ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 51-2024 (452-460) 452

Common fixed point for compatible self-maps in an orbitally
complete b-metric space

P. Swapna

Research Scholar

Department of Mathematics
JNTUH, Hyderabad-500 085
and

MVSR Engineering College
Rangareddy, Hyderabad-501 510
Telangana State

India
swapna.pothuguntla@gmail.com

T. Phaneendra*
Department of Mathematics
School of Advanced Sciences
Vellore Institute of Technology
Vellore-632 01/, Tamil Nadu
India

drtp.indra@gmail.com

M. N. Raja Shekhar

Department of Mathematics

JNTUH, Hyderabad-500 085, Telangana
India

mnrs@jntuh.ac.in

Abstract. A common fixed point theorem is obtained for three self-maps on a b-metric
space, satisfying a rational type condition, through the notions of orbital completeness,
orbital continuity and the compatibility.

Keywords: b-metric space, Orbital completeness, Orbital continuity, Unique common
fixed point.

MSC 2020: 47H10, 54H25, 55M20

1. Introduction

In the last few decades, fixed point theorems were developed in a metric space,
normed linear space, topological space etc., while the conditions on the under-
lying mappings are usually metrical or compact type conditions. Further, new
algebraic structures were also formulated to improve the results. For instance,
the following notion of b-metric space is a generalization of a metric space, due
to Bakhtin [2].

*. Corresponding author
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Definition 1.1. Let s > 1, X be a nonempty set and p, : X x X — [0, +00) be
such that

(b1) py(x,y) =0 if and only if v =y
(62) py(z,y) = py(y,x), for all z,y € X
(03) py(z,y) < slp,(z,2) + p,(y, 2)], for all z,y,z € X.

Then, p, is called a b-metric on X, and the pair (X, p,) denotes a b-metric space.

If s = 1, the condition (b3) reduces to the the triangle inequality of a metric.
Thus metric space is a particular case of a b-metric space, when s = 1. However,
a b-metric space is not necessarily a metric space. For instance, consider the
pair (X,p,), where X = R and p_(2,y) = |z — y|?, for all 2,y € R. Then, the
conditions (b1) and (by) are obvious. Further, g, (z,y) = |z —y[* =]z — 2+ 2 —
Y2 < 2ja— 2 + 2 — yP?) = 20p, (2. 2) +p,(y, 2)), for all 7,y € X. Thus (R,p,)
is a b-metric space with b = 2. Since p(1,3) +p,(1,0) = 5 and p,(0,3) =9, the
triangle inequality fails to hold good, showing that g is not a metric. Thus the
class of b-metric spaces contains that of metric spaces.

Definition 1.2. A b-ball in a b-metric space (X,p,) is defined by

B, (z,7) = {y € X:p(x,y) < r}.

The family of all b-balls forms a basis for topology, which is called the b-metric
topology T(p,) on X.

Definition 1.3. Let (X,p,) be a b-metric space with parameter s. A sequence
(X))ol in X is said to be

(a) b-convergent, with limit p, if it converges to p in the b-metric topology
7(ps)

(b) b-Cauchy, if limy, ;m—oo pPy(Tn, Tm) =0

(¢) b-complete, if every b-Cauchy sequence in X is b-convergent in it.

Remark 1.1. A b-metric is not jointly continuous in its coordinate variables x
and y, even though a metric d is known to be continuous (see, Example 2.13,

[8])-

Definition 1.4. Let (X,p,) be a b-metric space with parameter s. Given xy €
X, and self-maps A, S and T on X, if there exist points xg, x1, T2, ..., Tn, ...
such that

(11) Yon—1 = SI‘Qn_Q = A.’L'Qn_l, Yon = T{Egn_l = A{I,‘Qn fO’I“ n = 1, 2, ey

then, the sequence (Axy,)>> | is called an (S, T)-orbit with respect to A at xo or
simply an (S,T, A)-orbit at xg, and is denoted by Os 1 a(x).
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The pair (S,T) is said to be asymptotically reqular with respect to A at
xo , if imy oo p(A2p, Axpy1) — 0, and (S,T) is asymptotically regqular with
respect to A, if it is asymptotically reqular with respect to A at each zg € X.
The b-metric space X is said to be (S, T, A)-orbitally b-complete at xg, if every
b-Cauchy sequence in Os 1 a(xg) converges in X. The space X is said to be
(S, T, A)-orbitally b-complete, if it is (S, T, A)-orbitally b-complete at each xy.

Definition 1.5. Let (X,p,) be a b-metric space with parameter s. A self-map
T : X — X is said to be continuous at p € X, if limy o0 p,(Tpn, Tp) = 0
whenever (pp)pey C X limy 00 p,(pn,p) = 0. And, T is continuous on X, if it
18 continuous at every xg € X.

