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Abstract. We first introduce the concepts of (A, p)-fuzzy subhyperlattices and (A, p)-
fuzzy ideals. Secondly, we list some equivalent conditions of them. Lastly, we prove
that the Cartesian product of two (A, p)-fuzzy subhyperlattices is still a (A, p)-fuzzy
subhyperlattice. This paper can be seen as a generalization of [1].
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1. Introduction and preliminaries

The concept of fuzzy sets was first introduced by Zadeh [18] in 1965. The theory of
fuzzy sets has been developed fast and has many applications in many branches
of sciences. In mathematics, the study of fuzzy algebraic structures was first
initiated by pioneer paper of Rosenfeld[11]. He first studied the fuzzy subgroup
of a group and since then, many researchers have been engaged in extending the
concepts and results of abstract algebra based on fuzzy sets.

Hyperstructure theory was first introduced in 1934 by Marty at the 8th
Congress of Scandinavian Mathematicians (see [10]). Later on, hyperstructures
have been developed in both pure and applied sciences. A comprehensive review
of the theory of hyperstructures can be found in [2, 3]. Hyperstructures are gene-
ralizations of classic structures. For example, hypergroup [2] is a generalization of
group, hyperlattice[9] and superlattice[6] are generalizations of lattice and so on.

Fuzzy hyperstructures have been introduced rather recently. Corsini and To-
fan studied fuzzy hypergroups in [4], Hasankhani and Zahedi studied fuzzy hyper-
rings in [8], Serafimidis, Konstantinidou and Kehagias studied fuzzy hyperlattices
in [12] and so on.

IPart of the results of this paper was presented at the 5th Conference on Fuzzy Information
and Engineering, Huludao, P.R. China, 23-27 September, 2010.
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Recently, Yuan [17] introduced the concept of fuzzy subgroup with thresholds.
A fuzzy subgroup with thresholds A and p is also called a (A, p)-fuzzy subgroup.
Yao continued to research (A, p)-fuzzy normal subgroups, (A, p)-fuzzy quotient
subgroups and (A, p)-fuzzy subrings in [14, 15, 16]. Ali and Ray discussed the
product of fuzzy sublattices in [1].

In this paper, we introduced the concept of fuzzy hyperlattice with thresholds.

Let us recall some definitions and notions.

By a fuzzy subset of a nonempty set X we mean a mapping from X to the unit
interval [0, 1]. If A is a fuzzy subset of X, then we denote A, = {z € X|A(z) > a}
for all o € [0, 1].

A partial hypergroupoid < H;* > is a nonempty set H with a function from
H x H to the set of subsets of H, i.e.,

s HxH — P(H)
(x,y) — xxy.

A hypergroupoid is a nonempty set H, endowed with a hyperoperation, that
is a function from H x H to the set of nonempty subsets of H.

If A,B € P(H) — {0}, then we define Ax B = U{a xbla € A, b € B},
x+xB={x}*xBand Axy=A=x{y}.

Definition 1.1 ([5],[7]) Let H be a nonempty set , U: H x H — P*(H) be a
hyperoperation, where P(H) is the power set of H and P*(H) = P(H)— {0} and
A : H x H — H be an operation. Then (H, LU, A) is called a hyperlattice if for all
a,b,ce H:

(1) acala, a=aAa

(2) aUb=bUa,aNb=bAaq

(3) (aub)Uec=al(bUc),(anb)ANc=aAN (bAc);

(4)a€(aUb)Na,a€ (aNdb)Ua;

B)bealbsa=aNbs a<b.

The readers can consult [2],[13] to learn more about hyperstructures and
fuzzy sets.
Throughout this paper, we will always assume that 0 < A\ < pu < 1.

2. (A, p)-fuzzy subhyperlattices

Throughout this section H always denotes a hyperlattice. The meet, hyper-
join and partial order of H, will be denoted as A, U, and <, respectively.

Definition 2.1 A fuzzy subset A of a hyperlattice H is said to be a (A, u)-fuzzy
subhyperlattice of H if Va,b € H,

A@AB) VA > (A(a) AAD) A g

and
inf A(t) VA > (A(a) A AD)) A p.

teallb
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Remark 2.2 From the previous definition, we know that a fuzzy subhyperlattice
is a (0, 1)-fuzzy subhyperlattice.

