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Abstract. In this paper, we show some inequalities for the generalized inverse trigono-
metric and hyperbolic functions with one parameter of (2, g). Especially, we also present
several Shafer-Fink, Wilker and Huygens type inequalities of these functions. These re-
sults are consistent with previously known results.
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1. Introduction

For p,q € (1,400) and z € [0, 1], the function siny 4(x) is defined by the inverse
function of

sin, }(z) = / (1 —t9)~YPqy,
0

The function sin,, (11(56) is increasing in [0, 1] onto [0, 7, 4/2] where

1
T _ o101y — —1 1 11
2 = sin, (1) /0 (1—t9) /Pdt = 53(1—?5)-

The function siny, 4(z) is defined on [0, 7, 4 /2] and can be extended to (—oo, +-00).
Similarly, we can define cosp 4(z), tan, ;(z) and their inverses (see [11]). In the
same way, we can define the generalized hyperbolic functions as follows:

sinh; L(z) = /0 (1+t9)~YPdt, z € R.

p,q

*. Corresponding author
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Recently, the arc lemniscate sine function and the hyperbolic arc lemniscate
sine function defined by

(1) arcsl(z) = / (1—tH™1 2t |z| < 1
0
and
(2) arcslh(z) = / (14+tH"V2dt,z e R
0

are deeply studied. In fact, (1) and (2) are siny, 1 and sinhy 1 respectively.
Neuman used the arc lemniscate sine function and the hyperbolic arc lem-

niscate sine function, respectively, to define the arc lemniscate tangent function

and the hyperbolic arc lemniscate tangent function, as follows(see [14], [15]):

arctl(x) = arcsl (493) ,x € R,
(3) 1+ 2zt

arctlh(z) = arcslh < |z < 1.

x
V1-— :U4>

In [3], [4], Chen established several lemniscate function inequalities of the
Wilker and Huygens type. Recently, some Shafer-Fink type inequalities for the
lemniscate functions were established. In [5], inequalities of the Wilker and
Huygens type involving inverse trigonometric functions were given by Chen et.
al.. For more results, the reader may see references: [6], [10], [13], [16], [17].
In [18], Xu et. al. got some new bounds for the arc lemniscate functions. In
particular, from the point view of bivariate means, Zhao [20, 21, 22] et. al. dealt
with the arc lemniscate functions and got optimal bounds for these bivariate
means.

For several functions connected to the generalized inverse lemniscate and the
generalized hyperbolic inverse lemniscate functions, Yin and Lin [19] investi-
gated monotonicity and some inequalities. By utilizing the Lerch Phi function,
they provided a bound estimation of the generalized inverse lemniscate func-
tions. Later, some inequalities of the Shafer-Fink, Wilker, and Huygens types
were obtained.

The lemniscate inverse functions and the generalized inverse lemniscate func-
tions are the generalized (2,4)-trigonometric and (2, 6)-trigonometric functions
respectively, thus are the special cases of the generalized (2, ¢)-trigonometric
functions. Motivated by the work of references [1, 4, 17, 19], we mainly study
the generalized (2, ¢)-trigonometric and hyperbolic functions:

xT
sinié(az) = /0 (1 —t9)~Y24¢, |z| < 1,

sinhy | (z) = / (14924t z e R.
0
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Previously, mathematicians focused on the study of generalized trigonomet-
ric and hyperbolic functions, the reader may refer to the literature [7, 8, 9, 12].
However, the generalized (2,¢)-trigonometric and hyperbolic functions have
rarely been studied. Here, we mainly showed several the Shafer-Fink, Wilker
and Huygens type inequalities for the generalized (2, ¢)-trigonometric and hy-
perbolic functions.

2. Bounds of sinié(m)

Lemma 2.1 ([19, Theorem 1.1]). Let —oco < a < b < 400, and let f, g : [a,b] —
R be continuous functions that are differentiable on (a,b) with f(a) = g(a) =0
or f(b) = g(b) = 0. Assume that ¢'(x) # 0 for each x € (a,b). If f'/q is

increasing (decreasing) on (a,b), then so is f/g.

Theorem 2.1. For all x € (0,1) and g > 4, we have

(4) ax®(2,3/2,1/q) < sinz_;(ac) < Px®(x,3/2,1/q)

with the best possible constants o = q_% and B = %22’11//?) where

n

oo
z
CD(Z,S,OZ):Zm,a#o,—l...,k«" <1,

n=0
1
B — rx—1 o y—ld
@) = [ - a
> 1
s,a) =P(1,s5, ) = _—
((s,0) = @(1,5,0) T;(Ha)s

are Lerch Phi function, classical beta function and Hurwitz zeta function respec-
twely. If 1 < q < 3, the inequalities (4) are inverse.

