (y = 2) @y =
y® (y — 2) < z. Hence z @ y < z. n

Proposition 3.11. Fvery good hyper EQ-algebra is separated.

Proof. Let 1 € x ~ y. Then by Proposition 3.3 (i), (ii), (ix) and Proposition 3.10
(i), r < 2z®1 < 2z ® (r ~ y) < y. Therefore, x < y. By the similar way, y < z.
Thus x = y. Therefore, H is separated. n

4. Filters in hyper EQ-algebra

In this section we introduce the concept of prefilters and filters in hyper EQ-
algebras and we give some related results.

In what follows, let H = (H,\,®, ~, 1) denote a hyper EQ-algebra, unless
otherwise state.
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Definition 4.1. Let I’ be a subset of H such that 1 € F'. Then F' is called a
(i) prefilter of H, if + — y C F and z € F, imply y € F, for some z,y € H and
(x®y) CF, foral z,y € F.

(i) filter of H, if F is a prefilter and x — y C F, imply (x ® 2) = (y® 2) C F,
for all x,y,z € H.

Example 4.2. (i) Let H ={0,a,b,1}, such that 0 < a < b < 1. Define A, ® and
~ on H as follows:

@ 0 a b 1 ~ 1 0 a b 1
0 {0} {o} {o}  {o} 0 ({1} {1} {1+ {01}
a [ {0} {02} {0} {0} |, a ({1} {1} {abl} {al}
b | {0} {0,a} {0b} {0} b {1} {abl} {1}  {b1}
1 {0y {0a} {ob} {1} 1 {1 {al}p {b1} {1}

z Ay = min{x,y}

It is easy to see that H = (H,\,®,~,1) is a hyper EQ-algebra. It is clear that
Fy, = {1} is (pre)filter. Moreover, since 0 — a = {1} C F but a ¢ F, then
Fy ={0,b,1} is not a prefilter.

(i) According to Example 3.9(i), F' = {1, a} is prefilter. Since 1 - a = {a} C F
and 1®a — a®a={0,a,1} € F, then F is not a filter.

(iii) Let H = {0,a,b,1} such that 0 < a < b < 1. Define A,® and ~ on H
as follows;

0 a b 1

{1y A{ab1} Aal} {1}
{a,b,1} {a,1} {ab,1} {1} , zy=zAy
{a,1} {ab,1} {b,1} {1}

{1} {1} {1
It is easy to see that H = (H,A\,®,~,1) is a hyper EQ-algebra. Let F' = {1}.
Sincel wa=a~1={1} C Fand 1€ F,but a ¢ F, then F is not a (pre)filter.

r Ay =min{z,y} ,

= oo Ol

Definition 4.3. A non-empty subset D of H is said to be S_reflexive
(Swreflexive) if (x — y)ND # O((x ~y)ND # (), thenx — y C D(z ~y C D),
for all z,y € H.

Example 4.4. According of Example 3.2(iii), F' = {1,a} is Sreflexive and
S.reflexive.

Remark 4.5. Let D be S.reflexive and (x — y) N D # (), for z,y € D. Then
(x Ay) ~x)ND # (. Since D is S.reflexive, then ((x Ay) ~ x) C D or
(x — y) € D. Therefore, D is S_,reflexive.

Lemma 4.6. Let F' be S.reflexive and (pre)filter of H. Then the following
conditions hold, for all z,y, 2z € H,
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(i) ifzeFandz <y, thenye F,and if AC F and A < B, then BN F # {J;
(i) ifz€ Fand (z~y)NF #0, then y € F};

(ii) if z,y € F, then (z Ay) € F;

(iv) fACFand (A~ B)NF #0, then BN F # {;

(v) if(x~y)C Fand(y~z)CF, then (z ~ 2)NF # ()

(vi) if (x > y) C F and (y — z) C F, then (x — z) N F #

(vii) if r < y = z and x,y € F, then z € F.

Proof. (i); Let x <y and z € F, for some z,y € H. By Proposition 3.3 (vii),
1 €x—y, then (x — y) N F # (. Since F is S.reflexive, then by Remark 4.5,
F is S,reflexive, and so v — y C F. Now since F' is a (pre)filter and = € F,
then y € F. The proof of second part is clear.