Definition 1.6. The self-map A is (S,T) orbitally continuous at xo or simply
orbitally continuous at xo, if it is continuous on some (S, T, A)-orbit at x.

Self-maps A and S on a metric space (X, d) are commuting, if Asz = SAz,
for all x € X. As a weaker form of it, Sessa [7] introduced weakly commuting
maps A and S on X with the choice d(ASz, SAz) < d(Axz, Sx), for all z € X.
Gerald Jungck [4] introduced compatible maps as a generalization for weakly
commuting maps as follows:

Definition 1.7. Self-maps f and r on a metric space (X,d) are said to be
compatible, if
(1.2) lim d(ASpy, SApy) =0,

n—oo

whenever there exists a sequence (pp)5>; C X such that
(1.3) lim Ap, = lim Sp, = z, for some z € X.
n—oo n—oo

In [1], the following notion was introduced:

Definition 1.8. Let (X,d) be a metric space. Self-maps T and A on X are
(T, A)-weak compatible, if

(1.4) lim ATp, =Tz, and lim TAp, = lim T?p, = Tz,
n—oo

whenever there exists a sequence (pp)o> C X with the choice (1.3).

Note that, compatible maps 7" and A are (T, A)-weak compatible. However,
the converse is not true. For example, let X = (—o0,+00) with usual metric
d(z,y) = |z —yl, for all z,y € X.

As the compatibility of a pair of self-maps on a b-metric space is just similar
to that in metric space, we skip its discussion. In this paper, we establish a
common fixed point theorem for three self-maps on a b-metric space, which
satisfy a rational inequality, through the notions of orbital completeness, orbital
continuity and the compatibility.
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2. Main results

We use the following results from [5]:

Lemma 2.1. Let (X,p,) be a b-metric space with parameter s. Suppose that
()22, is b-convergent with limit x, and (yn)22, is b-convergent with limit y in
X. Then

1
(2.1) —ps(T,y) < lirginfps(a:n,yn) < limsup p,(Tn, yn) < 5°p,(7,y).
S n— 00

n—oo

In particular, if x =y, then lim,_o0 ps(Tn,yn) = 0. Further, for each z € X,
we have

1
(2.2) gps(:):,z) < lirginfps(xn,z) < limsup py(n, 2) < sp,(x, 2).

n—oo

The following is the main result of this paper:

Theorem 2.1. Let A, S and T be self-maps on a b-metric space (X, p,) with
s > 1, satisfying the inclusions:

(2.3) S(X)C AX) and T(X) C A(X)
and the rational inequality

(Ay,Ty)[1 + p,(Az, S)]
1+ p,(Az, Ay)

 ps(Ay, Ty) + p,(Ay, Sx)

1+ p (Ay, Ty)p,(Ay, Sz)

(24)  p,(Sz.Ty) < ap,(Az, Ay) + p-

, for all x,y € X,

where a, B and y are non-negative numbers, not all being zero, such that
(2.5) sta+ (s*+ DB+ (" +st+5)y < 1.

Then, (S,T) is asymptotically reqular with respect to A at each xy € X. Suppose
that

(a) the space X is (S, T, A)-orbitally b-complete,
(b) A is orbitally continuous.

If one of the pairs (A,S) and (A,T) is compatible, then S, T and A have a
unique common fized point.

Proof. Given zp € X, in view of (2.3), we see that Sxg = Az; for some x; € X
and Txy = Axo for some x5 € X and so on. Thus inductively we choose points
X1, T2, ..., Tp, ... in X with the choice (1.1).
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Writing = z2,,—9, ¥ = Tap—1 in (2.4) and using (1.1),

(2.6)  p,(y2n—1,Y2n) = 04 (ST20—2, TT2p—1)
< ap,(Azon_2, Axon_1)
0s(Azan—1, Txon—1)[1 + p,(Ax2n_2, STon_2)]
1+ o, (Az2,—2, Axo,—1)

pS(Axgn_l, T(l:gn_1) + ps(ACCQn_l, ngn_g)
1+ 0, (Axop_1, Txon—1)p,(Ax2n—1, ST2,—2)
= ap (y2n—2, Yon—1)
es(Y2n—1,y2n)[1 + o4 (Y2n—2, y2n—1)]

1+ o, (y2n—2, Y2n—1)

_ Ps (Y2n—1,Y2n) + Ps (Y2n—1,Y2n—1)

1+p, (Y2n—1, y2n)Ps(y2n—17 Yon—1)

