ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 31—2013 (43—48) 43

NON-FACTORIZABLE GROUPS

M.R. Darafsheh

School of Mathematics, Statistics, and Computer Science
College of Science

University of Tehran

Tehran

Iran

E-mail: darafsheh@ut.ac.ir

G.R. Rezaeezadeh
M.R. Dehghan Koruki

Department of Mathematics
Shahrekord University

Shahrekord
Iran
E-mail: rezaeezadeh@sku.sci.ac.ir

Abstract. A group G is called a factorizable group if there are proper subgroups A and
B of G such that G = AB. If G is non-trivial and no such a factorization exists G is
called a non-factorizable group. In this paper we will show that if G is a non-factorizable
group with Frattini subgroup as a minimal normal subgroup of order p", 1 < n < 5,
where p is a prime number, then G is a quasi-simple group.
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1. Introduction and preliminaries

Let G be a group and A be a subgroup of . If there is a subgroup B of G
such that G = AB, then B is called a supplement of A in G. If A and B are
non-trivial subgroups of G such that G = AB, then G is called a factorizable
group. A non-factorizable group is a non-trivial group G such that for every
subgroup A of G there is no subgroup B of GG such that G = AB. The question
of whether a group is factorizable or not is raised in [1] page 13. But finding all
the factorizable groups is a difficult task, moreover there are groups which are not
factorizable, for example finite cyclic groups of prime order or the Priifer p-group
Z(p>). If G = AB is a factorizable group with A and B maximal subgroup of
G, then G = AB is called a maximal factorization of G. If G = AB is a finite
factorizable group, then A and B are contained in maximal subgroups M and N
of G respectively, hence G = M N is a maximal factorization of G. Therefore, if
a finite group does not have maximal factorization, then G is a non-factorizable
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group. In [8], the maximal factorizations of all the almost finite simple groups
are found from which we can find all the non-factorizable finite simple groups. If
G = AB is a factorizable group, then the impact of A and B on the structure
of G is studied extensively by some researcher. In [5] it is proved that if A and
B are abelian, then G is metabelian. A generalization of Ito’s result is given
in [14] in which it is proved that if G is a finite group with A and B nilpotent
and (A, |B|) = 1, then G is solvable. O. Kegel in [6] generalized this result of
Wielandt without the assumption (|A],|B|) = 1. Chernikov in [2] without the
condition of finiteness on G proved that if A and B are nilpotent subgroups of G
satisfying the minimum condition, then G is a solvable group.

Recently, factorizable groups which can be factored as product of two simple
groups or an alternating group and a simple group have been studied. To mention
a few result, one can see [13] and [3].

In [7] non-factorizable groups have been investigated. In particular the fol-
lowing result has been proved:

Result 1. Let G be a non-factorizable group, then G is one of the following three
types of groups:

(i) a cyclic p-group,
(i) a non-factorizable simple group,
(iii) a perfect group with ®(G) # 1 and G/®(G) a non-factorizable simple group.

In the above result ®(G) denotes the Frattini subgroup of G which by defi-
nition is the intersection of all the maximal subgroups of G. And a perfect group
is a group G with G = G’. Referring to Result 1, if G is a finite non-factorizable
group, then G = Z,», n € N, or G is isomorphic to one of the simple groups listed
in Table 4.1 of [7] or that a group satisfying condition (iii) of the Result 1, which
are called type (iii) groups. In this paper our aim is to investigate type (iii)
groups and obtain some properties of these groups.

2. Main result

In this section, our results are concerned with the type (iii) groups G as mentioned
in part (iii) of Result 1. It is worth mentioning that if G is an arbitrary group and
G/®(G) is a non-abelian simple group, then G = G’, i.e. G is a perfect group.
Therefore to find type (iii) group G it is enough to investigate the possibility of
the equality G/®(G)=S where S is a non-abelian non-factorizable simple group.