(ii): Since (z ~y) N F # (), then (x ~ y) C F and since z ~ y < x — y then by
(i), (x = y) N F # 0. By Remark 4.5, F is S_reflexive, then x — y C F. Now,
since F'is a (pre)filter and x € F, thus y € F.

(iii): Since y <  — y and y € F, then by (i), (x — y) N F # (). Since F
is S.reflexive, then by Remark 4.5, x — y C F. By Proposition 3.3(xxiii),
r—y=z— (zAy)and since x € F, then x Ay € F.

(iv): The proof is straightforward.

(v): From Proposition 3.3(xxiv), z ~ y < (y ~ 2) ~ (z ~ z). Then by (i),
(y~z)~(x~2)NF#Dand y ~ 2z C F. Hence, by (iv), (z ~ 2) N F # .
(vi): Let *+ - y C F and (y — z) C F, then by Definition 4.1, (z — y) ®
(y — z) C F. By Proposition 3.3 (x), (z — y) ® (y = 2) < & — z. Then by (i),
(x = 2)NF #0.

(vil): Let < y — z. Since z € F, then by (i), y — 2N F # (). Thus by Remark
45 (y - z) C Fandy € F. Hence z € F. n

Proposition 4.7. Let F be an Sreflexive filter of H. If (x ~y)NF # 0 and
(z~t)NF #0, for all x,y,z,t € H. Then the following conditions hold:

() ((@hz)~(yAD)NF £0;

(i) ((z~z)~y~t)NFZ0;

(i) ((z — Z) (y—=t)NF#£0;

(iv) ((z®@z)~(@ye)NF#0.

Proof. (i): By Proposition 3.3 (xxi), (z ~ y) < ((x A z) ~ (y A z)). Since
(x ~y)NF # () and Fis S.reflexive, then (x ~ y) C F. Hence by Lemma 4.6 (i),
((xAz2) ~ (yA2))NF # 0. By the similar way, since (z ~ t) < ((zAy) ~ (tAy)), we
have ((zAy) ~ (tAy))NF # 0. Since Fis S.reflexive then, ((zAz) ~ (yAz)) C F
and ((zAy) ~ (tAy)) C F. Now, by Lemma 4.6 (v), (xAz) ~ (yAt))NF #0.
(ii), (iii): The proof are similar to the proof of (i).

(iv): Let (x ~y) N F # (. Since F is a S.reflexive filter and z ~ y < © — v,
then by Remark 4.5, (z — y) C F and by Definition 4.1, ((z®z2) — (y®z2)) C F.
By the similar way from (z ~ ¢t) N F # (), we have (2 @ y) = (t®y)) C F. Since
F is a filter, then (z®2) —» (y®2)) @ (2 ®y) — (t®y)) C F. Hence by
Proposition 3.3(x) and Lemma 4.6(i), ((z ® 2) ~ (y @ t)) N F # (. .



88 R.A. BORZOOEI, B. GANJI SAFFAR, R. AMERI

Now, let F be an S reflexive filter of H. We define, for all z,y € H:

v=py iff (@~y)NF#0D

By Proposition 3.3 (ii), 1 € © ~ z. Since F is a filter, then 1 € F. Hence
(x ~2)NF #0,and so x =p x. If z =p y, then (z ~ y)NF # (). By Proposition
3.3 (v) and Lemma 4.6 (i), (y ~ 2) N F # 0, Thus y =p x. Now, let x = y and
y=p z. Then (x ~y)NF # 0 and (y ~ 2) N F # (). Since F is S.reflexive,
then (z ~y) C F and (y ~ z) C F. Hence by Lemma 4.6 (v), (z ~ z) N F # (),
and so x = z. Therefore, ” = 7 is an equivalent relation on H.