Proof of Theorem 2.1. Let

sini}l(m)
r®(x?,3/2,1/q)

() Fx) =

Applying the Lemma 2.1 with f(x) = sini}l(x) and g(z) = 2®(29,3/2,1/q) and
simple computation, we get

1

3 — "
F0 =901 =050 = g @ =dt e

So, we obtain
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where
oo tn
h(t) =v1—-t ——,t € (0,1).
(0 =VI=TY gt e )
By differentiation, we get
2n+ 2 2n+1

2V1 —th'(t) = i(

n=0

— t".
Van+q+1 \/qn+1)

_ 2n+2 _ 2n41
Let a, = NTE=es S/ then

(4—qgn+3—g¢q
2n+2)(gn+1)Vagn+q+1+ (2n+1)(gn+q+1)y/gn + 1

If ¢ > 4, we have a,, < 0, thus 2/(t) < 0, it follows that h(t) is strictly decreasing
on (0,1). This implies that 583 is strictly increasing on(0,1), by Lemma 2.1,
we conclude that F(z) is strictly increasing on(0, 1). Thus F(0) < F(z) < F(1)
for z € (0,1). By simple computation, we get

Ay —

F0%) = iy e =0
6 . —
(6) F(1-) = smzé(l) _ B(1/2,1/q)

- 2(1,3/2,1/q)  qC(3/2.1/q)
If 1 < g < 3, we easily complete the proof.

Remark 2.1. When 3 < g < 4, the situation is more complex. Taking ¢ = 3.1
as an example, then by (5), we have

By (6), we get

= —=292.° —().183373....
31,3 10
706(3: 31)

However, F'(0.9) = 0.183419... > F(17). Therefore, it is necessary to find the
maximum value of F'(z) in (0,1). This is a challenging problem and open.

3. Shafer-Fink type inequalities
Lemma 3.1. For q > 1, we have

L1
(1) The function fi(z) = S (@) g strictly increasing on (0,1) with range

(1,752), where %32 = sing (1) = B, ;)
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h . . i ]
% is strictly decreasing on (0, +00) with range

(1) The function fo(z) =
(0,1).
Proof of Lemma 3.1. Lemma 2.1 allows us to simply finish the proof.

Lemma 3.2. For q > 4, we have
z— Y1—xd sin;é(r)

Sin;,}z (z)—x

(Z) The functz’on g1 (1‘) =

q+2 2 )
q w227

is strictly increasing on (0,1) with

range (

Y1tz sinh;}l(az)—x
x—sinhi}l(z)
T2q/(q+2).q 1 Q+2)

2 '’ q

(19) The function go(x) = is strictly decreasing on (0, +00)

7r , 2
wle(q 1)

where == =
q

with range ( TRY

Proof of Lemma 3.2. (i) Let g;(7) = iilgx; where g11(z) = z—¢/1 — 29sin, | (z)
and g12(x) = siny ;(x) — . Then g11(07) = g12(07) = 0. By differentiation, we
obtain -

gi(@)  1+a971(1- 297 sm2;( ) — (1 —a9) 72

Jra(@) (1—29)"2 —1

with ¢7;(0%) = g12(0™) = 0. Computing once more, we obtain

1" in-1
9/1/1(:0) _2a-b) M024(7) (1- ﬂcq)22q + 47(1 - xq)%.
91>() q z q

As g > 4, by lemma 3.1, 27:1:123 is strictly increasing, as a result, gi(z) strictly
12

increases by Lemma 2.1, it follows that ¢1(07) < g1(z) < ¢1(17). Simple com-

putation yields g1 (07) = %2 and g1(17) =

T2,q—2"
(ii) Let go(x) = gz;g; where go1(z) = /1 + x4 sinhié(w) —x and gaa(z) =

x — sinhg_;(x). Then go1(07) = g22(0") = 0. By differentiation, we obtain

ghi(z) x7(1 +9Cq) a smh ( )+ (14 2%) 20 1

with g;(0%) = ¢/5,(0") = 0. Differentiating again, we get

g9 () 2(q_1)smh2q( ) Zg 4—q 1
e G LI

As g > 4, g?,l Egg is strictly decreasing by lemma 3.1. Hence, go(x) is strictly de-

creasing by Lemma 2.1, thus, it follows g2(07) > ga(x) > g2(+00). The limiting

values read as follows 492
92(0%) = qT
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+o0
g2(+00) :sinhié(—i—oo) —-1= / (1+t9)~Y2q — 1
0

1
:/ (1—s9) 720 2 s 1= "2a/atDa _ 1,
0 2

where we apply the substitution 1 + t? = . This completes the proof.
Theorem 3.1. For q > 4, the following mequalmes exist:

(i) T < Shagl®) 242

2+ (maq — 2)¥1 — a4 T q+2+qy1—27
(T2q/(q12),g — 2) +2¥/1 + a1 x q+2+qy1T+a9
Proof of Theorem 3.1. We finished the proof by utilizing Lemma 3.2.

