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Abstract. In this note we introduce a new estimator for estimating autoregressive
model function based on two-dimensional wavelet expansion of joint density function.
We investigate some asymptotic properties of the proposed estimator. We also added the
problem of estimating of derivative of autoregressive estimator through new approach.
Finally, we apply our method in dynamical systems. In particular, we estimate a chaotic
map from a noisy data and filter entropy of the chaotic map.
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1. Introduction

Autoregressive models form important class of processes in time series theory.
A nonparametric version of these models was first introduced by Jones [21]. Let
(X,F,P) be a probability space and {X;};>o be a random process associated
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with (X, F, P). We observe the series { X, X1,...,X,} that follow the nonlinear
autoregressive model X; 1 = 7(X;) + ¢;, where 7 is a transformation and ¢; is an
error. For theoretical purposes, we consider #id perturbations e; with E(e;) = 0,
E(e?) = 02, not necessarily gaussian.

Several authors dealt with the problem of estimating the autoregressive func-
tion 7 nonparametrically. See Frank et al.[15], Hardle and Tsybakov [19], Robin-
son [27], Masry and Tjosthein [22], Hafner [18], Tjosthein [31], Buhlmann and
McNeil [4], Delouille et al. [7], Delouille and Von Sachs [8] and Delouille et al.
[9]. However, very little is known about 'wavelet’ estimation for autoregressive
designs. The result of Hoffmann [20] that treats autoregressive models using a
wavelet estimator is concerned with asymptotical results only, and does not pro-
vide an efficient algorithm in practice. Delouille et al. [10] estimated nonlinear
autoregressive models using a design-adapted wavelet estimator. We closely follow
the work of Doosti et al. [13]. In their note [13], they dealt with two-dimensional
wavelets for stochastic regression.

The organization of the paper is as follows. After some preliminaries given
in Section 2, we introduce our proposed estimators in Section 3. Asymptotic
properties of our proposed estimator are discussed in Section 4. Derivative of
of wavelet estimator is found in Section 5. In Section 6, we apply our wavelet
estimator to dynamical systems; we estimate a chaotic map from noisy data and
entropy for this chaotic map.

2. Preliminaries

In this section, we first introduce one-dimensional wavelet density function esti-
mator and then we introduce multiresolution analysis in two-dimensional case for
joint density function estimation.

2.1. Wavelet linear density estimator

Let {X;}i>0 be a sequence of real-valued random variables on the probability
space (X, F,P). We suppose that X; has a bounded and compactly supported
marginal density f with respect to Lebesgue measure which does not depend on 3.
We estimate this density from N observation X;, « = 1,..., N. For any function
f € Ly(R), we can write a formal expansion (see Daubechies [5]):

F= uubion+ Y > Gitin=Puf + Y D;f,
keZ j>jo keZ i>jo
where the functions
bjon(x) = 2012p(2%0x — k) and  wi(x) = 27/%)(272 — k)

constitute an (inhomogeneous) orthonormal basis of Ly(R) and ¢(z) and i (x) are
the scale function and the orthogonal wavelet respectively. Wavelet coefficients
are given by the integrals

ozjmk:/f(x)gbjmk(x)dx, 5j7k:/f(x)¢j7kdx.
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We suppose that both ¢ and ¢ € C"*, r € N, and have compact supports in
[—0,d]. Note that, by Corollary 5.5.2 in (Daubechies [6]), 1 is orthogonal to
polynomials of degree < r, i.e., [¢(z)z!de =0,1=0,1,...,r. We suppose that f
belongs to the Besov class (see Meyer [23], section VI.10)

Fipg=1f € By g [If]
. 1/q
Bz,q=||Pjof||p+(Z(||Djf||p2JS)q> '

Jj=Jjo

BS <M}

p,a —

for some 0<s<r+1, p>1, ¢>1, where || f|

We say that f € B, , if and only if

1/q
(2.1) o, |li, < 00, and (Z(Hajr|,1p2j<s+1/2_1/p>)q> < oo,

jZjo

1/p
where ||v;.[l;, = (Z'yﬁ k) . We consider Besov spaces essentially because of

keZ
their executional expressive power (see Triebel [33]) and the discussion in Donoho