Let © =p y. Then (x ~ y) N F # (. Since F is S.reflexive, then (x ~
y) € F. By Proposition 3.4(vi), z ~ y < -2 ~ —y. Then by Lemma 4.6 (i),
(mz ~ —y)NF # 0, and so ~x =p —y. Also, if ¥ =p y and 2z =p ¢, then
(x ~y)NF # 0 and (2 ~ t)NF # 0, and so by Proposition 4.7, ((x A z) ~
(YA)NE#D, (x~z2)~(y~t)NEF#0, (x—2)~(y—1t)NF#Dand
(x®2) ~ (y@t))NF # (. Hence, Az =p yAt, x ~2=py~t, t = 2=py —>t
and r ® z =r y ® t. In the other words, ” =r ” is a congruence relation on H.

H _ _
Now, let — = {[z]|x € H}. Define operation A and hyper operations ® and ~
=r

on ——as follows:
[ZAly] = [z AY]
Zl®ly] = {llter®y}
[Zl~y] = {lltex~y}

According to the above mention, it is clear A, ® and ~ are well defined.

Now, we define [z] < [y] if and only if [z]A[y] = [z] if and only if [z A y] = [z]
if and only if z Ay =p z if and only if (xAy) ~ xNF # () if and only if x)yNF # ()
and A < B is defined as before. Then we have the following theorem.

H _
Theorem 4.8. Let F be an Sreflexive filter of H. Then _ﬂ = (_—, A, ®,~, [1])
=F =F
s a hyper EQ-algebra which is separated.

H _
Proof. (HEQ1), (HEQ2): It is easy to see that <_—, /\) is an idempotent com-
=F
mutative monoid, and <5_HFv ®) is a commutative semihypergroup with identity [1]
and ® is isotone.

(HEQ3): We show that (([z]A[y])~[z])@([f]~[z]) < ([]~([]A[y])) or, equiva-
lently, ([z Ayl~[z])@([t]~[z]) < ([2]~[EAy]). Let [t] € ([ul®[]) (= A yl=[2))
®([t]~[z])), such that [u] € [x/\y] [ | and [v] € [t]~[z]. Then u € (xAy) ~ z and

€ (t~w). Soby (HEQ3), t € (u@v) < ((xNy) ~2) @ (t ~ 1) <2 (EAY).

Thus there exists w € z ~ (t Ay) such that t € (u®v) < w or t < w. Hence
let—w,orle(u®v)—w,ie ((u®v)— w)NF #0. Then [u|®[v] <K [w].
Since [w] € [z ~ (t Ay)] = [z]~([t]A]y]), Therefore, (HEQ3) holds. By the same
way, other conditions hold.
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If [1] € ([z]~[y]), then [1] € {[t]|t € v ~ y}. Hence there exists t € x ~ y
such that [t] = [1], and so t ~ 1N F # (. Then (z ~y) ~ 1NF # 0. By
Proposition 3.3 (ii), ((z ~ y) ~ 1) < (1 ~ (x ~ y)). Then by Lemma 4.6 (i),
(1~ (z~y)NFE #0. Since F is Soreflexive, then (1 ~ (x ~ y)) C F. Now,
since 1 € F, and F is a filter, then by Lemma 4.6 (iv), (z ~ y) N F # (. Hence

r =p vy, i.e. [x] = [y]. Therefore, — is separated. n
=F

5. Relation between hyper E()-algebras and some other hyper
structures

Definition 5.1. [4] Let H be a non-empty set and ”o” be a hyper operation on H.
Then H is called a hyper BC'K -algebra if it contains a constant ”0” and satisfies
the following axioms, for all z,y, z € H:

(HK1) (roz)o(yoz) <K xoy;

(HK2) (zoy)oz=(roz)ouy;

(HK3) zoH < {z} (orzoy<{z});

(HK4) z<yandy <z implies z =y;

where, x < y is defined by 0 € x oy, and for every A, B C H, A < B means,
for all a € A there exists b € B such that a < b. We say H is bounded hyper
BC K -algebra if there exists an element e € H such that, for all z € H, =z < e
and such e is called the unit of H. if x Ay =y Ax, where x Ay =y o (yox), for
all x,y € H, then H is called a commutative hyper BC K -algebra.

Proposition 5.2. [4] Let H = (H,0,0) be a hyper BCK-algebra. Then the
following conditions hold, for all x,y,z € H and A,B,C C H:

i) zr<a;

(i) A< A;
(i) z€xo0;
(iv) Ao0=A;
(v y <z imply xoz <K xoy;
(vi) Oox=0.