0<|z] <1;

s 2] > 0.

4. Wilker and Huygens type inequalities
The fact that the Pochhammers symbol (a),, is defined by
(a)o=1,(a)p=ala+1)...(a+n—-1),n=1,2,...,

and the ordinary binomial expansion can be written with the following notation,

o

(7) (1-—2)"%= Z %z".

n!
n=0

As an analogy to arc lemniscate functions which are defined in (3), tan, é(a:)
and tanhy é(:c) have been defined as follows:

tanlé(x):sinl(i(ql_i_xq) / )" Y2dt,x € R,
tanh, g () = sinhy | (ﬁ) :/0 “‘“(1+tqr1/2dt,\x| <1

By using (7), we get the following power series expansions:

Lemma 4.1. For ¢ > 1, we have

o0
1
(8) sm2 Z an + 1 p L x] < 1,
n=0
- 5)n
(9) Slnh2 .q Z W$qn+l, T € R,
(10) t 71( ) i( 1)77, (%—1_%)” gn+1 R
ang (r) = - % ,T € R,
= (gn + 1)n!
= 3+ g
(11) tanhié(:n) = Z 27‘]:106”“rl reR,|z] < 1.

“— (qn + 1)n!
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Proof of Lemma 4.1. We only prove (10), other proofs are completely similar.
By simple computation, we get

d 1 _d e | B P
% (tan27q($)) = dm‘/o ﬂdt = (1 +x ) 2

0 1,1
- Z(—l)ni(Q - q)nxq”.
o n!
Hence,
. (3+ )
tan; L(z) = 2 9" pandl

Lemma 4.2. Let ¢ > 1 be an integer. Then for all 0 < x < 1,

2p—1 2p
(12) () Y (—DFaga® ! < sinhy ) (z) < Y (=1)Fapz?
k=0 k=0
where "
3)k
= —="—k=0,1....
W= g+ DR T
2p—1 2p
(13) (i) > (=1 bpa® ! < tany }(x) < > (—1)Fbpatt !
k=0 k=0
where i
(3 + )k
p=-———k=01....
(gk + 1)K!
Proof of Lemma 4.2. We only prove (i). Simple computation results in
ar (9 (ak+a+1)(k+1)
aky1  (gk+ 1)k! (3)k+1

(gk+q+1)(2k+2)
(gk+1)(2k+1)

That is to say, ax > ar+1. We have

akqu“ _ ak+1xQ(k+1)+1 _ qu+1(ak — app1z?) >0

because of ax129 < agy1 < ag. According to (9), we get

o

sinhié(m) = Z(—l)”anmq”'H
n=0
(14) = (aox — a12®™") + (aga® ™ — agz®th) + ..
(15) = apxr — (ale-l—l _ a2x2q+1) _ (a3$3q+1 _ a4x4q+1) +....

By using (14) and (15), we complete the proof of (i).
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Theorem 4.1. Forq> 2 and 0 < x < 1, we have

.1 2 -1
(16) (smzq(x)) N tanzq(x) -

X T

Proof of Theorem 4.1. For 0 < z < 1, by using (8) and (13), we get

. —1 2 9
Sln2’q(l‘) (14 1 2 3 224
T 2(g+1) 8(2¢+1)

1 32 +8q+4
:1+7:L»Q_|_

q+1 4(2¢+1)(g +1)

3¢ +8¢+4 o,

2q
5T =+ ...

17 >1+ xd T
(17 q+1 4(2¢+1)(q+1)?
and
2 tan, L (z
(18) — qu < #U < 1.
2q(q+1) x
So, we find
. —1 2 1
<s1n2’q(az)) N tan, . (z) L
x x
1 3¢2 +8¢+4 q+2
>1+ ——a2+ 41— 2 -2
g+1°  4(2q+1)(g+1)? 2q(q +1)
q—2 32 +8¢+4
> ——x9 x>0
2q(q+1)  4(2¢+1)(g+1)?
since q > 2.