et al. [12]. We construct the density estimator

(2'2) Z O‘]o k¢30 Ky With aJo k = Z ¢J0,

keKj,

where K, is the set of k such that supp(f) N supp ¢j,x # 0. The fact that ¢
has a compact support implies that K, is finite and card K, = O(20). Wavelet
density estimators aroused much interest in the recent literature (see Donoho et
al. [1] and Doukhan and Leon [14]). In the case of independent samples, the
properties of the linear estimator in (2.2) was studied for a variety of error mea-
sures and density classes by Kerkyacharian and Picard [24] and Tribouley [32]).
It was shown, for example, that these estimators are minimax when the L,—risk
is concerned and the density belongs to Besov space B, ,. When the error of es-
timation is measures in Ly — norm, with p > p, the linear wavelet estimators are
not optimal any more, although they are still minimax in the class of linear esti-
mators (see Donoho et al. [11]), Kerkyacharian and Picard [24]). In ”weak depen-
dent” cases, Leblanc [16] investigated some asymptotic property of estimator (2.2).
T he estimator in (2 2) is a special case of a kernel density estimator with kernel

Z Gjo.k (7)o x(y). In terms of kernel, (2.2) can be expressed as

1 n
:H;K

where the orthogonal projection kernels are K, (z,y) = 270K (2/°z, 2/0y). Huang
[20] studied asymptotic bias and variance of linear wavelet density estimation.
Define

by () = 2™ — / K(z,y)y™dy.
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The functions b,,(z) are important in expressing the asymptotic bias of linear
estimators and finding their efficiencies with respect to the standard kernel density
estimators. Theorem 2.1 below gives the bias for our linear density function
estimator 2.2.

Theorem 2.1 (Huang [20]) Assume that the density f belongs to the Holder space
Cmte 0 < o < 1, and the wavelet-kernel K (xz,y) satisfies the following localiza-

tion property/ K(z,y)(y—x)""*dy < C, for some positive C. Let j — oo and

n277 — oo, asn — oo. Then, for fized x,
N 1 ‘ ' '
Efi(z) = f(z) = = [T (2)b,(272)27 + O(277"F),
m!

The asymptotic variance of fl is given in Theorem 2.2 below. This theorem
is a generalization of a theorem proved by Huang [20].

Theorem 2.2 Let f € C!, f be the first derivative of f, f andf be uniformly

bounded and the mizing rate o satisfies Za(k) < 00. Then, for x fized,
k=1

Varf(z) % F@)V(22) + O(n ),

where V (x / K*(z,y)dy = K(z,2).

Proof.
: 1« 1 O
Varf(z) =Var {n ZKh z, X;) } = E;Var{Kh(x,Xi)}
ﬁz > Cov(Ky(x, Xi), Ki(z,X;)) = Ty + To.
=1 j=i+1

Now, we have

1 o0
Tn = —/ Ki(z,y) f( dy——(/ Kp(z,y)f )dy)

-~ L / K2, y)dy + = /_K(x v)(f(y) — f(2))dy

([ Treron)

= @V (/R + /Kha:y () — F()dy

([ et
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Below, we show that the second and the third terms in the last equality are of
order O(n™1)

L / K2(a,9)(f(y) — f(a >>dy|<3sup|f / K2 (/. y/ )y — xldy

< —sup|f( )| sup | K (s,t | K(z/h,t)(t — z/h)|dt = O(n™").

s,teR

By the uniform boundedness of f(z), it is easy to see that

L[ mateans >dy) o0,

Thus,

(2.4) Tf:%ﬂ@V@%%+0ml)
To complete the proof, it is enough to prove T, = O(n~'). Now,
Cov(Ky(z, X;), Kp(z, X;)) = E(Ky(z, X;) Ki(z, X)) — EKy (2, X;) EKp (2, X;)
/ / Ky (z,9)Kn(z, 2) fx vy (y, 2)dydz

(/ Ko, y)f )dy) < (/OOKm,y)dy)Qa(j—i).