Theorem 5.3. Let H be a separated hyper EQ-algebra such that z — (y — x) =
y— (2 = x), forall x,y,z € H. Then H is a hyper BC K -algebra.

Proof. By considering roy =y =2, 0:=1, x <y yifandonlyif 1l € zoy =
(y — z) and A <; B means B < A, we have:

(HK1): Since by Proposition 3.3(xxvi), y — = < (2 — y) — (z — z), then
(roz)o(yoz) <izoy.

(HK2): Since by assumption, z — (y = ) =y — (z — ), then (xoy)oz =
(xroz)oy

(HK3): Slnce by Proposition 3.3(xvi), ¢ < y — z, then z oy <y {z}, for all
r,y € H.

(HK4): fr<jyandy <z, thenl ey w2 =((xAy)~y)and l €z — y =
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((x Ay) ~ x). Since H is separated, then z Ay =y and 2 Ay = x. Thus z <y
and y <z, i. e. x =y.
Therefore, (H,0,0) is a hyper BC K-algebra. .

Example 5.4. Since in Example 3.9(ii), H is a separated hyper EQ-algebra such
that, + — (y — 2) =y — (x — 2), for all z,y,2 € H, then H is a hyper
BCK-algebra.

Definition 5.5. [9] A super lattice is a partially ordered set (.S, <) endowed with
two binary hyperoperations V and A satisfying the following properties, for all
x,y,z €9,

(SL1) z € (zVa)N(xAx);

) eVy=yVz,xANy=yAux;

SL3) (xVy)Vz=axzV(yVz), @Ay Az=xA(yAz);

) ve((zVy) Ax)n((zAy) V)

) <yimpliesy € xVyand x € x Ay;

SL6) ifxexAyory€xVythenx <y.

Definition 5.6. [9] By a hyper residuated lattice we mean a non-empty set L
endowed with four binary hyperoperations V, A, ®, ) and two constants 0 and 1
satisfying the following conditions:

(HRL1) (L,<,V,A,0,1) is a bounded super lattice;

(HRL2) (L,®,1) is a commutative semihypergroup with 1 as the identity;
(HRL3) z® z < y if and only if z < z)y;

where A < B means that z <y, for some x € A and y € B.

Note. Let H be a hyper BC'K-algebra with unite e. If eo (e o x) = x, for any
x € H, then e o x is singleton for any x € H. Since, let u,v € eox. Then
eouCeo(eoxr)=ux,andsoeou=2z. Sincev € eox C eo(eou) = u, then
u = v. Therefore e o x is singleton.

Theorem 5.7. Let H = (H,0,0) be a commutative and bounded hyper BCK -
algebra with unit e and e o (e o x) = x, for all x € H. Then H is a hyper
residuated lattice.

Proof. Let H = (H,0,0) be a commutative and bounded hyper BC K-algebra
with unit e and eo (eox) = x, for all z € H. We define 2/ :=eox, x — y :=
yoxr, 1:=0,0:=¢, 2y =(r—=9¢y), zVy=@y—z)>zx=(x—y —
y, ANy := (' Vy'). Moreover, we define z < y if and only if y € x V y and
r <y yifand only if 1 € yox = x — y. By these definitions and assumption we
have 2" = x and by Proposition 5.2 (v), if z < y, then ¥’ < 2’ and by (HK2),

Yy =1 =eoy—eox=(y—e)=>(x—e)=x— ((y—e) —e)
=x—y' =x—y.

