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Abstract. Let X be a complex Banach space and B(X) the algebra of all bounded
linear operators on X, T is said decomposably Fredholm if there exists an Fredholm
operator S such that TST = T.

In this paper we consider the subset ρhF (T ) of C : µ0 ∈ ρhF (T ) if and only if there
is a neighbourhood U0 of µ0 and an analytic function W : U0 → B(X) such that W (λ)
is Fredholm and (T −λI)W (λ)(T −λI) = T −λI. for all λ ∈ U0, consequently we define
a new spectrum σhF (T ) = C \ ρhF (T ) said holomorphically decomposable Fredholm
spectrum of T. We prove that σhF (T ) is a non-empty compact subset of the classical
spectrum σ(T ), and not satisfies the spectral mapping theorem.

Keywords: Fredholm operator, Kato spectrum, holomorphically Decomposable Fred-
holm operator.

1. Introduction and terminology

Throughout this paper, X will denote an infinite-dimensional complex Banach
space. By B(X) we denote the Banach algebra of all bounded linear operators on
X. Let T ∈ B(X). By N(T ), T (X), T∞(X), σ(T ), ρ(T ), ρK(T ), and σK(T ), we
denote respectively the kernel, range, hyper-range, spectrum, resolvent set, Kato
resolvent set, and Kato spectrum of T . Moreover, these sets are defined by:

N(T ) = {u ∈ X/Tu = 0}
T (X) = {Tu/u ∈ X}

T∞(X) =
⋂

k≥1

T k(X)

σ(T ) = {λ ∈ C/T − λI is not invertible on B(X)}
ρ(T ) = C \ σ(T )

ρK(T ) = {λ ∈ C/(T − λI)(X) is closed and N(T − λI) ⊂ (T − λI)∞(X)}
σK(T ) = C \ ρK(T )
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Recall that T ∈ B(X) is said to be relatively regular if there exists an operator
S ∈ B(X) for which TST = T ; S is called a pseudo-inverse of T, the necessary
and sufficient condition for which T is relatively regular if and only if N(T ) and
T (X) are the complemented in X, see [1], [2], [5] and [8].

Denote by α(T ) the dimension of N(T ), and by β(T ) the codimension of the
range T (X). Next define the following classes of operators by:

Φ(X) = {T ∈ B(X) : α(T ) and β(T ) are finite}
the class of all Fredholm operators, where ind(T ) := α(T )− β(T )} is the index of
T ∈ Φ(X);

R(X) = {T ∈ B(X) : ∃S ∈ B(X) such that TST = T}
the class of all relatively regular operators;

J = {T ∈ B(X) : T invertible}
the group of invertible operators;

JR(X) = {T ∈ B(X) : ∃S ∈ J , such that TST = T}
the class of all decomposably regular operators;

ΦR(X) = {T ∈ B(X) : TST = T for some S ∈ Φ(X)}
the class of all decomposably Fredholm operators, (see Definition 2.1, below).

Note that J , Φ(X) are open subsets of B(X) but R(X),JR(X) and ΦR(X)
are neither open nor closed, see [10].

Recently, Schmoeger [10] introduced and studied the holomorphically decom-
posably regular resolvent set of T ∈ B(X), ρgr(T ), where:

(∗) ρgr(T ) = {λ ∈ C : ∃U, a neighbourhood of λ, ∃F : U → B(X) analytic
such that (T − λI)F (λ)(T − λI) = T − λI, and F (λ) ∈ J , ∀λ ∈ U.}.

The holomorphically decomposably regular spectrum of T is defined by

σgr(T ) = C \ ρg.r(T ).