1 n n

25  T< ni 60 — i) = %2(1 ~ k/n)alk) < % a(k).

=i+1 k=1 k=1

Thus

%

By assumption, the above sum is finite. Hence, (2.4) and (2.5) complete the
proof. n

2.2 Multiresolution analysis in two-dimension

The simplest approach consists in building a 2-D multiresolution analysis by tak-
ing the direct (tensor) product of two such structure in 1-D, one for the x di-
rection, one for the y direction. If V; € Z is a multiresolution analysis of L*(R),
then Vj(g) =V;®V;,j € Z is a multiresolution analysis of L?(R?). Writing again
Vj(Q) &b W]@) = V](i)l, where I/Vj(2) is orthogonal complement of Vj@), it is easy to
see that this 2-D analysis requires one scaling function: ¢(z,y) = ¢(z)é(y), and
three wavelets:

(26)  VMx,y) =o(@)(y), ¢V(z,y) =v(@)o(y), V(z,y)=(@)Y(y).
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" detects preferentially horizontal edges, that is, discontinuities in the vertical di-
rection, whereas 1* and 1% detect vertical and oblique edges, respectively. Indeed,
for j=1, the relation V; =V, @@ W, yields:

_ V(ﬂﬁ) ® Vl(y) _ (V'O(ff) @ Woff)) ®(V0(y) @ W()(y))a

where V2 = V7 QVY 5 ¢(x)é(y) is the direct sum of three other pro-
ducts, generated by three wavelets given in (2.6), respectively. Based on the
two-multiresolution analysis discussed in Vidakovic [34] and Antoine et al. [3], we
introduce two-variate wavelet density estimators. Let f be a density from Ly (R?).
The wavelet series is

fXY T y Zajokquokl ¢J0k2 +ZZ ¢]k1 7vZ)]/Q( )

Jjzjo k
+ dj,ﬁ%,kl(fl?)@,kz (y) + dfﬁwj,kl ()51, (¥)),

where

o ke = / / Dk (T)Bjiks (Y) fx v (2, y)dxdy,
dii = / / Dikr ()50, (W) [y (2, y) dwdy,
Ay = / / Uy (0) D51, () [x v (2, y)ddy,
) = [ [ i@ ey (o dudy

and their estimators are

. 1 —
ot = Z% D05 (YD), il =~ 7 65 (Xi)is (V)
i=1

. 1 —
oL Zm D0ia (V) )= =ty (Xt (Y)
=1

3. Two-dimensional wavelet for density function estimation
Let the process {X;} be strongly mixing, i.e.,
’PT{X,L € Al,XiJrk € Bl} — PT{XZ S Al}Pr{XiJrk € Bl}’ < Oé(]i]),

where a(k) — 0 as & — oo. Let (X;, X;11), ¢ = 0,...,n has unknown joint
density function fy, x,,, on R?. We calculate marginal density function by inte-
grating X1,

i+l
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1 1
/ fxixi (@, y)dy = Z%‘o,&%om (z) /0 Dok (y)dy
+ZZ|:]]€¢]I<:1 / wjkz

7>50 k

+ d( /l/)j k1 / ¢] k‘2 dy + d( 1/’3 k‘1 / 77ij k2 dy:|

1 1
/ bipdy = 27 / 6(2y — y)dy
0 0

Let t = 27y — ky. Then

1 . 27 ko
/ bipdy = 279/ / o(t)dt.
0 —ko

If 0 < k2 < 27 — 1 then we have

1 1
| undy =297 [ oty =2
0 0

Similarly, for 0 < ky < 279 — 1, we have

1 ' 1
/ Vi, (y)dy = 2‘”2/ Y(t)dt = 0.
0 0

By our assumption X; has density function independent of ¢. Thus,

(3.1) Fx(@) = Blop Giom () + D> vk i ()
k1

Now,

Jj=30 ki
where
290-1 210-1
—j0/2 3/2
30k1_2 E oz]()kand'y]k =27 d
k‘2 0 kg 0

Now, using (3.1), we propose the following density function estimator:

(3'2) Z jo,k1 ¢J0 k?l )

ki1€Kj,
where
X ' 290 -1 1 _ 290 —1
o =277 Y gk = - D | Gio (Xic) 277> gk (X))
k2=0 i=1 k2=0
2901
Since ¢ has compact support, Z 2’j°/2¢j07k2 (X;) is a finite sum. Thus, fi and
k2=0

fg are close to each other. We can investigate general Ly convergence rates. The
following two lemmas will be useful later.
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Lemma 3.3 (Meyer [23]) Let ¢ be a piecewise continuous function such that for
any i € N the set of functions {¢;x = 29/2¢(2x — k), k € Z} is an orthogonal
Jamily of L(R).
Moreover, suppose that 0(x Z lp(z — k)| < oco. Let f(x Z)"“(bﬂk
keZ keZ

1 1
Then, for 1 < p < oo,—+ — =1, we have
p q

. 1
P A 7 <Al < 222 NIy, 11611,

16117911615

Lemma 3.4 (Leblanc [16]) Let co > p > 2 and &y, ..., &, be a sequence of real-
valued random wvariable such that E(&) = 0, ||&llee < S, and E(&2) < o?. Then,
there exists C' such that

E ( 3 ) <C { (%)p/2 o? + ?05(15)%2 + Spnpa(l)} ,
i=1
n

wherelEN,QSlSa,

utl—1 \ 2
o = max{lrgagc aZ(Z),lr?ag o2(l — 1)} and o2() =E ( Z éi) .

