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1. Introduction

The analysis of the length of paths in tree families has received a lot of attention,
see, e.g., [1], [4], [10], [11], [13], often due to their importance in the analysis
of algorithms. In [4], [11], [13] the total path length is investigated in random
recursive trees. However, up to now there is no result about the external path
length of random recursive k-ary trees. Here we obtain the expectation and
variance of the external path length in random recursive k-ary trees.

By a recursive tree we mean a labeled rooted tree such that each path from
the root to any node of the tree is labeled with an increasing sequence of labels.

Note that there is no restriction on the outdegrees of the nodes of a recursive
tree. A recursive tree where outdegrees are restricted to k, is called a recursive
k-ary tree.

The possible insertion positions to join a new node to a tree, are called
external nodes. In a recursive k-ary tree, the number of nodes can be attached
to a node ν of outdegree dν is k− dν . Therefore the number of all external nodes
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in a recursive k-ary tree of size n is,
n∑

ν=1

(k − dν) = kn− (n− 1) = (k − 1)n+ 1.

A random recursive k-ary tree of size n is constructed as follows. One starts from
a root node holding the label 1; at stage i (i = 2, 3, ..., n) a new node holding label
i (the ith node) is attached to any previous node ν of outdegree dν of the already

grown tree Ti−1 of size i − 1 with probability
k − dν

(k − 1)(i− 1) + 1
(the number of

remaining external nodes for the node ν, k−dν , is divided by (k−1)(i−1)+1, the
number of all external nodes). This function implies that the higher outdegree
nodes possess a lower attraction for new neighbors and no node of outdegree
greater than k is introduced. These are two properties of interest in chemical
applications [2], [5]. The outdegree of a node is investigated in [7] and [9].

A survey of applications and results on recursive trees is given in [12]. These
trees are used, e.g., to model chain letters and pyramid schemes [6], and as a
simplified growth model of the word wide web [3].

Let Dj be the depth of jth node in a random recursive k-ary tree of size

n. The first cumulative random variable is the internal path length In =
n∑

j=1

Dj.

Suppose the external nodes are indexed by 1, 2, . . . , (k − 1)n + 1, and xj be
the depth of the jth external node. The second cumulative random variable is

Xn =
(k−1)n+1∑

j=1

xj. This random variable is called the external path length. By the

proof of Theorem 1, the relation

Xn = (k − 1)In + nk,(1)

and then Xn = (k − 1)
n∑

j=1

Dj + nk can be deduced. The strong dependence be-

tween the random variablesDj makes it difficult to compute the exact distribution
of Xn.

Throughout this paper we use the term tree instead of recursive k-ary tree.

2. Expectation and variance

In this section, the following results for Dn, will be used (see [8]):

E[Dn] =
n−1∑
x=1

k

(k − 1)x+ 1
,

and

Var[Dn] =
n−1∑
x=2

k(k − 1)(x− 1)

((k − 1)x+ 1)2
.
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Theorem 1

E[Xn] =
n∑

x=1

((k − 1)n+ 1)k

(k − 1)x+ 1
,

and

Var[Xn] =
n∑

x=1

k(k − 1)3(n− x)(x− 1)((k − 1)n+ 1)

((k − 1)x+ 1)2((k − 1)(x+ 1) + 1)
.

Proof. By inserting the nth node at level Dn, a tree Tn of size n is obtained from
a tree Tn−1 of size n− 1. The nth node may replace any of the (k− 1)(n− 1)+ 1
external nodes of Tn−1 with probability 1/((k − 1)(n − 1) + 1). The new node
gives the tree k new external nodes, but one of the external nodes of Tn−1 is lost
in the process. Therefore

Xn = Xn−1 + k(Dn + 1)−Dn = Xn−1 + (k − 1)Dn + k.