In [10], the author proved that σgr(T ) is a non empty compact set and does not
satisfy the spectral mapping theorem, [10, Proposition 3.3 and Theorem 3.6]. We
do have, however, σgr(f(T )) ⊆ f(σgr(T )) for f ∈ H(σ(T )), see Example 3.4 in
[10], for f ∈ H(σ(T )), where H(σ(T )) is the set of all complex-valued functions
which are analytic in some neighbourhood of σ(T ), and f(T ) ∈ B(X) defined by
Riesz-Dunford functional calculus, see [1], [5] and [8]. Notice that J ( Φ(X).
Hence, it is natural to see what happened if we replace J by Φ(X) in (*). To this
end, let

(∗) ρhF (T ) = {λ ∈ C/∃U, a neighbourhood of λ, ∃ F : U → B(X) analytic such
that (T − λI)F (λ)(T − λI) = T − λI, and F (λ) ∈ Φ(X) for all λ ∈ U}.
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It is clear that ρgr(T ) ⊂ ρhF (T ); and setting σhF (T ) = C \ ρhF (T ), it follows
that the new spectrum set satisfies σhF (T ) ⊆ σgr(T ) ⊆ σ(T ) (see Definition 2.2.
below).

Our aim in this paper is to tackle the following problem:

Let T ∈ B(X) and consider the part σhF (T ) of the spectrum of T.
1. Does σhF (T ) a non-empty compact subset of C?
2. Does σhF (T ) satisfy the spectrum mapping theorem?

We answer positively the first question and negatively the second.
In Section 2, we present the class of holomorphically decomposable Fredholm

operators: we show that σhF (T ) is a non-empty compact subset of the spectrum,
and we characterize the set ρhF (T ) (see Proposition 2.1).

In Section 3, we show that σhF (f(T )) ⊂ f(σhF (T )) for every f ∈ H(σ(T ))
(Theorem 3.1.) and if f is univalent then this inclusion is indeed an equality
(Theorem 3.2.).

Finally, Example 1 shows that the inclusion may be proper and conclude that
σhF (T ) does not satisfy the spectral mapping theorem.

2. Class of holomorphically decomposable Fredholm operators

We first begin with some definitions and examples.

Definition 2.1 Let T ∈ B(X), T is said to be decomposably Fredholm if
TST = T for some S ∈ Φ(X).

Let the set of decomposably Fredholm operators be denoted by ΦR(X).

Examples. We give some classes of ΦR(X).

1. If T ∈ JR(X), then T is decomposably regular and there exists S ∈ B(X)
invertible such that TST = T, clearly S ∈ Φ(X); in particular, JR(X) ⊂
ΦR(X).

2. For n ∈ Z, denote by Φn(X) = {T ∈ Φ(X) : ind(T ) = α(T ) − β(T ) = n}
and ΦnR(X) = {T ∈ B(X) : TST = T such that S ∈ Φn(X)}, then

ΦR(X) =
⋃

n∈Z
ΦnR(X) (see [10]).

3. Rakocevic in [9, Theorem 3] shows that ΦR(X) = R(X) ∩ Φ(X).

4. Schmoeger in [10] proved that ◦
ΦnR(X)

= Φ−n(X) and ◦
ΦR(X)

= Φ(X).

5. If T is generalized Fredholm operator, i.e., if T is relatively regular and
(I − ST − TS) ∈ Φ(X) for some pseudo-inverse S of T [15], we have
T ∈ Φ(X), and consequently T ∈ ΦR(X).

Definition 2.2 Let T ∈ B(X), the holomorphically decomposable Fredholm re-
solvent set of T is defined by:
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ρhF (T ) = {λ ∈ C : ∃U, a neighbourhood of λ, ∃F : U → B(X) analytic
such that (T −λI)F (λ)(T −λI) = T −λI and F (λ) ∈ Φ(X) for all λ ∈ U}.

The holomorphically decomposable Fredholm spectrum of T is defined by

σhF (T ) := C \ ρhF (T ).

An operator T ∈ B(X) for which 0 ∈ ρhF (T ) is called a holomorphically
decomposable Fredholm operator.

Obviously,

ρ(T ) ⊂ ρgr(T ) ⊂ ρhF (T ) and σhF (T ) ⊂ σgr(T ) ⊂ σ(T ).

Remarks.

