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Extensions of singular value inequalities for sector matrices
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Abstract. In this paper, we present singular value inequalities for matrices. As a
consequence, we prove singular value inequalities for sector matrices. Moreover, we give
singular value inequalities involving operator concave function, which are generalizations
of some existing results.
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1. Introduction

Throughout this paper, let M,, represent the set of all n X n complex matrices.
I, denotes the identity matrix. For two Hermitian matrices A, B € M,,, we use
A > B to mean that A — B is positive semidefinite. If the eigenvalues of matrix
A € M, are all real, the jth largest eigenvalue of A is denoted by \;(A),j =
1,2,--- ,n. The singular values s;(A)(j = 1,2,--- ,n) of A are the eigenvalues
of |A| = (A*A)% arrange in a decreasing order. For A = Re(A) + ilm(A),
the matrices Re(A4) = # and Im(A) = Agfl* are called the real part and
imaginary part of A, respectively. A real valued continuous function f on an
interval J is called matrix concave of order n if f(aA + (1 —«a)B) > af(A) +
(1 — a)f(B) for any two Hermitian matrices A, B € M, with spectrum in J
and all o € [0,1]. If f is operator concave function for all n, then it is called
operator concave. It is well known that a continuous non-negative function f
on [0, 00) is operator monotone if and only if f is operator concave.
The numerical range of A € M,, is described by

W(A) = {z"Az|x € C",z"x = 1}.
For a € [0, 5), we define a sector on the complex plane
So = {2z € C:Re(z) > 0,|Im(z)| < tanaRe(z)}.

Clearly, for some a € [0, 7), if W(A),W(B) C Sa, then W(A + B) C S,.
As 0 ¢ Sy, if W(A) C S,, then A is nonsingular. A matrix A € M, is said to
be sector matrix if its numerical range is contained in Sy, for some o € [0, 5).
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Garg and Aujla [1] proved that if A, B € M,, and 1 <r < 2. Then

(1.1) H (JA+ B|") H L+ AN [ 55T +1BI")

: : ]:1

B
B
B

and

o
Ed
e

(1.2) H I+ f(|A+ BI)) H In+ f(1A]) H In+ f(IB),

where f : [0,00) — [0, 00) is an operator concave function and 1 < k < n.
Xue and Hu [2] showed that if A, B € M, such that W(A),W(B) C Sa.
Then

k k k
(1.3)  J[si(a+B) <2+ sec(a A)) T % 4 sel )Re(B))
j=1 j=1 j=1
and
- - < - < )
(1.4) [[ 550+ A+B) < [[ 83 + 2P Re(A)) [ s3(In + —5 2 Re(B)),
j=1 j=1 J=1

where 1 < k < n.

Recently, Lin and Fu [3], Yang [4] and Nasiri and Furuichi [5] independently
gave some singular value inequalities for sector matrices related to Garg and
Aujla’s results.

In this paper, we give some new singular value inequalities for sector matri-
ces, which are generalizations of existing results.

2. Main results

We begin this section with the following lemmas which will turn out to be useful
in the proof of our results.

Lemma 2.1 ([6]). Let A,B € M,. There ezist unitary matrices U,V € M,
such that
|A+ B| < U*|A|U + V*|BJ|V.

Lemma 2.2 ([7]). Let A, B € M, be positive semidefinite matrices. Then A§B
1s the largest Hermitian matriz X such that

k1

s positive semidefinite.
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Lemma 2.3 ([8]). Let A € M,, be Hermitian matriz. Then
[[5i(A) = max |det(U*AU)| ,

where maximum is taken over n X k matrices U for U*U =1, 1 < k < n.

Lemma 2.4 ([1]). Let A € M, be Hermitian matriz and B be positive definite
matriz with A < B,—A < B. Then

| det A| < det B.

Lemma 2.5 ([1]). Let A, B € M, be positive semidefinite matrices. Then

k
H (AfB) <

Lemma 2.6 ([6]). Let A, B € M,,. Then

k
H (AB) gH ),1<k<n.

7j=1

k
I rB) 1<k <0

J=1

||::‘|»

Lemma 2.7 ([1]). The inequality
(14 2H" < (1427t
holds, for all z > 0 and 0 < r <t.

Lemma 2.8 ([9]). Let A € M), be such that W(A) C S, and A = U|A| be the
polar decomposition of A. Then

4] < sec(a)

(Re(A) + U*(Re(A))U).

Lemma 2.9 ([10]). If f : [0, +00) — [0, +00) is operator monotone. Then
fat) < af(b),

fora>1.

Theorem 2.1. Let A,B € M,, and u > 0. Then

H (IA+Bl") <MrkHSJ

7=1 J=1

kol

2

k
;

where 1 <r<2andl<k<n.
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Proof. For A, B € M,,, by Lemma 2.1, there exist unitary matrices Vi, Vo € M,
such that

(2.1) |A+B| S‘G*‘A|V1+V2*’B|V2
By p > 0, we have

[ pl, VI [AIA } { pln, V5 |B[Va ]
Vi [BIVa ol ViAol
(2.2)

> 0.

_ [ P+ Vi APV p(V A Vi + Vs | B| V) ]
p(Vi AV + Vs |B|Va) L, + V5" | B> Va

Using (2.1), (2.2) and Lemma 2.2, we have
LUl A+ B < (Vi AIVi+ V5 |BIVa)
(2.3)
< (WL + VAP VDR L + V5 | B Vo).

