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Abstract. The familiar Sălăgean operator is used here to define a new subclass of
analytic and univalent functions in the open unit disk U. In this note we obtain some
sufficient conditions for functions belonging to this class and mention few important
consequences of our main results.
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1. Introduction, definitions and key lemmas

Let A denote the class of functions of the form

(1.1) f(z) = z +
∞∑

k=2

akz
k,

which are analytic in the open unit disk

U = {z : z ∈ C and |z| < 1}.
Also, the classes S∗(α), K(α) and P(α) defined in the open unit U are the well
known subclasses of the class A of order α(0 5 α < 1) in U which have been
studied quite extensively in the Geometric Function Theory, and one may refer
to MacGregor [6] and Srivastava and Owa ([11], [12]) for their various details.

Let S∗(α1, α2) be the subclass of A which satisfies

(1.2) −πα1

2
< arg

(
zf ′(z)

f(z)

)
<

πα2

2
(z ∈ U; 0 < α1; α2 5 1)

and let K(α1, α2) be the subclass of A which satisfies
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(1.3) −πα1

2
< arg

(
1 +

zf ′′(z)

f ′(z)

)
<

πα2

2
(z ∈ U; 0 < α1; α2 5 1),

where S∗(α1, α2) and K(α1, α2) are the subclasses of A introduced and studied by
Takahashi and Nunokawa [13].

We observe that

S∗(α, α) = S∗s (α) and K(α, α) = Kc(α),

where S∗s (α) and Kc(α), are respectively, the familiar subclasses of A consisting
of functions which are strongly starlike of order α (0 < α ≤ 1) in U and strongly
convex of order α (0 < α ≤ 1) in U. Also, we note that S∗s (0) = S∗ and Kc(0) = K
(see, for details [11] and [12]).

For f(z) ∈ A, Sălăgean [10] introduced a derivative operator Dn of order n
which we define here by

(1.4) Dnf(z) = z +
∞∑

k=2

kn akz
k (f ∈ A; n ∈ N0 = N ∪ {0}).

In terms of the Sălăgean operator Dλ (λ ∈ N0) defined by (1.4) above, we
introduce a new subclass of A denoted by B(λ, µ, α) consisting of functions of the
form (1.1) which satisfy the following inequality:

(1.5)

∣∣∣∣
zµ−2 Dλ+1f(z)

(Dλf(z))µ−1
− 1

∣∣∣∣ < 1− α.

We observe that on specializing the arbitrary parameters λ and µ, the above
class B(λ, µ, α) yields the following:

(1.6) B(0, 2, α)=S∗(α); B(1, 2, α)=K(α); B(0, 1, α)=P(α) and B(0, 3, α)=B(α),

where B(α) is a subclass of A which was earlier studied by Frasin and Darus [2]
(see also [1]).

In order to derive our main results, we recall the following known lemmas.

Lemma 1. (Jack’s Lemma [4]) Let the nonconstant function w(z) be analytic in
U with w(0) = 0. If |w(z)| attains its maximum value on the circle |z| = r < 1
at a point z0 ∈ U, then

(1.7) z0w
′(z0) = γw(z0).

where γ is real and γ = 1.

Lemma 2. ([7]) Let Ω be a set in the complex plane C and suppose that φ(z) is a
mapping from C2×U to C which satisfies Φ(ix, y; z) /∈ Ω for z ∈ U, and for all
real x, y such that y 5 −(1+x2)/2. If the function q(z) = 1+ q1z + q2z

2 + · · · is
analytic in U such that φ(q(z), zq′(z); z) ∈ Ω for all z ∈ U , then <(q(z)) > 0.
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Lemma 3. ([8]) Let a function q(z) be analytic in U with q(0) = 1 and q(z) 6= 0
(z ∈ U). If there exists two points z1, z2 ∈ U such that

(1.8) −πα1

2
= arg

(
q(z1)

)
< arg

(
q(z)

)
< arg

(
q(z2)

)
=

πα2

2

for α1 > 0, α2 > 0 and for all |z| < |z1| = |z2|, then

(1.9)
z1q

′(z1)

q(z1)
= −i

(
α1 + α2

2

)
m and

z2q
′(z2)

q(z2)
= i

(
α1 + α2

2

)
m,

where

(1.10) m = 1− |a|
1 + |a| and a = i tan

π

2

(
α2 − α1

α2 + α1

)
.