1. Let 0 ∈ ρK(T ). Then T is said Kato operator (or semi-regular/singular
operator) see [1], [4], [5], [7], [8]) and, if T is relatively regular, then T
is called Saphar operator. We denote the Saphar resolvent set by ρrr(T ) =
{λ ∈ ρK(T )/T−λI ∈ R(X)} and the Saphar spectrum σrr(T ) := C\ρrr(T ).

It is well known that (see [6], [8], [12]):

λ0 ∈ ρrr(T ) ⇔ ∃U, a neighbourhood of λ, ∃F : U → B(X) such that
F is analytic and (T − λI)F (λ)(T − λI) = T − λI, ∀λ ∈ U .

Consequently, if λ0 ∈ ρhF (T ), then λ0 ∈ ρrr(T ), we conclude that:

ρ(T ) ⊆ ρgr(T ) ⊆ ρhF (T ) ⊆ ρrr(T ) ⊆ ρK(T ) and

σK(T ) ⊆ σrr(T ) ⊆ σhF (T ) ⊆ σgr(T ) ⊆ σ(T ).

2. In [13] Schmoeger proved that ∂σ(T ) ⊆ σK(T ), see also [1], [5], [7] and [8].
Hence, it follows that ∂σ(T ) ⊆ σK(T ) ⊆ σrr(T ) ⊆ σhF (T ) ⊆ σgr(T ) ⊆ σ(T ).

In particular, σhF (T ) is a non empty compact subset of σ(T ).

3. If X is a Hilbert space, then T is relatively regular if and only if T (X) is
closed, in this special case ρrr(T ) = ρK(T ) and σK(T ) = σrr(T ) = σg(T )
where σg(T ) is the generalized spectrum introduced by Mbekhta in [6], see
also [1], [5], [7] and [8].

In general, σK(T ) $ σrr(T ) (see [14]) and, from the strict inclusion J $ Φ(X),
we conclude that σhF (T ) $ σgr(T ).

Proposition 2.1 For an operator T ∈ B(X) the following statements are equi-
valent:

(i) µ0 ∈ ρhF (T )

(ii) µ0 ∈ ρK(T ) and T − µ0I ∈ ΦR(X).
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Proof. Suppose first that µ0 ∈ ρhF (T ), then by definition there exists a neigh-
borhood U0 of µ0 and analytic function W : U0 → B(X) satisfying the equation
of pseudo-inverse of T − λI which W (λ) is Fredholm. For all λ ∈ U0, we obtain
µ0 ∈ ρrr(T ) ⊂ ρK(T ) and since (T −µ0I)W (µ0)(T −µ0I) = T −µ0I, we conclude
that T − µ0I ∈ ΦR(X).

Conversely, assume that µ0 ∈ ρK(T ) and T − µ0I ∈ ΦR(X). By replacing T
with T − µ0I we may assume without loss of generality µ0 = 0 and T ∈ ΦR(X).
Since T ∈ ΦR(X) then there is S ∈ B(X) that TST = T and S is Fredholm.
Next, we consider the function

W : D(0, ‖S‖−1) → B(X)

λ 7→ W (λ)

where D(0, ‖S‖−1) is the open disc centred at 0 and radius ‖S‖−1 > 0, defined
by W (λ) := (I − λS)−1S = S(I − λS)−1 for all λ ∈ D(0, ‖S‖−1), then, by
Corollary 1.5 of [12], W is analytic and verifies the equation of pseudo-inverse
(T − λI)W (λ)(T − λI) = T − λI for every λ ∈ D(0, ‖S‖−1). On the other hand,
since S is Fredholm and (I − λS)−1 is invertible, we have that (I − λI)−1S is
Fredholm, consequently, 0 ∈ ρhF (T ); this completes the proof of the theorem.

Let T ∈ B(X) and g ∈ H(σ(T )), conditions on g(T ) to be element of ΦR(X)
are given by Schmoeger in Proposition 3.8. of [10].