Theorem 4.2. For ¢ > 3 and 0 < z < 1, we have

2
x x
19 + < 2.
(19) (sinié (z) > tanié (z)

Proof of Theorem 4.2. For 0 < z < 1, by using (17) and (18), we get

2
x L_ 2 5
sini}l (x) tanié ()

1 1
n _9
1 __3¢>+8q+4 .2 _ g2
L+ 1% + gz 1~ m@an®

29(q +2)(3¢> + 8¢ + 4)2%7 — (¢ + 1)(3¢® — 16¢ — 8)z7
- —2(q—2)(2¢ +1)(¢ +1)?]

2 2 '
4q(20 + 1)(q +1)*(1+ 7597 + a1 — st o)
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Let f(t) = at® + bt + ¢ where

a=(g+2)(3¢> + 8¢ +4),
b=—(q+1)(3¢° — 16¢ — 8),
c=-2(¢-2)(2¢+1)(g+1)?
t=x%¢€(0,1).

Asq¢>3,50a>0,b<0,c<0and f(17) = —7¢* — 2¢> + 42¢® + 58¢ + 20 < 0,
Using the property of quadratic function, we get f(¢) < 0, for all ¢t € (0,1).

Hence,
2
x x
R _1 + _1 - 2 < 0.
sin, , (2) tan, . (z)

The proof is complete.

Corollary 4.1. For g > 3 and 0 < x < 1, we have

2 sinié (z) N tanié(a:)

(20) - .

> 3.

Proof of Corollary 4.1. Another option for inequality (19) is

2
1 I

+ —=
<sinlé(r)>2 tatlz(l](m)
- T

The arithmetic-geometric-harmonic mean inequality provides the following re-
sult:

> 1.

- -1 inTL ? tans
281n27;($) N tan, . (z) S g3 sing , (2) tanzé(w)
T z o z z

2
1 1

+ —=
<sin2_(11(1:)>2 tan2’l11(:c)

In [2], Chen and Cheung proved the following inequalities:

>3 > 3.

T 2 x
( - >+ <2,0< 2| <1,
arcsinx arctanx

2arcsinx n arctanx

> 3,0 < |z| < 1.
X

So, we conject that the condition ¢ > 3 in Theorem 4.2 and Corollary 4.1 can
be changed to g > 2.
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Theorem 4.3. Forq>1 and 0 < x < 1, we have

2
x x
21 + < 2.
1) (tanhié(x)) sinhz_’;(a})

Proof of Theorem 4.3. For 0 < z < 1, by using (11) and (12), we have

2
tanh; ! 2
tanba (+) :(1+Q+2 a:q+...>
x 2¢(g+1)

q+2
=1 + 71;11 +
q(qg+1)
q+2
>14+ —o2af
q(g+1)
and _
sinh, , (2) o1l 1 .
T 2(g+1)
So, we get
2
T x
_— +— -2
(tanhié(w)) sinhi;(az)
1 n 1 9
q+2 1 -
1+ q(q+1)xq 1 2(!1+1)xq
29 ((2g +4)27 — (g +1)(¢ +4))
(2¢+2 —29) (¢* + g + (¢ + 2)x9)
since

(2 +4)z" — (¢ + 1)(g+4) <(2¢+4) — (¢ +1)(¢+4) <0.
This completes the proof.

Corollary 4.2. Forg>1 and 0 < x < 1, we have

2
tanh; ! (z sinh; ! (x
x T
and
2tanh; ' (z sinh; ! (z
(23) 2,q( ) 2,q( ) > 3.

T T

Proof of Corollary 4.2. Inequality (21) can be rewritten as

2
1 1

_ 2 + s —1
<tanh2’(11(w)> Smhqu(x)
z z

> 1.
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The result of applying the arithmetic-geometric-harmonic mean inequality is

2

2
I I

—1 2 + sinh; 1 (z)
(tanhQ’q(z)) 2,q
= T

T xr

<tanh2_,;(x) > 2 4 sinhi}](w) ) 5 )
@ x . <tanh27q(x)> sinh, , ()

> >1

and
2tanhy }(z)  sinh; }(x) ,| [ tanhy (x) ? sinh; ! ()
q + q Z 3 9 9 > 3.
x x x x
Acknowledgements

The authors are grateful to anonymous referees and the editor for their careful
corrections and valuable comments on the original version of this paper.

This work was supported by the Major Project of Binzhou University (Grant
No. 2020ZD02).

References

[1] B. A. Bhayo, M. Vuorinen, On generalized trigonometric functions with two
parameters, J. Approx. Theory, 164 (2012), 1415-1426.