In this note we investigate sufficient conditions for functions in the class A
to be members of the class B(λ, µ, α) (which is defined by involving the familiar
Sălăgean operator). Some corollaries are deduced exhibiting the usefulness of the
main results.

2. A set of sufficient conditions

Making use of Lemma 1, we first prove

Theorem 1. If f(z) ∈ A satisfies the following inequality:

(2.1)

∣∣∣∣
Dλ+2f(z)

Dλ+1f(z)
− (µ− 1)

(Dλ+1f(z)

Dλf(z)
− 1

)
− 1

∣∣∣∣ <
1− α

2− α

(z ∈ U; 0 5 α < 1; λ ∈ N0; µ = 0),

then f(z) ∈ B(λ, µ, α).

Proof. Let f(z) ∈ A. Define a function w(z) by

(2.2)
zµ−2Dλ+1f(z)

(Dλf(z))µ−1
= 1 + (1− α)w(z),

then w(z) is analytic in U and w(0) = 0. If follows from (2.2) that

(2.3)
Dλ+2f(z)

Dλ+1f(z)
− (µ− 1)

(Dλ+1f(z)

Dλf(z)
− 1

)
− 1 =

(1− α)zw′(z)

1 + (1− α)w(z)
.

Suppose that there exists a point z0 ∈ U such that

max
|z|<|z0|

|w(z)| = |w(z0)| = 1,
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then (2.3) in view of (1.7) of Lemma 1 and w(z0) = eiθ(0 ≤ θ < 2π) yields

(2.4)

∣∣∣∣
Dλ+2f(z0)

Dλ+1f(z0)
− (µ− 1)

(Dλ+1f(z0)

Dλf(z0)
− 1

)
− 1

∣∣∣∣

=

∣∣∣∣
(1− α)z0w

′(z0)

1 + (1− α)w(z0)

∣∣∣∣ =
|(1− α)γeiθ|
|1 + (1− α)eiθ| = 1− α

2− α

which contradicts (2.1).

Therefore |w(z)| < 1 holds true for all z ∈ U and consequently (2.2) gives

(2.5)

∣∣∣∣
zµ−2Dλ+1f(z)

(Dλf(z))µ−1
− 1

∣∣∣∣ = |(1− α)w(z)| < 1− α (z ∈ U)

which implies that f(z) ∈ B(λ, µ, α), completing the proof of Theorem 1.

Remark 1. In view of the relationships that B(0, 2, α) = S∗(α), B(1, 2, α) =
K(α) and B(0, 1, α) = P(α), Theorem 1 would easily lead to the results giving
sufficient conditions for the function f(z) defined by (1.1) to belong, respectively,
to the subclasses S∗(α), K(α) and P(α). The special cases corresponding to the
subclasses S∗(α) and K(α) are also identifiable with the results due to Irmak et
al. [3, p. 364]. Also, we note that by setting λ = 0 and µ = 3, Theorem 1
corresponds to the result of Frasin and Darus [2, p. 307, Theorem 2.4].

Next we prove

Theorem 2. If f(z) ∈ A satisfies the following inequality:

(2.6)

<
{

zµ−2Dλ+1f(z)

(Dλf(z))µ−1

[
α

zµ−2Dλ+1f(z)

(Dλf(z))µ−1
+ α

Dλ+2f(z)

Dλ+1f(z)

−α(µ− 1)

(Dλ+1f(z)

Dλf(z)
− 1

)
+ (1− 2α)

]}
> αβ

(
β − 1

2

)
− α

2
+ β

(z ∈ U; µ = 0; λ ∈ N0; α = 0; 0 5 β < 1),

then f(z) ∈ B(λ, µ, β).