Theorem 2.3 Let A be a fuzzy subset of H. Then the following are equivalent:
(1) A is a (N, p)-fuzzy subhyperlattice of H;
(2) Aq is a subhyperlattice of H, for any o € (X, p], where A, # 0.

Proof. 1. (1) = (2). Let A be a (A, p)-fuzzy subhyperlattice of H. For any
a € (A, u], such that A, # 0, we need to show that z Ay € A, and z Uy C A,,
for all z,y € A,.

From z € A, we know that A(z) > a. And similarly we obtain that A(y) > a.
Thus A(z Ay) VA > (A(x) NA(y)) Ap > a A p = a. Note that A < a and so
TAY € A,

From A(x) > o and A(y) > a we know that tgpléy A(t) VA > (A(z) NA(y)) A

1> aAp=caand A < o, we conclude that tin|£ A(t) > . So A(t) > « for any
cxly

texUy. ThuszUy C A,.

2. (2) = (1). If there exist xg,yo € H such that A(zg Ayo) VA < a =
(A(xo) AN A(yo)) A, then av € (A, ], A(zo) A A(yo) > . So xg € A, and yg € A,.
But A(xg A yo) < a, that is zg A yo &€ A,. This is a contradiction with that A,
is a subhyperlattice of H. Thus A(z Ay) VA > (A(z) V A(y)) A 1 holds for all
x,y € H.

Again, if there exist zg,y9 € H such that inf A(t) VA < a = (A(z) A

texolyo
A(yo)) A i, then o € (A, ], A(zo) A A(yo) > a. So zp € A, and yo € A,. But
inf A(t) < a, that is A(t) < « for some t € xg U yo. So o Uyg € A,. This

texoUyo

is a contradiction with that A, is a subhyperlattice of H. Thus tinlf At)V A >
cxlly

(A(x) A A(y)) A g holds for all z,y € H. .

3. (A, p)-fuzzy ideals

Definition 3.1 Let (H,U,A) be a hyperlattice. A nonempty subset [ of H is
called an ideal of H if for all a,b € H,

a,bel=alUbC I

and
aceHbel=aNnbe

Proposition 3.2 Suppose I is a subset of a hyperlattice H, then the following
are equivalent for all a,b € H,

()ae Hbel=aNnbel;

(2)ael andb<a=bel.

Proof. (1) = (2). If b < a, then b = a A b. From (1) we know that a Ab € I.
Andsobe [.

(2) = (1). FromaAb<be I and (2) we know that a Ab € I. .
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Definition 3.3 A fuzzy subset A of a hyperlattice H is a (\, p)-fuzzy ideal of H
if for all a,b € H,
Ala Nb)V A > (A(a) V A(b)) A

and

i >

tg:fle(t) VA > (A(a) ANA(D)) A p.
Proposition 3.4 Suppose A is a fuzzy subset of a hyperlattice H, then the fol-
lowing are equivalent for all a,b € H,

(1) A(lanb) V> (Ala) V AD)) A u;

(2) a<b= Ala)VA>AD) Au
Proof. (1) = (2). If @ < b, then a Ab = a. Thus A(a) VA = A(aAb) VA >
(Ala) vV A(b)) A = A(D) A p.

(2) = (1). From a Ab < a we know that A(a Ab) VX > A(a) A p and
from a A b < b we conclude that A(a Ab) VA > A(b) A p. Thus A(aAb) VA >
(Ala) A ) V (A(B) A ) = (Ala) V A(B)) A p.

Hence, we complete the proof. n

Theorem 3.5 Let A be a (A, pu)-fuzzy subhyperlattice of H. Then the following
are equivalent:

(1) A is a (N, pu)-fuzzy ideal of H;

(2) Aq is an ideal of H, for any « € (\, ], where A, # 0.

Proof. (1) = (2). Let A be a (A, u)-fuzzy ideal of H. For any a € (A, pl, such
that A, # (0, we need to show that xt Ay € A, , for all z € A, and y € H.

From A(x) > a we obtain that A(z Ay) VA > (A(z) V A(y)) A u > . Note
that A\ < a, we conclude that A(x Ay) > a. Sox Ay € A,.