In [7] page 50, it is mentioned that the groups SLy(q) for ¢#7, 11,19, 23,29, 59
or ¢ = 1(mod 4) from a collection of type (iii) groups. But by [8] the group
PSLy(q) = SLa(q)/P(SLa(q)) for all ¢’s are factorizable, hence SLy(g) can not
a type (ili) group. In Table I, using [8] we give the list of all the non-abelian
non-factorizable simple groups:
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Table I: non-abelian non-factorizable simple groups

Classical group Usm+1(q) except Us(3), Us(5), Us(8), Uy(2)
Exceptional groups of Lie type | Es(q), E7(q), Es(q), Fi(q) (q odd),

Ga(q) (g # 3" or q #4), *Da(¢%), *Es(q?),
2B2(22n+1), 2F4(22n+1)’ 2G2(32n+1)
Sporadic groups My, Mec, Jy, J3, Jy, Ly, O'N, CO,, COs,
Figs, Fi'oy, HN, Th, BM, M

Let G = SUsymi1(q), (m,q) # (1,2). Then G = G, (G)=Z(G) is a cyclic
group of order (2m + 1,q — 1), and moreover PSUs;,+1(q) = Usm+1(q) =G/Z(G)
is an example of a type (iii) group. In this case G is called a quasi-simple group,
or a covering group for the simple group Us,,11(q).

If G is a type (iii) group, then every proper normal subgroup N of G must
be contained in every maximal subgroup of G, hence N <&(G) and ®(G) is the
unique maximal normal subgroup of G, in particular Z(G) <®(G). The case of
equality, i.e. Z(G) =®(G), is interesting because in this case G would be the
covering group of a simple group. In [7] and [9] the case that |®(G)|= p or p? are
investigated and it is proved that Z(G) =®(G), although some part of the proof
of Theorem 1 in [9] is in error.

Lemma 2.1 Let H be the non-abelian group of order pq, where p,q are prime
numbers, p > q, q | p— 1. Then Aut(H) has order p(p — 1) and is isomorphic to
the group Z," X Z, with the composition law

(2, 5) (k. 1) = (ik il + j)
where i,k € Z," = Z, —{0} and j,l € Z,. Hence Aut(H) is a metabelian group.

Proof. Any group of order pg, p and ¢ prime, p > ¢, ¢ | p — 1, is isomorphic to the
group H with the following presentation, H = (x,y | 2 = y? = 1,y 'zy = 2°),
where o = 1(mod p) and a? = 1(mod p). Since a Sylow p-subgroup (x) of H
is normal in H it should be invariant under any automorphism ¢ of H. Let us
set ¢(x) = 2, 1 < i < p. To define ¢ completely we must determine ¢(y). Let
o(y) = 2/y*, where 0 < j < pand 0 < k < p. We extend ¢ to the whole of
G by being a homomorphism, so that qb(y lry) = gb( ) ng( )é(y). Therefore

2 = (2IyP) et (2dyk) = yRaiyh = 2" Hence zi@ -1 = 1 Whlch implies
p | ia(a®t —1). Since p is prime to i and «, we obtain p | af~1 — 1, hence
o=t = 1(mod p). Using the condition a? = 1(mod p) we obtain ¢ | k —1,

implying y* = y. Finally we obtain ¢(y) = 27y where 0 < j < p. With this
definition the equality ¢(y?) = 1 is also satisfied, hence: Aut(H) = {¢; ;|¢ij(x) =
z', ¢ i(y) = 27y,1 <i < p,0<j<p} Now it is easy to verify that

¢i,j¢k,l = ¢ik,il+j

and the isomorphism stated in the lemma holds. n
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Theorem 2.2 Let G be a type (iii) group, p and q distinct prime numbers. If
|D(G)|=p? or pq, then ®(G)= Z(G), i.e. G is a quasi-simple group.