[2] C. P. Chen. and W. S. Cheung, Wilker and Huygens-type inequalities and
solution to Oppenheims problem, Integr. Transform. Spec. Funct., 23 (2012),
325-336.

[3] C. P. Chen, Wilker and Huygens type inequalities for the lemniscate func-
tions, J. Math. Inequal., 6 (2012), 673-684.

[4] C. P. Chen, Wilker and Huygens type inequalities for the lemniscate func-
tions 2, Math. Inequal. Appl., 16 (2013), 577-586.

[5] X. D. Chen, H. Wang, K. Yang and J. Xie, New bounds of Wilker
and Huygens-type inequalities for inverse trigonometric functions, Rev. R.
Acad. Cienc. Exactas Fis. Nat., Ser. A Mat., RACSAM, 115 (2021), Paper
No. 36, 14 pages.

[6] A. R. Chouikha, Sharp inequalities on circular and hyperbolic functions
using Bernoulli inequality types, Rev. R. Acad. Cienc. Exactas Fis. Nat.,
Ser. A Mat., RACSAM, 115 (2021), Paper No. 143, 14 pages.



INEQUALITIES FOR THE GENERALIZED INVERSE TRIGONOMETRIC ... 549

[7]

8]

[17]

18]

[19]

M. K. Wang, M. Y. Hong, Y. F. Xu, Z. H. Shen and Y. M. Chu, Inequalities
for generalized trigonometric and hyperbolic functions with one parameter,
J. Math. Inequal., 14 (2020), 1-21.

M. K. Wang, W. Zhang and Y. M. Chu, Monotonicity, convexity and in-
equalities involving the generalized elliptic integrals, Acta Math. Sci., 39B
(2019), 1440-1450.

Y. M. Chu, M. K. Wang, Y. P. Jiang and S. L. Qiu, Concavity of the
complete elliptic integrals of the second kind with respect to Hélder means,
J. Math. Anal. Appl., 395 (2012), 637-642.

J. E. Deng and C. P. Chen, Sharp Shafer-Fink type inequalities for Gauss
lemniscate functions, J. Inequal. Appl., 2014 (2014), 1-14.

D. E. Edmunds, P. Gurka and J. Lang, Properties of generalized trigono-
metric functions, J. Approx. Theory, 164 (2012), 47-56.

M. Y. Hong, M. K. Wang, Y. M. Chu, A necessary and sufficient condition
for the convexity of the one-parameter generalized inverse trigonometric

sine function according to power mean, J. Math. Inequal., 15 (2021), 559-
573.

J. Liu, C. P. Chen, Padé approximant related to inequalities for Gauss
lemniscate functions, J. Inequal. Appl., 2016 (2016), 320.

E. Neuman, On Gauss lemniscate functions and lemmniscatic mean, Math.
Pannon., 18 (2007), 77-94.

E. Neuman, On Gauss lemniscate functions and lemniscatic mean 2, Math.
Pannon., 23 (2012), 65-73.

J. L. Sun and C. P. Chen, Shafer-type inequalities for inverse trigonometric
functions and Gauss lemniscate functions, J. Inequal. Appl., 2016 (2016),
212.

M. J. Wei, Y. He and G. D. Wang, Shafer-Fink type inequalities for arc
lemniscate functions, Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser. A Mat.,
RACSAM, 114 (2020), Paper No. 53, 14 pages.

H. Z. Xu, W. M. Qian and Y. M. Chu, Sharp bounds for the lemniscatic
mean by the one-parameter geometric and quadratic means, Rev. R. Acad.
Cienc. Exactas Fis. Nat., Ser. A Mat., RACSAM, 116 (2022), Paper No.
21.

L. Yin, X. L. Lin, Monotonicity and inequalities related to the generalized
inverse Lemniscate functions, Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser.
A Mat., RACSAM, 116 (2021), Paper No. 52, 13 pages.



550 X. L. WANG anp L. YIN

[20] T. H. Zhao, W. M. Qian and Y. M. Chu, On approzimating the arc lem-
niscate functions, Indian J. Pure Appl. Math., 53 (2022), 316-329.

[21] T. H. Zhao, Zh. H. Shen and Y. M. Chu, Sharp power mean bounds for
the lemmniscate type means, Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser. A
Mat., RACSAM, 115 (2021), Paper No. 174, 16 pages.

[22] T. H. Zhao, M. K. Wang, Sharp bounds for the lemniscatic mean by the
weighted Holders mean, Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser. A
Mat., RACSAM, 117 (2023), Article No. 96, 19 pages.

Accepted: April 27, 2023