Proof. Define a function q(z) by

(2.7)
zµ−2Dλ+1f(z)

(Dλf(z))µ−1
= β + (1− β)q(z),

then q(z) is of the form q(z) = 1+q1z+q2z
2+... and is analytic in U. Differentiating

both sides of (2.7) with respect to z, we get

(2.8)
Dλ+2f(z)

Dλ+1f(z)
− (µ− 1)

(Dλ+1f(z)

Dλf(z)
− 1

)
− 1 =

(1− β)zq′(z)

β + (1− β)q(z)
.
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Using (2.7) and (2.8), we obtain

zµ−2Dλ+1f(z)

(Dλf(z))µ−1

[
α

zµ−2Dλ+1f(z)

(Dλf(z))µ−1
+α

Dλ+2f(z)

Dλ+1f(z)
−α(µ−1)

(Dλ+1f(z)

Dλf(z)
−1

)
+(1−2α)

]

= α(1− β)zq′(z) + α[β + (1− β)q(z)]2 + (1− α)[β + (1− β)q(z)]

= α(1− β)zq′(z) + α(1− β)2q2(z) + (1− β)(1 + 2αβ − α)q(z) + β(αβ + 1− α)

= φ(q(z), zq′(z); z),

where

(2.9) φ(r, s; t) = α(1−β)s+α(1−β)2r2 +(1−β)(1+2αβ−α)r+β(αβ +1−α).

For all real values of x and y satisfying y 5 −(1 + x2)/2, we infer that

<(φ(ix, y; z)) = α(1− β)y − α(1− β)2x2 + β(αβ + 1− α)

5 −α

2
(1− β)−

[α

2
(1− β) + α(1− β)2

]
x2 + β(αβ + 1− α)

5 β(αβ + 1− α)− α

2
(1− β).

Let Ω =
{
w : <(w) > αβ

(
β − 1

2

)− α
2

+ β
}

, then φ(q(z), zq′(z); z) ∈ Ω and
φ(ix, y; z) /∈ Ω for all real x and y 5 −(1 + x2)/2, z ∈ U. Applying Lemma
2 we conclude that <(q(z)) > 0, which in view of (1.5) and (2.7) implies that
f(z) ∈ B(λ, µ, β).

If we set µ = 3 and λ = 0, then Theorem 2 gives the following result.

Corollary 1. If f(z) ∈ A satisfies the inequality

(2.10)

<
{

z2f(z)

(f(z))2

[
α

(
z2f(z)

(f(z))2
+

zf ′′(z)

f ′(z)
− 2zf ′(z)

f(z)
+ 1

)
+ 1

]}

> αβ

(
β − 1

2

)
− α

2
+ β (z ∈ U; α = 0; 0 5 β < 1),

then f(z) ∈ B(β).

Remark 2. Upon making similar parametric substitutions as pointed out in
Remark 1 above, interesting sufficient conditions can be obtained for the subclasses
S∗(β), K(β) and P(β) which would evidently include a known result involving the
subclass S∗ of starlike functions due to Li and Owa [5] (see also [9, p.3, Corollary
2.2]). Derivation of these special cases being straightforward, we skip mentioning
of these results.

3. Argument properties

Making use of Lemma 3, we prove
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Theorem 3. Let

zµ−2Dλ+1f(z)

(Dλf(z))µ−1
6= β (z ∈ U; µ = 0; λ ∈ N0; 0 5 β < 1).

If f(z) ∈ A satisfies the following inequality:

(3.1)

−πα1

2
− tan−1

(
1− |a|
1 + |a|

(α1 + α2)(1− β)

2γ

)

<arg

{
zµ−2Dλ+1f(z)

(Dλf(z))µ−1

[
Dλ+2f(z)

Dλ+1f(z)
−(µ−1)

(
Dλ+1f(z)

Dλf(z)
−1

)
+

γ+β−1

1−β

]
− γβ

1−β

}

<
πα2

2
+ tan−1

(
1− |a|
1 + |a|

(α1 + α2)(1− β)

2γ

)
(0 < α1; α2 5 1; γ > 0),

then

(3.2) −πα1

2
< arg

{
zµ−2Dλ+1f(z)

(Dλf(z))µ−1
− β

}
<

πα2

2
.