Proposition 2.2 [10, Proposition 3.8] Assume the following conditions:

a. T ∈ B(X) and g ∈ H(σ(T )) has only a finite number of zeros in σ(T )

b. µ1, ..., µm are the zeros of g in σ(T ) with respective orders of multiplicity,
n1, ..., nm (µi 6= µj for i 6= j)

c. (T − µjI)nj ∈ ΦR(X) for j = 1, ..., m, then g(T ) ∈ ΦR(X). To be more
precise, if (T − µjI)nj ∈ Φkj

R(X) and k =
∑m

i=1 ki.

Then, g(T ) ∈ ΦkR(X).

3. Spectral Mapping Theorem

We now discuss the spectral theorem for σhF (T ), of T ∈ B(X). Generally, the
following theorem holds.

Theorem 3.1 Let T ∈ B(X), and f ∈ H(σ(T )). We have: σhF (f(T )) ⊂ f(σhF (T )).

Proof. Suppose λ0 6∈ f(σhF (T )), we have to show λ0 ∈ ρhF (f(T )). Let us consider
g(z) = f(z)− λ0, g is analytic and g ∈ H(σ(T )), since

(∗) 0 6∈ g(σhF (T )).
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Since σK(T ) ⊂ σhF (T ), it follows that 0 6∈ g(σK(T )); by the spectral mapping
theorem for the Kato spectrum we have

(∗∗) 0 6∈ g(σK(T )) = σK(g(T )).

Case 1. Assume that g does not vanish in σ(T ); in this case g(T ) = f(T )− λ0I
is invertible, we then obtain λ0 ∈ ρ(f(T )) ⊂ ρhF (f(T )).

Case 2. Assume that g has zeros in σ(T ): Since σK(T ) ⊂ σ(T ) and (∗∗), by
Proposition 3 [13], g may have only a finite number of zeros in σ(T ), say µ1, ..., µm,
where µi 6= µj for i 6= j, and ni ≥ 0 denote the order of multiplicity of µi.

By (∗) we have µi 6∈ σhF (T ),∀i = 1, ..., m, and then µi ∈ ρhF (T ) for all i.
Consequently, there exists Wi(µi) ∈ Φki

(X) such that

(T − µiI)W ni
i (T − µiI) = T − µiI, or ρhF (T ) ⊂ ρrr(T ),

we also have T − µiI Saphar having Wi(µi) as a pseudo-inverse, and by Lemma
5-c [11], we have

(T − µiI)niW ni
i (µi)(T − µiI)ni = (T − µiI)ni ,

since W ni
i (µi) ∈ Φniki

(X), we obtain (T − µiI)ni ∈ Φniki
R(X) ⊂ ΦR(X).

We have:

(1) g ∈ H(σ(T )) has only a finite number of zeros in σ(T ).

(2) µ1, ...µm are the zeros of g in σ(T ) with respective orders of multiplicity,
n1, ..., nm (µi 6= µj for i 6= j)

(3) (T − µiI)ni ∈ ΦR(X) for i = 1, ...,m.

Then, by Proposition 2.2, g(T ) ∈ ΦR(X); on the other hand, by (∗∗),
0 6∈ σK(g(T )), we have 0 ∈ ρK(g(T )).

We conclude that 0 ∈ ρK(g(T )) and g(T ) ∈ ΦR(X).

Consequently, by Proposition 2.1, 0 ∈ ρhF (g(T )) and λ0 ∈ ρhF (f(T )), hence

σhF (f(T )) ⊂ f(σhF (T )).

Theorem 3.2 Let T ∈ B(X), then sigmahF (f(T )) = f(σhF (T )), for every f ∈
H(σ(T )), injective.

Proof. By Theorem 3.1, we have σhF (f(T )) ⊂ f(σhF (T )), and hence it suffices
to prove that f(σhF (T )) ⊂ σhF (f(T )).

To see this, let λ0 ∈ f(σhF (T )) and suppose that λ0 6∈ σhF (f(T )).
Hence, λ0 ∈ ρhF (f(T )) ⊂ ρK(f(T )), by spectral theorem for σK(T ) we have

λ0 ∈ f(ρK(T )), and there exists µ0 ∈ ρK(T ) (∗) such that f(µ0) = λ0.
Define h(z) = f(z)− λ0, then h(λ0) = 0 and h ∈ H(σ(T )).
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Consider

g(z) :=





h(z)

z − µ0

if z 6= µ0,

f ′(µ0) if z = µ0.