The following two theorems are proved for f1 by Leblanc [16]. We prove these
theorems for our proposed estimator f.

1
Theorem 3.5 Let fx € F,p, 4 with s > —, p > 1, and ¢ > 1. Suppose that there
p

exist constants o > 1 and cq such that for any I, a(l) < coa™'. Furthermore,
suppose that there is a function g with g(1) > G (G is a positive constant), such
that for any | = O(In(n)), o < lg(l). Then, for p > max(2,p), there exists a
constant C' such that

28

Mk—ﬁMSCb@Gﬂ ,

1 1 ) 142§
whereézs—l——,——andQJoz[L] )
pop 9(In(n))

1
Theorem 3.6 Let fx€F;,, with s>—, p>1, and ¢>1. Suppose that a(l)<c,l~?,
p

a>p(1+48)/s for anyl € N2 <1 <n/2. Let us set p = p($+ 1)/[a(1 + 29)]
and suppose that there is a function g with g(1) > G (G is a positive constant),
such that for any I = O(In(n)), o <lg(l). Then, for p > max(2,p), there exists
a constant C' such that

25

Blfx -l |2

where § = s+ 1/p—1/p.
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Theorem 3.3 and 3.4 are corollaries of the following lemmas:

1
Lemma 3.7 Let fx € F,,, withs > -, p>1¢>1 and p > max(2,p). Then,
p

there exists a constant C' such that

. o 9do 52 9jo\ 27%/P ) ) .
Elfx — fally < C {2_2”8 + 70—1 + (—) 12/ P63 G H/P 9200 (1)2/F 4

l n

1 1
whereleN,Zglgﬁ,ands’:S—': _ =
2 pop

Proof. First, we decompose El| fx — f2||z into a bias term and a stochastic term

(3.3) Ellfx — foll2 < 2(|fx — Piofx |2 +E|f2 — P fl12) = 2(T1 + T»)

Now, we want to find upper bounds for T} and T5.

VIV = |3 Difx|| <D (1D, 11527277

3>do 5 iZio
1/q 1/4
< {Z(I!Djf\lzﬂjs)q} {Z 2”"} :
J=jo J=jo
. : : 11
By Holder inequality, with — 4+ - =1,
q9 4

Cllfxllgs, 29 < Cll il 2740

The last inequality holds, because the continuity of Sobolev injection (see Triebel
[33] and the discussion in Donoho et al. [12]), B, C Bj, implies that

| fx| B, S I fx|ls,- Thus,
(3.4) Ty, < K27 %o,
Now,
2
T=Elf = PufIF=E| > (Bjpx — Wios) ()
k‘EKjO B

p

By Lemma 3.1,

Ty < CEA|5}, 1 — il 220027119,
Using Jensen inequality we obtain,
2/p

(3.5) Ty < C220027UD & N RIBY L — ajoul”

kEKjO
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To complete the proof, it is enough to estimate E|3. o — ajox|P. We know

1 n 210 1
21 _ = Jjo/2
ok T Yok = nE : Dok (Xi-1) E :2 Bio o (Xi) — o
i=1 ko=0
2001
Denote &; = [gf)m i1) E 2” Jo/2¢]0 ko (X5) — Oéjo,k}- Since ¢ has compact sup-
ka=0
27901
port, E 2792, 1,(X;) is a finite sum, and we have
ka=0

||€7,||oo S K2]0/2||¢||00’ ]Eg’b = 07 Egz S ||in,X¢+1||OO
and

155, 5 — Qo] =

1 n
5;@.

Hence, applying Lemma 3.2 and using card K, = O(2%°) we get,

2/p

> EIB) k. — ajonl’

ke K,
, 2/p
{02.70 - ((%)pﬂ U? + %U?lﬁﬂyo/?(ﬁ*?) T 2j0ﬁ/2npoz(l)> }
T

o; 2 92jo/P 4/1521‘012/15(15—3) o 1505 )
£ Jo/B(B/2+1) ,2/P
< K{ T Ry ey +2 a’P(l) ¢ .