Proof. Let q(z) be the same function as defined in (2.7), then since q(z) is
analytic in the open unit disk U with q(0) = 1, it follows from the hypothesis of
Theorem 3 that q(z) 6= 0. Following (2.8), we obtain

(3.3)

zµ−2Dλ+1f(z)

(Dλf(z))µ−1

[
Dλ+2f(z)

Dλ+1f(z)
− (µ− 1)

(
Dλ+1f(z)

Dλf(z)
− 1

)

+
γ + β − 1

1− β

]
− γβ

1− β
= (1− β)zq′(z) + γq(z).

Suppose now that there exists two points z1, z2 ∈ U such that the conditions
(1.8) are satisfied. Applying (1.9) and (1.10) of Lemma 3, we get

arg
(
γq(z1) + (1− β)z1q

′(z)
)

= arg(q(z1)) + arg

(
γ + (1− β)

z1q
′(z1)

q(z1)

)

= −πα1

2
+arg

(
γ−i

(α1 + α2)(1− β)

2
m

)
=− πα1

2
−tan−1

(
(α1+α2)(1−β)

2γ
m

)

5 −πα1

2
− tan−1

(
1− |a|
1 + |a|

(α1 + α2)(1− β)

2γ
m

)
,

which, by virtue of (3.3), contradicts the assumption stated in (3.1). Similarly,
we can show that

arg
(
γq(z2) + (1− β)z2q

′(z2)
)

= πα1

2
+ tan−1

(
1− |a|
1 + |a|

(α1 + α2)(1− β)

2γ
m

)
,

which again contradicts the assumption mentioned in (3.1). Hence the function
q(z) defined by (2.7) satisfies the inequality

−πα1

2
< arg (q(z)) <

πα2

2
,
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which implies that

−πα1

2
< arg

{
zµ−2Dλ+1f(z)

(Dλf(z))µ−1
− β

}
<

πα2

2
(z ∈ U).

This completes the proof of Theorem 3.

If we set α1 = α2 = α, µ = 2 and λ = β = 0 in Theorem 3, we get Corollary
2 below.

Corollary 2. Let
zf ′(z)

f(z)
6= 0 (z ∈ U).

If f(z) ∈ A satisfies the inequality

(3.4)

∣∣∣∣arg

{
zf ′(z)

f(z)

(
1 + γ +

zf ′′(z)

f ′(z)
− zf ′(z)

f(z)

)}∣∣∣∣ <
πα

2
+ tan−1 α

γ

(0 < α 5 1; γ > 0),

then f(z) ∈ S∗s (α).

Also, if we put α1 = α2 = α, µ = 2, λ = 1 and β = 0 in Theorem 3, we get

Corollary 3. Let (
1 +

zf ′′(z)

f ′(z)

)
6= 0 (z ∈ U).

If f(z) ∈ A satisfies the inequality

(3.5)

∣∣∣∣arg
{(

1 +
zf ′′(z)

f ′(z)

)(
z(zf ′′′(z) + 2f ′′(z))

zf ′′(z) + f ′(z)
− zf ′′(z)

f ′(z)
+ γ

)}∣∣∣∣

<
πα

2
+ tan−1 α

γ
(0 < α 5 1; γ > 0),

then f(z) ∈ K∗c(α).

Lastly, by choosing α1 = α2 = 1, µ = 1 and λ = 0 in Theorem 3, we obtain

Corollary 4. Let
f ′(z) 6= β (z ∈ U; 0 5 β < 1).

If f(z) ∈ A satisfies the inequality

(3.6)

∣∣∣∣arg
{

f ′(z)

(
zf ′′(z)

f ′(z)
+

γ

1− β

)
− γβ

1− β

}∣∣∣∣ <
π

2
+ tan−1

(
1− β

γ

)
(γ > 0),

then f(z) ∈ P(β).
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