Then h(z) = (z − µ0)g(z) and g ∈ H(σ(T )) such that g(z) 6= 0 for all z ∈ σ(T )
since f is injective.

We have h(T ) = (T − µ0I)g(T ) = g(T )(T − µ0I) and g(T ) is invertible. By
λ0 ∈ ρhF (f(T )) we have 0 ∈ ρhF (h(T )) and there exists a Fredholm operator
W (0) such that h(T )W (0)h(T ) = h(T ).

Consequently, (T − µ0I)g(T )W (0)g(T )(T − µ0I) = (T − µ0I)g(T ).
From invertibility of g(T ), we obtain that (T − µ0I)g(T )W (0)(T − µ0) =

T − µ0, and, since (T − µ0I) ∈ ΦR(X), (g(T )W (0) is Fredholm, since g(T )
invertible and W (0) Fredholm).

From (∗) and (T−µ0I) ∈ ΦR(X), we obtain, by Proposition 2.1, µ0 ∈ ρhF (T );
hence, µ0 6∈ σhF (T ) and λ0 = f(µ0) 6∈ f(σhF (T )), which contradicts the assump-
tion λ0 ∈ f(σhF (T )). Therefore, f(σhF (T )) ⊂ σhF (f(T )) is proved. This completes
the proof of the theorem.

In the following example, we find an operator T, and f ∈ H(σ(T )) which f
is not injective, and σhF (f(T )) 6= f(σhF (T )).

Example 1 Denote byK(X) = {T ∈ B(X) : T (X) is closed and N(T ) ⊂ T∞(X)},
then

T ∈ K(X) ⇔ 0 ∈ ρK(T ).

On the other hand, we consider

ΦR(X) = {T ∈ B(X) : ∃S ∈ B(X), TST = T such that S ∈ Φ(X)}.

Let T ∈ K(X) \ΦR(X) satisfying there exists k0 ≥ 2 such that T k0 ∈ ΦR(X) or,
equivalently, T k0ST k0 = T k0 , k0 ≥ 2 for S Fredholm.

Notice that, by T ∈ K(X) \ ΦR(X) we have 0 ∈ ρK(T ) and T 6∈ ΦR(X).
This implies, by Proposition 2.1, that 0 6∈ ρhF (T ) i.e.,

(∗) 0 ∈ σhF (T ).

Let µ0 6∈ σ(T ), then µ0 6= 0 (since σhF (T ) ⊂ σ(T )). Let us show that

T k0(T − µ0I) ∈ ΦR(X).

T k0 ∈ ΦR(X) implies that there exists S ∈ Φ(X), such that T k0ST k0 = T k0 .
Since T k0 and T − µ0I commute, we have T k0(T − µ0)ST k0 = T k0(T − µ0I).
Put Q = S(T − µ0I)−1. Then Q is Fredholm and T k0(T − µ0I)QT k0(T − µ0I) =
T k0(T − µ0I). Thus,

T k0(T − µ0I) ∈ ΦR(X).

Let P (z) = zk0(z − µ0), then P is not injective and P (T ) = T k0(T − µ0),
P (T ) ∈ ΦR(X). Since 0 ∈ ρK(T ), and P (0) = 0, by the spectral mapping theorem



14 abdeslam el bakkali, abdelaziz tajmouati

of σK(T ), we have 0 ∈ ρK(P (T )). From 0 ∈ ρK(P (T )) and since P (T ) ∈ ΦR(X).
We have, by Proposition 2.1,

(∗∗) 0 ∈ ρhF (P (T )).

Next, if we assume that P (σhF (T )) ⊂ σhF (P (T )), by (∗) we have 0 ∈ σhF (T ),
and, consequently, 0 ∈ σhF (P (T )), which contradicts (∗∗). Thus, P (σhF (T )) 6⊂
σhF (P (T )). Therefore, σhF (T ) does not satisfy the spectral mapping theorem.
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