Now, substituting above inequality in (3.5) we get

2 9240 /9 s
T < J92d0(1/2=1/P) {U_lw 4/p2]°l /(5—3)

POVIPET o/ 206
= «@ @}

or

Jo 52 70 2-2/p . ; ‘ )
(3.6) T, <K {2—0—1 + (2—) PGP 22700z(l)2/p} :

n 1 n

By substituting (3.4) and (3.6) in (3.3) completes the proof of the lemma. .

In the case of independent variables, o7 = O(l). Moreover, in the dependent
case a rough bound ¢ = O(?) can be easily obtained. If some additional con-
ditions are imposed on the process {X;}, the bound ¢ = O(l) can be achieved.

If 02 = O(l), then the same rate as for the independent case, n~ 1+2s, is attained
using lemma 3.5. If the process is a-mixing, we obtain:
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Lemma 3.8 Let {X,, n > 1} be a stochastic process on R. Suppose that X,

admits a bounded marginal density which is common for all n. If Z a(k) < oo,

k=1
then there exists a constant G such that for anyl € N, 2 <1< n/2, 012 < G-l

Proof. First, we define

270 —1

Yi= ) 270 4, (X)).

kea=0
Now, we use the decomposition

u+k—1
ot ()= Y E(djk(Xio1)Y; — ajo)’?

i=k

+2 0 ) E(or(Xim1)Yi — i) (@i (Xim1)Ys — ajor) = Ty + T

u<i<t<l+u—1
Now, we prove T} and Ty are O(l).
Ty <1 max  (djor(Xic1)Y; — o) < 1| fxi0x,

u<i<l+u—1

2

[oon

Proposition 2 of Babu et al. [2] implies that the process {X;, X;_1} is strongly
mixing with the same order of speed as {X;}. Thus

l

<K Y  at—i)=KI> (1-k/Da(k) < Klzl:a(k).

u<li<t<l4+u—1 k=1

By assumption the above series is finite. Hence, the proof is completed. .

To compare bias and variance of two density function estimation, fl and fz,
we prove the following lemma:

Lemma 3.9 For z fized, under assumptions of Theorem 2.2:
(i) Bfy = Efi;
(i) Biasfs = Biasfi;
(iii) Varfo =0 <27°) .
Proof. (i) and (ii) are obvious, because f; and f, are unbiased estimators for

P;, fx. To prove (iii) note that ¢ has compact support. Thus

270 —1

Z 27j0/2¢jo7k2 (XZ)

ko=0

is a finite sum and hence substituting in fg and using the result of Theorem 2.2,
completes the proof. .
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4. Wavelet autoregressive estimators

We consider the nonparametric regression model which is given below. Suppose
that we observe the time series Xy, X1, ..., X,, following the nonlinear autoregres-
sive model

(41) Xz :7—<Xi—1)+€ia 1= 1,,7l
In this section our main objective is to estimate 7. Observe that

We closely follow the method of Delouilie et al. [10]. We will obtain our estimator
of 7 by taking the ratio of wavelet estimators of g and f, where g(z) = 7(x)- f(x).
One uses the following estimator

[e.9]

(4.2) fle) = [%ZXiqu,k(Xi_l)] @)k ().

k=—o00

We propose new wavelet estimator for g as follows: if we have confine our attention
to the wavelet basis of Ls[0, 1], we know g(x) = fol yfx, 1.x,(x,y)dy. Now,

1
95) = Y atson () [ vonn(u)dy
k O

- 1
- Z Z dg‘,l&)‘bjykl (x) / Y ik, (y)dy
i>jo k 0
2 ! 3 1
(4.3) A2 () / U630 )y + A (2) / i ().
0 0
We have . )
/ Yk dy = 2j/2/ yo(2'y — ko)dy.
0

0
Let t = 29y — ky. Then

1 A 29 — ko
/ Ybyaady = 27/ / (1 + ka)o(t)dt.
0

—ko

For 0 < k2 <2/ — 1, we get

1
2792 [ ko)t = (s + o2,
0
1
where ¢q = / tp(t)dt. Similarly for 0 < k2 < 27 — 1, we have
0

! 1
/ Y (y)dy = 27%% / (t + ko)ep(t)dt = 27%/%,
0 0
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1
where ¢y = t(t)dt. For simplicity we can choose other wavelet such that