Now, we prove that H = (H,A,V,®,0,1) is a hyper residuated lattice.
(HRL1): We show that (H,<,V,A,0,1) is a bounded super lattice. By Propo-
sition 5.2 (i) and (iii), v € 1 - 2 C (x - 2) - = = = V x, then z < =z.
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Hence < is reflexive. Now, let + < y and y < x. Then by assumption z,y €
xVy=(x =y —y=(wy—z)— 2 By (HK3), (+ - y) = vy < y and
(y > 2) > 2) <z Thus 2 < y and y < z, and so by (HK4), z = y. Then
< is antisymmetric. Let x < y and y < 2. Since y € zVy = (y = =) — =z,
then z e yvz=(y —- 2) - 2 C ((y = ) - =) — 2) = 2). By (HK3),
(y = x) = = < x. Thus by Proposition 5.2(v), z = z < (((y — =) = x) — 2),
andso ((y = z) = 2) 2 2) =2 2) < (v —=2) = 2)=((z—2) <.
Thusl€x — zandsoz€ (1 = 2) C((x— 2) = 2)=xVz Hence z €z V z,
i.e. © < z. Then <, is transitive. Therefore, (H, <) is a partially ordered set.
(SL1): According to the above mention x € x V z. Since x Az = (2/ V 2') =
(2" — 2/) — 2’) and 2/,2” are singleton and 1 € + — = = 2/ — 2/, then
(1 = 2') C ((«' — 2') — 2')’. By Proposition 5.2(iv), (1 — 2') = (2') = «.
Hence z € ((2 — 2') — 2') = & Az, Therefore, x € (x Vx) N (z A z).

(SL2): Since H is commutative, then zVy = (x - y) »y=(y > z) >z =yVz
and z Ay=@'Vy)=((2"=y)=y) =y =>2)—=2) =yAx.

(SL3): By (HK2) and commutativity,

zV(yvz) = (= ((z—y) —y) = (z—y) =)
(z=y) = @—=y) = 2=y —y)

= o2y > (z2y) = (@—y)—y)

= =2y =20 = ((z—=y) = (@—>y))

= ¥y =2 (=29 ==y = (@—>y))

=y =22y =2 @—y)—=(z—=y))

Y= (z=y) = E=>y9))—=E=y))

= ¥y =2 (z=y) = @—=y)) = (@—=y))

=y -=>(r—=y) = E—y) =@y

By the similar way we can prove the second part.
(SL4): By (HK2) and commutativity,

!/

vy he = (z—=y) =y)re=(((z =y =y V)
= ((x =y)—=y) =) =2
= (r=((z—=y) —=y)=2) =((r—=y) = (x—=y) =)

By Proposition 5.2(ii), 1 € (z — y) — (x — y), and so (1 — 2') C (((x — y)
— (x — y)) — 2/). By Proposition 5.2(iv), (1 — 2')’ = (2/)) = z. Then
r€(((x =y) = (x—y)) =) ie x € (xVy) Az. By the similar way we can
prove the second part.
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(SL5): Let 2 <y. ThenyexVy=(y = z) - x. By (HK3), (y > z) vz < x
and so y < x. Hence 1 € x — y, and so by Proposition 5.2(iii), y € (1 — y) C
(x = y) = y =z Vy. By the definition,
zAy=@'Vy)Y=("=vy)=y)=((y =2)=2)=(z—y) —2)
Since 1 € x — y, we have (1 — ')’ C ((x — y) — 2’)’. By Proposition 5.2(iv),
(1—2a)=(@) =z Thenz e ((x - y) = 2') =xAy.
(SL6): Let y € zVy. Then x < y. Now, let z € x Ay = (2/ Vy/). Since 2’ is
singleton, then 2’ € ((2/Vy')") =2'Vy' = (' — ¢') — /. By (HK3), (2’ = ¢') —
Yy <y, then 2’ < 3/, and so by Proposition 5.2(v), (v/) < (2'), ie. y < z.
Thus 1 € z — y. By Proposition 5.2(vi),y € 1 =y C (z = y) >y =2z Vy.
Hence x < y. Therefore, (HRL1) is hold.
(HRL2): By definition and assumption, z @ y = (x — ¢') = ((¢/) — 2') =
(y = 2') =y ®x and by (HK2),

@Yz = @=((y—=2))) =@ Y2
y—=(r—=2))=@Wy—=(z-2))
)/ (y - ZL‘,)/ N z/)/ _ (x®y) ® 2.

