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Abstract. In this paper, we present singular value inequalities for matrices. As a
consequence, we prove singular value inequalities for sector matrices. Moreover, we give
singular value inequalities involving operator concave function, which are generalizations
of some existing results.
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1. Introduction

Throughout this paper, let Mn represent the set of all n× n complex matrices.
In denotes the identity matrix. For two Hermitian matrices A,B ∈ Mn, we use
A ≥ B to mean that A−B is positive semidefinite. If the eigenvalues of matrix
A ∈ Mn are all real, the jth largest eigenvalue of A is denoted by λj(A), j =
1, 2, · · · , n. The singular values sj(A)(j = 1, 2, · · · , n) of A are the eigenvalues

of |A| = (A∗A)
1
2 arrange in a decreasing order. For A = Re(A) + iIm(A),

the matrices Re(A) = A+A∗

2 and Im(A) = A−A∗

2i are called the real part and
imaginary part of A, respectively. A real valued continuous function f on an
interval J is called matrix concave of order n if f(αA + (1 − α)B) ≥ αf(A) +
(1 − α)f(B) for any two Hermitian matrices A,B ∈ Mn with spectrum in J
and all α ∈ [0, 1]. If f is operator concave function for all n, then it is called
operator concave. It is well known that a continuous non-negative function f
on [0,∞) is operator monotone if and only if f is operator concave.

The numerical range of A ∈ Mn is described by

W (A) = {x∗Ax|x ∈ Cn, x∗x = 1}.

For α ∈ [0, π2 ), we define a sector on the complex plane

Sα = {z ∈ C : Re(z) > 0, |Im(z)| ≤ tanαRe(z)}.

Clearly, for some α ∈ [0, π2 ), if W (A),W (B) ⊂ Sα, then W (A + B) ⊂ Sα.
As 0 /∈ Sα, if W (A) ⊂ Sα, then A is nonsingular. A matrix A ∈ Mn is said to
be sector matrix if its numerical range is contained in Sα, for some α ∈ [0, π2 ).
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Garg and Aujla [1] proved that if A,B ∈ Mn and 1 ≤ r ≤ 2. Then

(1.1)
k∏

j=1

sj(|A+B|r) ≤
k∏

j=1

sj(In + |A|r)
k∏

j=1

sj(In + |B|r)

and

(1.2)

k∏
j=1

sj(In + f(|A+B|)) ≤
k∏

j=1

sj(In + f(|A|))
k∏

j=1

sj(In + f(|B|)),

where f : [0,∞) → [0,∞) is an operator concave function and 1 ≤ k ≤ n.

Xue and Hu [2] showed that if A,B ∈ Mn such that W (A),W (B) ⊂ Sα.
Then

(1.3)

k∏
j=1

sj(A+B) ≤
k∏

j=1

s2j (In +
sec(α)

2
Re(A))

k∏
j=1

s2j (In +
sec(α)

2
Re(B))

and

(1.4)
k∏

j=1

sj(In+A+B) ≤
k∏

j=1

s2j (In+
sec(α)

2
Re(A))

k∏
j=1

s2j (In+
sec(α)

2
Re(B)),

where 1 ≤ k ≤ n.

Recently, Lin and Fu [3], Yang [4] and Nasiri and Furuichi [5] independently
gave some singular value inequalities for sector matrices related to Garg and
Aujla’s results.

In this paper, we give some new singular value inequalities for sector matri-
ces, which are generalizations of existing results.

2. Main results

We begin this section with the following lemmas which will turn out to be useful
in the proof of our results.

Lemma 2.1 ([6]). Let A,B ∈ Mn. There exist unitary matrices U, V ∈ Mn

such that

|A+B| ≤ U∗|A|U + V ∗|B|V.

Lemma 2.2 ([7]). Let A,B ∈ Mn be positive semidefinite matrices. Then A♯B
is the largest Hermitian matrix X such that[

A X
X B

]
is positive semidefinite.
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Lemma 2.3 ([8]). Let A ∈ Mn be Hermitian matrix. Then

k∏
j=1

sj(A) = max |det(U∗AU)| ,

where maximum is taken over n× k matrices U for U∗U = Ik, 1 ≤ k ≤ n.

Lemma 2.4 ([1]). Let A ∈ Mn be Hermitian matrix and B be positive definite
matrix with A < B,−A < B. Then

| detA| < detB.

Lemma 2.5 ([1]). Let A,B ∈ Mn be positive semidefinite matrices. Then

k∏
j=1

λj(A♯B) ≤ (
k∏

j=1

λj(A))♯(
k∏

j=1

λj(B)), 1 ≤ k ≤ n.

Lemma 2.6 ([6]). Let A,B ∈ Mn. Then

k∏
j=1

sj(AB) ≤
k∏

j=1

sj(A)sj(B), 1 ≤ k ≤ n.