0
¢o = 0. Then the expansion of g is as follow:

(4.4) g(x) = Zﬁje,/ﬂ(bjo,kl (z) + Z Z’Vj,kle,kl (z),

Jjzjo k1

where
270 —1

Biosr = 27203 ™ (ky + co)ajy
ko=0

and
210 —1

Ui = 27 3 (ke o)

ko=0

Now, using estimators of coefficient (2.7) we obtain our estimator:

(4.5) g(z) = ZBjO,klﬁbjO,kl(w),
k1
where
270-1
Bjows = 2750 " (ka + co)djok
k2=0
1 n 2J0 —1
= D Gjok (Xim)2752 N ™ (kg + ) bjo ks (X3))
i=1 ka=0

Wavelet estimator of autoregressive model. We propose the following esti-
mator for our autoregressive model (4.1)

(4.6) 7=

Y

b’w>|QQ>

where § and f» are given by the equations (4.5) and (3.2) respectively.
Below, we study some properties of our proposed estimator (4.6). First, we
prove the following useful lemma.

Lemma 4.10 If marginal density fx € Fspq, then g € Fypgq.

Proof. By (2.1), we need to prove the following two inequalities:

1/q

(4.7) 1 Bj0,.1l1, < o0, ['Z(H’Yj,.||lp2j(s+1/2l/p))q < 00,

12350



52 H. DOOSTI, M.S. ISLAM, Y.P. CHAUBEY, P. GORA

We know fx € Fj,,. Thus, (2.1) holds for fx and hence

18j0, 17, = D {27 > o

Now, since 0 < ky + ¢y < 27, Z 273/20 Z (k2 + co)ajor

k1

oo. Similarly, we prove [Z(H%‘,.||lp2j(5+1/2_1/p)q)

2350

2901 P
< 0.
k1 ko=0
2101 P

ko=0
1/q

< OQ.

< oo or [|Bjo, i, <

Using the following lemma, we can apply Theorems 3.3 and 3.4 to find similar

convergence rate for g (z).

Lemma 4.11 For every p > 2 we have:

(4.8)

Proof. We have

g = gl < I1f2 = fxlI3

19 = glli < 2(llg = Piogll; + 19 = Pioglly)

and

Ifo = £xII2 < 20 fx = Piofollz + 11 f2 —

Now, by (3.7), we have:

1fx —

Since 0 < ko + ¢y < 27, we have

Ifx = P fxlly >

PjofXH?é =

2
S A tin ()
i>jo ki p
. 2
27 -1
4 2
DD 2N dRn (a)
Jj=jo ki1 ko=0 ,
p
. 2
27 —1
DD 2y (ke t o)t (2)
j>jo k1 ko=0 s
2
S vimtim @) = llg = Pigll}-
ijO kl p

Similarly, we can prove || fy — Pj, fx %) > 1§ — Pjygll3. This proves (4.7).

Using the following lemma, we compare bias and variance of g and fg. The
proof of the following lemma is similar to the proof of Lemma 4.2.
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Lemma 4.12 [Ej(z) — g(z)| < |Efs(x) — fx(2)| and Varg(z) < Varfy(x).

These results allow us to control the convergence rate of the estimator 7 =

bﬁ>| >

Using Rosenblatt’s expansion (2.6) ([28], P13), we have
Ej | g(x) —Eg(z) falw) —Efr(x)

Bh Ehe) | ER@E
+0,([3(2) ~ B4 + Op([foe) ~ B},

Then it follows that

E7(x) = E‘? +OVarg(x)) + O(Varfg(x)) < ];:Eg + 0 <%) ,

2 2 n
using Theorem 2.1 and Lemmas 3.4, 4.3.
Now, by equation (2.7) of Rosenblatt [28],
Eg Eg(z) — Efoz) —
Efs fx () fx (@)
+0,([g(x) — Eg(2)]*) + Op([fx(2) — Efo(2)]).
By Lemmas 3.4, 4.3 and Theorem 2.1, it follows that
Eg

7(x) + O(279™).

Efs

Therefore, the bias of the estimator 7, by (3.9), is

(4.9) bias (7(x)) = o&m%+o(?)
For variance of 7(z) we have,
. Vargle) | [E§@)P &
Var(t(z ~ Varf(x
e E Foe B! 1

Op(Elg(2) — Eg(@)]*) + Op(Elfx(z) — Ef (2)]*).