By Proposition 5.2(iii) and since 2’ is singleton, then 2z’ € 1 — 2. Hence x ® 1 =
(x =1 =(1) =2) =01 —2a). Thus (/) € (1 - 2/) orz € 1 ® x.
Therefore, (H,®, 1) is a commutative semihypergroup with 1 as a identity.
(HRL3): Let  ® z <1 y. Then y < (x — 2’)". Hence there exists t € (z — 2’)
such that y < t,and so 1 € t - y. Thus 1 € (z — 2')’ — y. By (HK2),

—~

)=
)Y = (

2= (y—zx

le(z—=2) sy=y—>@=)=y—>God)=2>U -2 )=2—>(r—y)
Then there exists u € * — y such that 1 € 2 — u, and so v < 2. Hence
2z <1 x—y. Nowlet 2 <y ¢ — y, then x — y < z and so, for all t € x — y,

t < z. Hence

lez=tCzo(z—oy) =z—-(zoy)=z— Y —2)
=y s@x—-2)=@—=2)>y=2R2) -y

Then there exists v € * ® 2z such that 1 € v — y, and so =z ® z <4 .
Therefore, H = (H,V,\,®,—,0,1) is a hyper residuated lattice. .

Definition 5.8. [2] By a weak hyper residuated lattice, we mean a non-empty set
L endowed with two binary operations V, A, and two binary hyperoperations @, —
and two constants 0 and 1 satisfying the following conditions:

(WHRL1) (L,<,V,A,0,1) is a bounded lattice;

(WHRL2) (L,®,1) is a commutative semihypergroup with 1 as the identity;
(WHRL3) z® z < yif and only if z <  — y;

where A < B means that x <y, for some x € A and y € B. Also, A < B means
that for any = € A, there exists y € B such that z < y.
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Proposition 5.9. [2] Let L = (L,V,A\,®,—,0,1) be a weak hyper residuated
lattice. Then the following conditions hold, for all x,y,z € L and A, B,C C L:
(i) <y impliesl €x —y and A < B implies1 € A — B;

(i) A< B—=Cifand onlyif AQ B< C if and only if B< A — C;

(i) z®@y<z,yand AR B<K A, B;

(iv) r<y—2, A< B—=>Aandlezr— (y— ),

(v) z@(@—y) <y

(Vi) z<yimplicszRz<KL<yRz,2 > <2z2—=Yy,y—> 21— 2

(Vi) (= y)R@@y—2)<K<r—zandy > 2L (v = y) — (v — 2).

Proposition 5.10. Let £ = (L,V, A, ®,—,0, 1) be a weak hyper residuated lattice
such that A < B implies A < B and” < 7 is biresiduation operation, which is
defined by

reoy=(x—=>y Ay —x)

Then the following conditions holds, for all x,y,z € L;
i) zeoy<izeor) = (zey);

i) zoy<L(zox) o (20Y);

(i) (zey QYo 2)<<Kr >z

iv) (o y)Rzet) < (e 2) e (yot);

(v) (zAy) e 2)Q e z) << (24 (tAY)).

Proof. At first notice that by Proposition 5.9(vi) and assumption, we have
2@ ANy) < (2@2) A (2®y) and if A < B and B < C, then A <« C.
(i): By Proposition 5.9(iii) and (vii),

(e y) @ (2 ¢ )
= (e=2yny—=2)@((z = z)A(z—2))
< (z=2y)o@E=22)A((z—=y)e@—=2) Ay — )
Rz—=22)A((y—2)Q(x = 2))
< (F=2y9YA(z=2y)@@@=22)A (12 2)@ (22 2) Ay — 2)
L (z=2YNy—2)=y<+z

Then by (WHRL3), (z <> y) < (2 > x) — (2 <> ).

(ii): By i),z y<(z<2) =2 2oy andy 2 (24 y) — (2 ).
Since z <>y =y <> x, thenz < y < ((2 ¢ 2) = (2 < y) A (
(2 0 2)) = ((z & 2) & (2 < y)).