Let Fn denote the sigma field generated by the tree Tn. When the shape of the
tree Tn−1 is available, the levels x1, . . . , x(k−1)(n−1)+1 of the external nodes are com-
pletely determined. Thus Dn may assume any of the values x1, . . . , x(k−1)(n−1)+1

with equal probability 1/((k−1)(n−1)+1). We can now formulate a conditional
expectation,

E[Xn|Fn−1] =
1

(k − 1)(n− 1) + 1

(k−1)(n−1)+1∑
j=1

(Xn−1 + (k − 1)xj + k)

= Xn−1 + k +
k − 1

(k − 1)(n− 1) + 1

(k−1)(n−1)+1∑
j=1

xj.

But the remaining sum is the external path length of Tn−1, i.e.,

E[Xn|Fn−1] =
(k − 1)n+ 1

(k − 1)(n− 1) + 1
Xn−1 + k.(2)

Taking expectations of the last relation we get the following recurrence on ex-
pected external path length

E[Xn] =
(k − 1)n+ 1

(k − 1)(n− 1) + 1
E[Xn−1] + k,(3)

which can be easily solved under the initial condition E[X1] = k to yield the first
required result.

To compute the variance of Xn we formulate a recurrence for

Qn :=
Var[Xn]

((k − 1)n+ 1)((k − 1)(n+ 1) + 1)
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as follows. Let Zn = Xn−E[Xn]
(k−1)n+1

. Replace Xn by Xn−1 + (k − 1)Dn + k in the
definition of Zn and write

Zn =
Xn−1 + (k − 1)Dn + k − E[Xn−1 + (k − 1)Dn + k]

(k − 1)n+ 1

=
(k − 1)(n− 1) + 1

(k − 1)n+ 1
Zn−1 +

k − 1

(k − 1)n+ 1
(Dn − E[Dn]).

By squaring the latter relation and taking expectations we get

E[Z2
n] =

(
(k − 1)(n− 1) + 1

(k − 1)n+ 1

)2

E[Z2
n−1] +

(
k − 1

(k − 1)n+ 1

)2

Var[Dn]

+
2(k − 1)((k − 1)(n− 1) + 1)

((k − 1)n+ 1)2
E[Zn−1(Dn − E[Dn])].(4)

Since the component E[Zn−1E[Dn]] is zero, in the last term we need only to find
E[Zn−1Dn]. For the required term we compute

E[Zn−1Dn] = E[E[Zn−1Dn|Fn−1]] = E[Zn−1E[Dn|Fn−1]].

But according to the algorithmic development,

E[Dn|Fn−1] =
(k−1)(n−1)+1∑

j=1

xj

(k − 1)(n− 1) + 1
=

Xn−1

(k − 1)(n− 1) + 1
.

So,

E[Zn−1Dn] = E[Z2
n−1].

Put this relation into (4) we arrive at the recurrence

E[Z2
n] =

((k − 1)(n+ 1) + 1)((k − 1)(n− 1) + 1)

((k − 1)n+ 1)2
E[Z2

n−1]

+
(k − 1)2

((k − 1)n+ 1)2
Var[Dn].(5)

The substitution Qn linearizes the recurrence (5) into the simple recurrence

Qn = Qn−1 +
(k − 1)2

((k − 1)n+ 1)((k − 1)(n+ 1) + 1)
Var[Dn].

By the relation for the variance of Dn, the solution to the last recurrence gives

Qn =
n∑

m=3

(k − 1)2

((k − 1)m+ 1)((k − 1)(m+ 1) + 1)

m−1∑
x=2

k(k − 1)(x− 1)

((k − 1)x+ 1)2
.
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Expanding 1/((k−1)m+1)((k−1)(m+1)+1) by partial fractions and collapsing
the resulting telescopic sums, we have

Qn =
n−1∑
x=2

k(k − 1)3(n− x)(x− 1)

((k − 1)x+ 1)2((k − 1)(x+ 1) + 1)((k − 1)(n+ 1) + 1)
.(6)

So, by definition of Qn, the proof is complete.

Remark. By (1) the expectation of internal path length In is

E[In] =
k

k − 1

n−1∑
j=2

(k − 1)n+ 1

(k − 1)j + 1
− n− 1

k − 1
.

So the average external path length is asymptotically k− 1 times as much as the
average internal path length E[In] ∼ k

k−1
n lnn.
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