Assuming that f () > 0 for all  and given the asymptotic biases and variance
of g(z) and f(x) one can easily, using Theorem 2.2 and Lemmas 3.4, 4.3, obtain

(4.10) VW((»<O(WU

n

5. Derivative of wavelet autoregressive estimators

In this section we restrict our attention to the space X = [0, 1]. Prakasa Rao [25]
studied estimation of a derivative of a density using the method of wavelets. Let
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¢ be a scaling function generating an r-regular multiresoulution analysis and let
fd e Lo(R). Assume that there exist C,, > 0 and (3,, > 0 such that

(5.1) [fO ()] < O (1 + |2]) 7,0 <m < d.

He showed that projection of f@ on Vi, is

d
1(2) = ajy 1o u(2)
k
where aj, , = (—1)d/¢§‘£k(:r:)fx(x)dx. So, its estimator is

(5'2) Z & Jos k¢jo k
k

where aj, , = ok

Define the kernel E(u,v) by E(u,v) = Z¢(u, k)d(y — k). We rewrite the

k
above estimator, in a special case d = 1,
5 —92jo 4 .
flz) = > E(20x,20X;).

n -
=1

0
Note that a—K(u, y) = E(u,y). By using results of Prakasa Rao [26], we see that
Y

there exist constants G; such that

(5.3) /IE(w,y)ljdy <Gj,j>1

As above, we can show that the projection of § on Vj; is

) =Y by ki k(@)
k

where b, = (—1) /qigjmk(x)g(x)dx. Thus, its estimator is

(5.4) g) = bjy ko k()
k
where b, = Z Xiv10jon(
Now, we want to ﬁnd the derivative of estimated dynamical system 7. We have
) = 2 (z)

flx)
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where ¢*(z) = ¢(z) — 7(x) f(z). Thus, we propose the derivative as follows

~
~

2 G = @) )
(55) (x) i

To control the convergence rate of our proposed estimator, we need bias and

variance of §* where §*(z) = g}(:c) — f'(q:)f(x)

e}

Theorem 5.13 Let the mizing rate o satisfy Z a(k) < oo and suppose that the
k=1

density functions fx and fX are uniformly bounded, fE Ly(R) and jo — oo as

n — oo,

Bias g*(x) = O ((My/g) + 027 U=1Py L 027y + O (ﬁ>

n n

and

Var(g () = 0 (2.

n

Proof. We write

Ej'(x) —g"(x) = [Ed(x) — g(x)] - B7(2)[f(2) — f(x)] - f(2)[EF(z) - 7()]
< |Bias g(x)| + | Bias f(x)| + |f(x)|| Bias 7(x)| = Ty + Ty + Ts.
If g(x) € Fspy, 0 <p <71, 1> pgq< oo, with s > 1/p and multiresolution

analysis is r-regular, then it follows by arguments given in Kerkyacharian and
Picard [24] that

(5.6) Ty = O(270(=1/p)y,

By Prakasa Rao [26],

350 1/2 A
(5.7) T, =0 <<M) ) +O(271-1/p),

n

By equation (4.9),

) 270
(5.8) T3 =0277°™) + 0O (—) .
n
Using (5.5), (5.6) and (5.7) the first assertion of theorem is proved. For, the proof
of the second assertion of theorem, note that,

n

Z{XiJrl - %('%)}E(Qjox» QjOXi)'

—922jo

i) =—
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Hence,

2450

Var(g*(z)) =

n2

{Z Var({Xiy — %(fﬂ)}E(Zjoﬁ 2jOXi))

+2 Z Cov({ X1 — 7(2)}E(2%x, 20 X)), { X1 — 7(2)}E(2°x, 2j°Xt))}

1<i<t<n

2450

{Th + T»}

n2

Now, we have

T = Z{E({Xiﬂ — 7(z)}E(2%z,2°X,))? — (B{X,11 — 7(z)} E(2°z, 2 X;))?}

2
< [ Bern e ([ B2 0ay)
2
= w20 [ ety (20 [ 1Rl na)
Using equation (5.3), we have
(5.9) Ty < Kn279(1 4 o(1)).
On the other hand, we have
Cov({Xiy1 — 7(x) }E(20x, 20 X;), { X1 — 7(2) }E(200x, 290 X))

= EB{Xip1 — 7(2)} E(27°2, 2° X;){ X1 — 7(2) }E(20x, 2° X;)
—(B{X;41 — 7(2) Y E(2%x, 20 X;))?