Proof. In any case we have G/Cq(®(G)) isomorphic to a subgroup of Aut(®(G)).
If (@) is abelian, then ®(G)<d Ce(P(G)) < G, and because ¢(G) is a maximal
normal subgroup of G we obtain Cq(®(G)) =P(G)or G.
If Cq(®(G)) = G then ¢(G)< Z(G) and then &(G)= Z(G), the theorem holds.
Next, we consider the case Cq(®(G)) =P(G). Hence G/P(G) is a simple
non-abelian non-factorizable subgroup of Aut(®(G)). If ®(G)= Z,: is a cyclic
group of order p?, then Aut(®(G)) is abelian and does not contain non-abelian
simple group. If ®(G)= Z, x Z,, then Aut(®(G)) = GLy(p) and it is easy to see
that any simple subgroup of G Ls(p) is isomorphic to a simple subgroup of SLs(p).
But by [11] page 404, the group SLs(p) does not contain any simple subgroup.
If o(G)= Z,, is a cyclic group of order pg, then Aut(®(G)) is abelian, hence
G/Cq(®(G)) can not be isomorphic to a subgroup of Aut(®(G)), a contradiction.
Finally we consider the case that ®(G)is a non-abelian group of order pgq, where
p and ¢ are distinct primes, p > ¢. In this case G/Cq(P(G)) is isomorphic to a
subgroup of Aut(®(G)). Let us set C' = Cq(P(G)). By Lemma 2.1, Aut(®(G))
is a metabelian group,and using the fact that (G/C)’ is abelian and G’ = G, it
follows that G/C' is abelian. Hence G’ < C or G < C, i.e. G = Ce(P(Q)).
It follows that ®(G)< Z(G) which implies ®(G)= Z(G) and again the theorem
holds. n

Let G be a type (iii) group with | G | as small as possible, i.e. if H is any
type (iii) group with order less than | G |, then or equal to H = G. We know that
®(G)# 1 and ®(G) is a nilpotent group. If ®(G) contains a non-trivial subgroup
N of G properly, then ®(G/N) = ®(G)/N is non-trivial and (G/N) = G/N,
moreover

(G/N)/®(G/N) = (G/N)/®(G)/N = G/2(G)

is a non-abelian non-factorizable simple group. Therefore G/N is a type (iii)
group whose order is less than | G |. Hence we may assume that N is charac-
teristically simple, so that it does not contain any normal subgroup of G. Thus
N =27, x ... xZ, = 7Z,", the direct product of n copies of cyclic groups of
order p. In this case ®(G) is a minimal normal subgroup of G. Again we have
G/Cq(G) isomorphic to a subgroup of Aut(®(G)) = GL,(p). Since ®(G) is
abelian we obtain ®(G)< Cq(P(G)) hence G = C(P(G)) or &(G). In the first
case we obtain ®(G)= Z(G), hence ®(G)= Z(G) and G is a quasi-simple group.
In the second case we obtain G/®(G) < GL,(p). Therefore either &(G)= Z(G)
and G is a quasi-simple group or ®(G)# Z(G) and G/P(G) is isomorphic to a
non-factorizable simple subgroups of GL,(p). In the next lemma we discuss such
subgroups of GL,(p) in case n = 3,4 and 5.

Lemma 2.3 Let p be a prime number and n € Nyn < 5. Then GL,(p) does not
have a non-abelian non-factorizable simple group.
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Proof. It is obvious to see that any simple subgroup of GL,(p) should be con-
tained in SL,(p). The case n = 1 is easy to see, and the case n = 2 follows
from [11] page 404. If G is a simple non-abelian subgroup of SL,(p), then G is
isomorphic to a subgroup of the simple group PSL,(p), n > 2. From the other
hand since we assume that G is non-factorizable, hence G is one of groups listed
in T'ablel. Now using the subgroup structure of the groups PSL,(p), n < 5, given
in [12], [4] and [10] no possibilities for G exists. n

Theorem 2.4 Let G be a type (iii) group. If | ®(G) |= p™, n <5, p a prime
number, and ®(G)is an elementary abelian p—group, then G is a quasi-simple
group.

Proof. Since ®(G)is abelian we obtain Cq(®(G)) = ®(G) or G. If Cq(P(G)) =
G, then ®(G)= Z(G). Hence G is a quasi—simple group. Next we will consider
the case Cq(®(G)) = ®(G). We have G/®(G)isomorphic to a non-factorizable
non-abelian simple subgroup of GL,(p). But by Lemma 1.4 such subgroups don’t
exist in GL,(p) for n <5, the theorem is proved. .
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