(2) = (1). If there exist xg,yo € H such that A(zg Ayo) VA < a = (A(xg) V
A(yo)) A p, then a € (A p], A(xo) V A(yo) > . So g € A, or yo € A,. But
A(zo A yo) < v, that is g A yo € A,. This is a contradiction with that A, is an
ideal of H. Thus A(z Ay) VA > (A(x) V A(y)) A p holds for all z,y € H.

The proof is ended. .
Example 3.6 Let H = {0, a,b, 1} and deﬁne Ll and A as following

AlOlalbl|1l U b 1

0]0/0[0]0 0 {o} {a} oy {0

al|0la|0|a a|{a} | {0,a}| {1} | {b,1}

b|O[0O|b|b b |{b}| {1} |{0,b}|{a,1}

1{0ja|b|1l 1 {1} | {b1} |{a,1}| H
Then (H,LU, A,0,1) is a bounded distributive hyperlattice (see Example 1.8

of [9]).
Consider the following fuzzy subset of H, defined by

H| 0 a b 1
A11.0]/02(10.3]0.2
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Then A is a (0.2, 1.0)-fuzzy ideal of H. Also A is a (A, 1.0)-fuzzy ideal of H,
where 0 < X\ <0.2.

We give the definition of (A, )-fuzzy prime ideal as following.

Definition 3.7 A proper (A, p)-fuzzy ideal of H is called a (A, p)-fuzzy prime
ideal, if for all a,b € H,

(A(a) V A(b)) VA > A(a Ab) A p.

Example 3.8 Consider the bounded distributive hyperlattice H of the previous
example, and consider the following fuzzy subsets of H defined by

H| 0 a b 1
A10.2510.16|0.25|0.16

Then A is a (0.16,0.25)-fuzzy prime ideal of H.

Theorem 3.9 Let A be a (A, pu)-fuzzy subhyperlattice of H. Then the following
are equivalent:

(1) A is a (N, pu)-fuzzy prime ideal of H;

(2) A, is a prime ideal of H, for any a € (A, p], where A, is a proper ideal
of H.

Proof. (1) = (2). Let A be a (\, p)-fuzzy prime ideal of H. For any a € (A, ],
such that A, is a proper ideal of H, we need to show that t Ay € A, =z € A,
ory € A,. From z Ay € A, we obtain that A(x Ay) > a. So (A(z) V A(y)) VA >
A(x ANy) A > a A= a. Note that A < a, we conclude that A(x) vV A(y) > a.
Thus x € A, ory € A,.

(2) = (1). If there exist xg, yo € H such that (A(zo)VA(yo)) VA < a = A(zgA
Yo) A, then av € (A, p], A(zo Ayo) > a. So xg Ayo € An. But A(zo) V A(yo) < «,
that is zo € A, and yg € A,. This is a contradiction with that A, is a prime ideal
of H. Thus (A(z) V A(y)) VA > A(x Ay) A p holds for all z,y € H.

The proof is ended. n

4. Cartesian product of (), u)-fuzzy subhyperlattices

Let Hy and Hs; be two hyperlattices. The Cartesian product of H; and Hs is
defined by Hy x Hy = {(z,y)|x € Hy,y € Hs}.
For (a,b), (c,d) € Hy x Hy, we define

@ <en={ =5
(a,b) A (¢,d) = (a Nec,bAd)
and
(a,b) U (¢, d) = Uy catictsebua(ts, t2)
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Proposition 4.1 Let Hy and Hy be two hyperlattices. Then (Hy x Hy, U, A) is a
hyperlattice.

Proof. For all (a,b), (c,d), (e, f) € H; x Hy, we have

(1) From (a,b) U (a,b) = Ut catiatsebn(ti, t2), a € alla and b € b b we know
that (a,b) € (a,b) U (a,b).

It is obvious that (a,b) A (a,b) = (a Aa,bAb) = (a,b).

(2)

(a, b) L (C, d) = Utleauc,tgebud(tla t2> UtlECLIa tQEdUb(t]-? t2) (C d) (CL, b)
(a,b) A (¢,d) = (aNe,bANd) = (cANa,dNb) = (c,d) A (a,b).
((a

(3) ( ’ b)|_|(C, d))|—|<67 f) Ut1€auc ta€bld (tla 2)|—|(€a ) Ut1€ allc)Ue to€(bUd)Uf (tb t2)
= Ut eali(clie) taebli(duy) (th t2) ( ) L ((C, d ( ))
) pu—

L
(DA D) (o) = @AcbrD A e = (@A neBADA =
(aA(cAe)bAWAS)) = (a,b) Al(e,d) A e, f)):

(4) ((CL, b) U (C’ d)) A (av b) = (Utleauc,tzebud<tlat2)) A (CL, b) = Ut1€auc,t2€bud(t1 A
a,ta AD) = Uy e(atie)natacuann(ti, t2) 2 (a,b).