(iii): By Proposition 5.9 (iii) and (vii),

T
S
d

(e y) @ (Y« 2)

=z =yYANy—2)@(y—2)A(E—y)
<(z—=y)ey—=2)A(r—=y)(—=y)A(y— )

@y = 2) Ay —2)@ (2 —=y))
K@—=2)N((zr=y)@E=2y)A(y—=>2)@ Y —2) A=)
L(r—=>2)N(z—=2)=(x ¢ 2).
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(iv): By (iii),
ey zet)d@eo )< (@Y @@@et) =t r)(zoy)
Ll y=yt
Then by (WHRL3), (z <> y) ® (z > 1) < (z <> 2) — (y <> t). By the same way
we have, (r < y)® (z 1) < (y < t) > (x <> 2). Hence (z - y) ® (2 o t) K

(v): First, we show that:

(xAy) =2 2)Qt—z) < (tAy) =2z (1)

(z—=(zAy))@@x—=t)<z—=(tAYy)  (2)
(1): By Proposition 5.9(iii) and (v),

tANY)Rt—2) <A@t —=2)AN(Y®(t—2)) < Ay.
Then by Proposition 5.9(v) and (vi),
tANY)R(zAy) 2 2)@(t—2) < (A @ (xAy — 2) L 2,

and so, (xANy) = 2)®@(t =) < (tAy) = 2
By the similar way, we can prove (2).
Now the same as (iii) and (iv), we can prove (v). .

Theorem 5.11. Let L = (L,V,A\,®,—,0,1) be a weak hyper residuated lattice
such that A < B means A < B. Then L = (L, \,®, <, 1) is a separated hyper
EQ-algebra.

Proof. (HEQ1): By Definition 5.8, it is clear that (L, A, 1) is an idempotent
commutative monoid ( x <y if and only if z Ay = z).
(HEQ2): By Definition 5.8, (L, ®, 1) is a commutative semihypergroup with iden-
tity 717 and by Proposition 5.9(vi), ® is isotone.

Let x ~y:=x <>y, for all z,y € H. Then
(HEQ3): Since ((z Ay) ~ 2) @ (t ~x) = ((x ANy) ¢ 2) @ (t <> ). Then by
Proposition 5.10(v), ((z Ay) > 2) ® (t <> z) < (2 > (t Ay)). Then

(@Ay) ~2)@ (t~a) < (24 (EAY) = (2~ (t~y)).
(HEQ4): By Proposition 5.10(iv),
(x~yY)Rz~t) =y zet)< (e 2)eyYet)=(r~2)~(y~t)

(HEQ5): Since = Ay < z, then by Proposition 5.9(i), 1 € ((z Ay) — z). Hence
by definition <, we have (z Ay A z) = o < (x Ay) — x. By Proposition 5.9(vi),
r—= (rANyAz) <z — (vAy). Hence,
(xAyANz)~x = (xAyAz)eaz=((xAyANz) =)A= (xAyA2))
< ((zAy)=m2)AN(z = (zAy)=(xAy) <
= (xAy)~zx
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(HEQG6): Since xAyAz < x Az, then by Proposition 5.9(i), 1 € (zAyAz) = xAz.
Hence ((z Ay) — 2) < ((z Ay A z) = (z A z)). By Proposition 5.9 (iii) and (v),

(z—=(zAy)@(xAz) < (@@= (zAY))Az (= (zAY)) KT AYyAz
Then by (WHRL3), (z = (z Ay)) < (x Az) = (x Ay A z). Hence

(@Ay) o z=((zAy) =)A= (zAy))
(xAyNz) = (xA2)AN((zA2) = (zAYAZ2)))
(xAYyANz) e (xA2)

(xANyAz)~(zA2)

(xhy) ~a =

(HEQT): By Proposition 5.9(iii) and (iv),
rRyU<zANy<L(z—=>yYANy—z)=rcy=x~y.

Therefore, L is a hyper EQ- algebra.

Letlex~y=x+<y=(r—=>y)AN(ly—xz),thenl €z —yand 1 €y — z.
By (WHRL2) and Proposition 5.9(v), z € 2 ® 1 < 2 ® (z — y) < y, then = < y.
By the same way we have y < x, thus x = y. Therefore, L is separated hyper
EQ-algebra. .

6. Conclusions and future works

In this paper, we introduce the concept of hyper E@Q-algebras, which is a genera-
lization of the concept of F(@Q-algebras and we give some properties and related
results and relation between hyper EFQ-algebra and hyper BC'K-algebra and hyper
(weak)residuated lattice. The good hyper EQ-algebra, some result on quotient
structure and filter theory, could be topics for my next task.
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