< [ [ 1B 20 B, 20 0 0)dyd

+ ([ 18R 217 0)) < K2alt— 1)1+ o)

Hence, Ty < Kn2~%0 Z at —i) < Kn2 20 Z a(k), and thus,

1<i<t<n k=1
(5.10) Ty < Kn2 %0,
Finally, using (5.7) and (5.9) the second assertion is proved. .

The above results allow us to control the convergence rate of estimators

Ak
~

T = g? Using expansion (2.6) of Rosenblatt (28], P13), we have

boy) = B9 @) —EQ@)  fl@)—Ef(@)
Ef Ef(z) [Ef ()]
+0,(15"(z) — g (2)]) + Op([f (2) — Ef (2)]?)
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Then, it follows that

A% A%

n n

by Theorems 2.1, 5.1 and Lemma 3.4. Now, by equation (2.7) of Rosenblatt [28],

iy B@) 0" @)  Ef() ~ fx(@),
5 -~ O TR w @
10,(14"(@) — Eg*@)) + Oyl [fx (x) — EF@)P).

By Lemma 3.4, Theorems 2.1 and 5.1, it follows that

g* ) 370 1/2 '
I]igf < () + 027 + 0 ((Hﬂ) ) 4 O(2 F0-1/p)y,

Eg*

n

Therefore, the bias of the estimators 7, considering (3.9), is

N . 3Jo 1/2 A
bias(7(x)) = O(277°")+ O ((M) ) + O(2790(=1/p)y

n

70 Jo 3jo0
0 (2—> +o(2—> +0<2 )
n n n

For variance of 7 we have,

Varg'(e) | [E5' @, s
Ei@p  Efar A
+0,(Bly"(x) ~ Bq" (2)") + O, Elfx(x) - EF ).

Assuming f(z) > 0 for all z, and given the asymptotic biases and variance of §*(z)
and f(z), using Theorem 2.2, Lemma 3.4 and Theorem 5.1, we easily obtain

Var(#(z))

(5.11) VWG@»go(?h>.

n

6. Application in dynamical systems

In this section, we apply our wavelet estimators 4.6 and 5.5 in dynamical sys-
tems. We estimate chaotic dynamical system from noisy data and estimate met-
ric entropy of the chaotic dynamical system. In many physical systems what is
observed is only data in the form of points {x1,xs,...,2,41} on a set X. The
nature of dynamical system producing the data is unknown. Estimating a point
transformation 7 : X — X such that the dynamical system z,., = 7(x,) has f
as its invariant probability density function is an important problem in dynamical
systems. Estimation of 7 has important application in estimating metric entropy
of the observed data. Metric entropy is an important measure of chaos in a dyna-
mical system. When dealing with a system modeled by a discrete time, nonlinear
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difference equation, z, 1 = 7(x,) the method described by Abarbanel in [1] and
implemented by Short [30] provides an algorithm for computing metric entropy.
When the system is contaminated by noise , as in x, 11 = 7(x,,) + €,, a statistical
method is described by Babu et al. in [2] for estimating the transformation 7 and
filtering the metric entropy of 7 from the observed data X ézza ={z1,29, ..., Tpi1}
of the noisy system.

In the following numerical example, we show the performance of our wavelet
method. We assume that the transformation 7 admits an absolutely continuous
invariant measure. We can extract from X, éaﬁa the 7—invariant density f;. Using
Pesin’s formula

h(r) = / log| ()|, (x)dx

we can estimate the metric entropy h(7) of 7.
Now, we present an example of a dynamical system and verify the perfor-
mance of our wavelet estimators.

Example 6.14 Consider the skew tent map 7 : [0, 1] — [0, 1] defined by

1
3x, 0<z < g
Sy s<z<l
2 2 3

By perturbing 7 with e— nelghborhood noise with zero mean and using Maple
9.5 we produce the data set X data Tor n = 64 and € = .04. Figure 1 is the graph of
the chaotic dynamical system (transformatlon) 7, Figure 2 is the graph of noisy
data and Figure 3 is the graph of the estimated transformation 7.

0.0 0.25 0.5 0.75 1.0
X

Figure 1: Graph of the transformation 7.
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Figure 2: Graph of the noisy data.
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Figure 3: Graph of estimated transformation 7.

In this numerical example, we have considered the following scale function

e_%(x_%)z
£ o<z<l,

(6.2) olx) =< .382V/2r

0 , otherwise.
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