By Lemma 2.3, there exists an n X k matrix U with U*U = [ and

(2.4) si(JA+ B|) = |det(U*(A+ B)U)|,1 < k < n.

sz

By (2.3) and Lemma 2.4, we have
(2.5) |det(U*u|A + B|U)| < det[U* (112 L, + Vi |A]* Vi) #(u* I+ Vs | B* V2))U.

Now, from (2.4), (2.5), Lemma 2.5 and Lemma 2.6, we have

i (| A+ Bl) < det[U* (121 + Vi [AP V(1L + V5 |BI* V2))U]

E?r

7j=1
< max | det[V*((u* I, + V7" |AP V)i L + V5 | B Va)) V]|
k
= [ s(W? 1o+ Vi [AP V(4L + V5 | B V2))
j=1
(by Lemma?2.3)

=

<

—

s; (2T + Vi [AP V) [ 55 (02T + Vi | BI* Va)

<
I
—

k
5 (820, + |AP) [ 852 L0 + |BI2), 1 < k < .
j=1

IN
=

<.
Il
—_
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That is
k 1 k
H 1A+ BP) < — [ s In +1AP) [ [ 55(w*Ln + | BI?)
7j=1 H =1 =1
J J
2% ? |BJ?
=M HSJ )Hsj(n —)1<k<n
j=1
Then
. I A% - El
H8](|A+B|)<:u HSj(In—l- 2 )2H81(1n+ 2 )2
7j=1 j=1 7j=1 K

This completes the proof.

555

O

Substituting A and B with % and % in the inequality (1.1), respectively, we

have the following inequality

B

7"

(2.6) H (JA+ B|") <,f’stJ

7=1 7j=1

ﬁ \B\

Applying Lemma 2.7, we can obtain the following corollary, which is sharper

than inequality (2.6).

Corollary 2.1. Let A,B € M,, and px > 0. Then

i AP i |BJ?
[Is:04+B[" <u”’“HS] )2 [ sitln+ =52
j=1 j=1 e j=1 K
k k
Al" Bl"
< ™ T st + 20 T 5+ 121,
j:l /’L j:l /’L

where 1 <r <2andl <k <n.

Proof. For 1 <j<mnand 1 <r <2, by Lemma 2.7, we have

Sj A) % Sj(A)r
1+ (s <1y (2
That is
2 "
(27) sj<fn+‘;‘2'>’z < si(I +<"3'>’">.
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Now, from Theorem 2.1 and inequality (2.7), we get

: " AP LT B -
[Lss(14+ B < [T+ 400 T s+ 2D
: ] 1 j:l
- AT Bl
Sy HSJ o HSJ(IH?)-
=1
This completes the proof. ]

Remark 2.1. Let 4 = 1 in Corollary 2.1. Obviously, Corollary 2.1 is a gener-
alization of the inequality (1.1).

Using Corollary 2.1, we have the following Theorem which is a generalization
of the inequality (1.3).

Theorem 2.2. Let A, B € M, such that W(A),W(B) C S,. Then

k k sec Q) sec(a)
I+ <t L5 Re(4))s} (I + = " Re(B),

where 1 <k <n and p > 0.

Proof. Let U,V be unitary matrices, we have the following chain of inequalities:

k k
[Isi(A+B)=]]si(1A+BI)
j=1 j=1
T Al T B]
<p H si(In+—) H j(In+ —) (byCorollary2.1)
j=1 Boia K
k
< i T 55T + Segi‘)‘) (Re(A) + U*Re(A)U))
j=1
s; (I + Se;ff‘) (Re(B) + V*Re(B)V)) (byLemma2.8)
- () ()
< i [T i+ =5 o Re(A))s5 (I + =5 U Re(4)0)
j=1
i sec(a) sec(w)
15 2 Re(B))s; (I, + o V*Re(B)V)
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(by (1.2))

k
=i [t s 2D e )y (U (1 + 5 Re( a0

(byLemmaQ.G).

This completes the proof. O

Theorem 2.3. Let A, B € M, be such that W(A), W(B) C So and a,b > 0.
Then

$j(In + f(laA+0B|))

:?r

1

<.
Il

k k
28) < T] 00+ secla) (R0 [T 200 + secta) /(P2 D),
Jj=1 j=1

where f : [0, +00) — [0, +00) is operator concave function, 1 < k < n.

Proof. Let U,V be unitary matrices, we have the following chain of inequalities:

sj(In + f(laA +bB]))

IN

<
I
—

e

L+ f(alAD) [T s5(Tn + FOIBI)  (by(1.2))

Jj=1

L+ A (Re(4) + UFRe(A)01)

IN
-

<.
Il
—

s;i(In + f(aseg(o‘) (Re(B) + UjRe(B)U)))  (byLemma2.8)

zw

.
Il
—

50+ £ Re( )1+ 1N v Re()0)

<
Il
—

IN
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asec( )

Re(B))s;(In + f(

f(bse;<“> USRe(B)U)  (by(1.2))

I

k
asec H $2 bse;(a)Re(B))

7=1
(by Lemma?2.6)

k k
aRe bRe(B
< Hs?([n—l—sec H n + sec(a) f( 2( >))
j=1 j=1
(by Lemma2.9).
This completes the proof. O

Remark 2.2. Let f(t) =t and @ = b = 1 in Theorem 2.3, we obtain the
inequality (1.4).
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