Lemma 2.7 ([1]). The inequality

(1 + xt)r ≤ (1 + xr)t

holds, for all x > 0 and 0 ≤ r ≤ t.

Lemma 2.8 ([9]). Let A ∈ Mn be such that W (A) ⊂ Sα and A = U |A| be the
polar decomposition of A. Then

|A| ≤ sec(α)

2
(Re(A) + U∗(Re(A))U).

Lemma 2.9 ([10]). If f : [0,+∞) → [0,+∞) is operator monotone. Then

f(αt) ≤ αf(t),

for α ≥ 1.

Theorem 2.1. Let A,B ∈ Mn and µ > 0. Then

k∏
j=1

sj(|A+B|r) ≤ µrk
k∏

j=1

sj(In +
|A|2

µ2
)
r
2

k∏
j=1

sj(In +
|B|2

µ2
)
r
2 ,

where 1 ≤ r ≤ 2 and 1 ≤ k ≤ n.
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Proof. For A,B ∈ Mn, by Lemma 2.1, there exist unitary matrices V1, V2 ∈ Mn

such that

(2.1) |A+B| ≤ V ∗
1 |A|V1 + V2 ∗ |B|V2.

By µ > 0, we have

(2.2)

[
µIn V ∗

1 |A|V1

V ∗
2 |B|V2 µIn

] [
µIn V ∗

2 |B|V2

V ∗
1 |A|V1 µIn

]

=

[
µ2In + V ∗

1 |A|2 V1 µ(V ∗
1 |A|V1 + V ∗

2 |B|V2)

µ(V ∗
1 |A|V1 + V ∗

2 |B|V2) µ2In + V ∗
2 |B|2 V2

]
≥ 0.

Using (2.1), (2.2) and Lemma 2.2, we have

(2.3)

±µ |A+B| ≤ µ(V ∗
1 |A|V1 + V ∗

2 |B|V2)

≤ (µ2In + V ∗
1 |A|2 V1)♯(µ

2In + V ∗
2 |B|2 V2).

By Lemma 2.3, there exists an n× k matrix U with U∗U = Ik and

(2.4)
k∏

j=1

sj(|A+B|) = |det(U∗(A+B)U)| , 1 ≤ k ≤ n.

By (2.3) and Lemma 2.4, we have

(2.5) |det(U∗µ|A+B|U)| ≤ det[U∗((µ2In+V ∗
1 |A|2 V1)♯(µ

2In+V ∗
2 |B|2 V2))U ].

Now, from (2.4), (2.5), Lemma 2.5 and Lemma 2.6, we have

k∏
j=1

sj(µ |A+B|) ≤ det[U∗((µ2In + V ∗
1 |A|2 V1)♯(µ

2In + V ∗
2 |B|2 V2))U ]

≤ max | det[V ∗((µ2In + V ∗
1 |A|2 V1)♯(µ

2In + V ∗
2 |B|2 V2))V ]|

=
k∏

j=1

sj((µ
2In + V ∗

1 |A|2 V1)♯(µ
2In + V ∗

2 |B|2 V2))

(byLemma2.3)

≤

√√√√ k∏
j=1

sj(µ2In + V ∗
1 |A|2 V1)

k∏
j=1

sj(µ2In + V ∗
2 |B|2 V2)

≤

√√√√ k∏
j=1

sj(µ2In + |A|2)
k∏

j=1

sj(µ2In + |B|2), 1 ≤ k ≤ n.
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That is

k∏
j=1

sj(|A+B|2) ≤ 1

µ2k

k∏
j=1

sj(µ
2In + |A|2)

k∏
j=1

sj(µ
2In + |B|2)

= µ2k
k∏

j=1

sj(In +
|A|2

µ2
)

k∏
j=1

sj(In +
|B|2

µ2
), 1 ≤ k ≤ n.

Then

k∏
j=1

sj(|A+B|r) ≤ µrk
k∏

j=1

sj(In +
|A|2

µ2
)
r
2

k∏
j=1

sj(In +
|B|2

µ2
)
r
2 .

This completes the proof.

Substituting A and B with A
µ and B

µ in the inequality (1.1), respectively, we
have the following inequality

(2.6)
k∏

j=1

sj(|A+B|r) ≤ µrk
k∏

j=1

sj(In +
|A|r

µr
)

k∏
j=1

sj(In +
|B|r

µr
).

Applying Lemma 2.7, we can obtain the following corollary, which is sharper
than inequality (2.6).

Corollary 2.1. Let A,B ∈ Mn and µ > 0. Then

k∏
j=1

sj(|A+B|r) ≤ µrk
k∏

j=1

sj(In +
|A|2

µ2
)
r
2

k∏
j=1

sj(In +
|B|2

µ2
)
r
2

≤ µrk
k∏

j=1

sj(In +
|A|r

µr
)

k∏
j=1

sj(In +
|B|r

µr
),

where 1 ≤ r ≤ 2 and 1 ≤ k ≤ n.