((a,b) A (c,d)) U (a,b) = (a Aec,bAd)U (a,b) = Upe(ane)uatacadun(ts, ta)
> (a,b).

a€calc
(5) (a,b) € (a,b) U (c,d) < (a,b) € Utleauc,tgebud(t17t2> < { bebld }

{ ZZZ/A\Z }@(Cad)=(a,b)A(c,d).

(c,d)Z(a,b)/\(Qd)‘:*{ 22222 }(:){ ccl

Theorem 4.2 Let A be a (A, u)-fuzzy subhyperlattice of the hyperlattice Hy and
B be a (A, p)-fuzzy subhyperlattice of the hyperlattice Hy. Then A X B is a (A, p)-
fuzzy subhyperlattice of the hyperlattice Hy x Hs, where

Cb‘ }@(c,d) <(a,b). =

IA IA

(A x B)(z,y) = A(xz) A Bly), V(z,y) € H x Hs.

Proof. Let (a,b), (c,d) € Hy x Hy. Then

(A x B){(a,b) A (c,d)} V A (Ax B)(aNe,bAd)V A
{A(aANc)NB(OANA)} VA
{A(anc) VA}AN{B(bAd)V A}
{(Aa) A A(c)) Ay A{(B(b) A B(d)) A i}
{A(a) NAle) N B(b) AB(d)} A
[A(a) A B(b) A A(c) A B(d)} A p
[(A4 x B)(a,b) A (A x B)(c,d)} A

v

and
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(tG(a,b)u(c,d)

inf

MxBWOvA

(t1 Ealle,to€blid

(t1 Ealle,toeblid

t1€alle,to€blid

inf

inf

inf
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(Amehm)vA

(Al A B} ) v

{(A(t) VA A (B(t2) V A}

> {(A(a) A A() A} A {(B(b) A B(d)) A i}
= {A(a) N A(c) ANB(b) ANB(d)} A

= {A(a) NB(L)ANA(c) ANB(d)} A

= {(Ax B)(a,b) N(Ax B)(c,d)} N

Hence A x B is a (A, p)-fuzzy subhyperlattice of the hyperlattice H; x Ho. n

The following example shows that the product of two (A, u)-fuzzy ideals is

not necessarily a (A, p)-fuzzy ideal.

Example 4.3 Let H = {a,b,c,d,e}. U and A are given by the following tables

olalo|lse >

S QU RS o

DI O ||

OR[N0

SHESHESHESH S RSN
DR[O [ DD

L

a

b

Cc

d

e

{a, e}

{a,e}

{a, e}

{a; e}

{a,e}

{a,e}

b

{a,e}

b

{a,e}

{a,e}

c

C

{a,e}

{a,e}

{a,¢}
b

d

{a,e}

QIO |

{a,¢}

{a,e}

{a

C
e}

{a,e}

{a,e}

It is easy to verify that H is a hyperlattice.
Consider the following fuzzy set A and B of H, respectively.

H

a

b

C

d

e

A

0.2

0.2

0.9

0.4

0.2

H

a

b

C

d

e

B

0.4

0.4

0.8

0.8

0.4

Clearly, A and B are (0, 1)-fuzzy ideals of H. For (b,¢), (c¢,d) € H x H, we have

and

Therefore

On the other hand, we have

(A x B){(b,c) A (c,d)} VO = (Ax B)(bAc,cAd)(Ax B)(d,d)V

(A x B)(b,c) = A(b) A B(c) = 0.2

(A x B)(c,d) = A(c) N B(d) = 0.8.

{(Ax B)(b,c) V(A x B)(c,d)} Al =0.8.

0=04.

Thus (A x B){(b,¢) A(¢,d)} VO # {(Ax B)(b,c)V(Ax B)(c,d)} A1. Hence
A x Bis not a (0, 1)-fuzzy ideal of H x H.
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