Proof. For 1 ≤ j ≤ n and 1 ≤ r ≤ 2, by Lemma 2.7, we have

(1 + (
sj(A)

µ
)2)

r
2 ≤ 1 + (

sj(A)

µ
)r.

That is

(2.7) sj(In +
|A|2

µ2
)
r
2 ≤ sj(In + (

|A|
µ

)r).



556 XUESHA WU

Now, from Theorem 2.1 and inequality (2.7), we get

k∏
j=1

sj(|A+B|r) ≤ µrk
k∏

j=1

sj(In +
|A|2

µ2
)
r
2

k∏
j=1

sj(In +
|B|2

µ2
)
r
2

≤ µrk
k∏

j=1

sj(In +
|A|r

µr
)

k∏
j=1

sj(In +
|B|r

µr
).

This completes the proof.

Remark 2.1. Let µ = 1 in Corollary 2.1. Obviously, Corollary 2.1 is a gener-
alization of the inequality (1.1).

Using Corollary 2.1, we have the following Theorem which is a generalization
of the inequality (1.3).

Theorem 2.2. Let A,B ∈ Mn such that W (A),W (B) ⊂ Sα. Then

k∏
j=1

sj(A+B) ≤ µk
k∏

j=1

s2j (In +
sec(α)

2µ
Re(A))s2j (In +

sec(α)

2µ
Re(B)),

where 1 ≤ k ≤ n and µ > 0.

Proof. Let U, V be unitary matrices, we have the following chain of inequalities:

k∏
j=1

sj(A+B) =
k∏

j=1

sj(|A+B|)

≤ µk
k∏

j=1

sj(In +
|A|
µ

)
k∏

j=1

sj(In +
|B|
µ

) (byCorollary2.1)

≤ µk
k∏

j=1

sj(In +
sec(α)

2µ
(Re(A) + U∗Re(A)U))

sj(In +
sec(α)

2µ
(Re(B) + V ∗Re(B)V )) (byLemma2.8)

≤ µk
k∏

j=1

sj(In +
sec(α)

2µ
Re(A))sj(In +

sec(α)

2µ
U∗Re(A)U)

k∏
j=1

sj(In +
sec(α)

2µ
Re(B))sj(In +

sec(α)

2µ
V ∗Re(B)V )
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(by(1.2))

= µk
k∏

j=1

sj(In +
sec(α)

2µ
Re(A))sj(U

∗(In +
sec(α)

2µ
Re(A))U)

k∏
j=1

sj(In +
sec(α)

2µ
Re(B))sj(V

∗(In +
sec(α)

2µ
Re(B))V )

≤ µk
k∏

j=1

s2j (In +
sec(α)

2µ
Re(A))s2j (In +

sec(α)

2µ
Re(B))

(byLemma2.6).

This completes the proof.

Theorem 2.3. Let A,B ∈ Mn be such that W (A),W (B) ⊂ Sα and a, b > 0.
Then

k∏
j=1

sj(In + f(|aA+ bB|))

≤
k∏

j=1

s2j (In + sec(α)f(
aRe(A)

2
))

k∏
j=1

s2j (In + sec(α)f(
bRe(B)

2
)),(2.8)

where f : [0,+∞) → [0,+∞) is operator concave function, 1 ≤ k ≤ n.

Proof. Let U, V be unitary matrices, we have the following chain of inequalities:

k∏
j=1

sj(In + f(|aA+ bB|))

≤
k∏

j=1

sj(In + f(a|A|))
k∏

j=1

sj(In + f(b|B|)) (by(1.2))

≤
k∏

j=1

sj(In + f(
a sec(α)

2
(Re(A) + U∗

1Re(A)U1)))

k∏
j=1

sj(In + f(
a sec(α)

2
(Re(B) + U∗

2Re(B)U2))) (byLemma2.8)

≤
k∏

j=1

sj(In + f(
a sec(α)

2
Re(A))sj(In + f(

a sec(α)

2
U∗
1Re(A)U1))
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k∏
j=1

sj(In + f(
b sec(α)

2
Re(B))sj(In + f(

a sec(α)

2
U∗
2Re(B)U2)) (by(1.2))

≤
k∏

j=1

s2j (In + f(
a sec(α)

2
Re(A))

k∏
j=1

s2j (In + f(
b sec(α)

2
Re(B))

(byLemma2.6)

≤
k∏

j=1

s2j (In + sec(α)f(
aRe(A)

2
))

k∏
j=1

s2j (In + sec(α)f(
bRe(B)

2
))

(byLemma2.9).

This completes the proof.

Remark 2.2. Let f(t) = t and a = b = 1 in Theorem 2.3, we obtain the
inequality (1.4).
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