+B-

+y

+8-

+Y

o)
< Hﬂi—\{ 05 (Y2n—2, Y2n—1) < q-0,(Y2n—2,Y2n—1),

where
at+B+(s+ 1)y
1—-B—sy
Similarly, in view of (1.1), the inequality (2.4) with z = x9,_2 and y = x9,_3,
gives

(2.7) q=

Ps(y2n—2, Yon—1) = Ps(y2n—17 Yon—2)
= 0,(Sxan—2,Txon_3)
< ap (Azay—2, ATo,_3)
pS(ACCQn_g, Txgn_g)[l + ps (A:Ezn_Q, S$2n_2)}
1 + ps(Al‘zn_Q, A.%’Qn_g)
0 (Axay_3,Tx2,_3) + 0, (Ax2n_3, STon—2)
14+ 0 (Axon_3,Tx2,—3)p,(Axon_3, Sxon_2)
05 (Y2n—3,Yon—2)[1 + o4 (Y2n—2, Yon—1)]
1+ o, (y2n—2, Y2n—3)
) 0s(Y2n—3, Yan—2) + 0, (Y2n—3, Y2n—1)
1+ e, (Y2n—3, Y2n—2)e, (Y2n—3: Y2n—1)
<« Ps(y2n—3> Yon—2) +3 Ps (Y2n—3,Y2n—2) + P Ps (Y2n—2, Y2n—1)
+ vp, (Y2n—3, Y2n—2) + svle,(Y2n—3, Y2n—2) + o, (Y2n—2, Y2n—1)]

+8-

+y

= ap,(Yon—3, Yan—2) + B

+y

so, that

(2.8) 0s(Y2n—2,Y2n—1) < q-p5(Y2n—3, Y2n—2)-
Thus from (2.6) and (2.8), it follows that

0s(Un—1,Yn) < @5 (Yn—2,Yn—1), for all n.
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By induction,

(2.9)
0 (Yns Unt+1) < 0, (Yn—1,9n) < ¢*p,(Yn—2,Yn-1) < -+ < ¢

n—1

es(y1,y2), n > 1.

Since ¢ < 1/s* < 1, (2.9) implies that p_(Yn, Ynt1) — 0 as n — oco. Thus, (S,7)
is asymptotically regular with respect to A at xg.
Now, for all m > n, employing the condition (bs3) repeatedly and using (2.9),

05 (WUns Ym) < 5805 (Yns Ynt1) + 05 (Yn+1, Ym)]
< 80, (Yns Ynt1) + 5[0, (Un+15 Ynt2) + 04 (Ynt2, Ym)]
< 505 (Yn, Ynt1) + 205 (Unt1, Ynt2) + 82105 (Ynt2, Unt3) + 05 (Yn+3: Y]

m—n

< 504 (Yns Ynt1) + 520, (Unt1, Ynt2) + -+ 8" "0 (Y1, Ym)

< [Sqnl + qu" IS Sm"qmz} os(y1, Y2)

= sq" ! [1 +sq+ -+ (sq)m_”_l] s (Y1, y2)

n—1

5q
< .
~1-sq Cs

(y1,92)-

Proceeding the limit as n — oo in this, we see that o (yn,%m) — 0. Thus
(Yn)o2; is a b-Cauchy sequence.

Since X is (5,7, A)-orbitally b-complete at xg, there exists a point z € X
such that lim,, ,., ¥y, = z. That is,

(2.10) lim Axopy1 = lim Sxzo, = lim Azopio = lim Txo,11 = 2.

In view of the condition (b) of the theorem, from (2.10) we get that

(2.11)  lim A%zop i1 = lim ASzo, = lim A%zop 0 = lim AT2opi1 = Az.
First, we suppose that (A, S) is compatible. Then, from (2.11), it follows that
(2.12) lim SAxy, = lim ASzq, = Az.

Now, from (2.4) with z = Axg, and y = z9,_1,

0, (SAza,, Txay—1) < op (A%w2,, ATop_1)
PS(A$2n—17 TxZn—l)[l + PS(A2«T2717 SAxQn)]
1+ ¢, (A%29n, Azon_1)
- ps(Amon—_1, Twon—1) + p, (ATon_1, SAwon)
1+ p,(Azon—1,Txon—1)p,(Axon_1,SAxsy)’

+8-

+
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which, in view of (2.1), (2.10), (2.11) and (2.12), gives

1
—QPS(AZ, z) < liminfp (SAxo,, Txon—1) < limsupp (SATo,, T22,-1)
s

n—00 n—00

< limsup {0( 0, (A%22p, AToy 1)

n—oo
Ps (AJ:Qn—l: TxZn—l) [1 + e, (A25172n7 SACCQn)}
1+ ¢, (A%29p, Azon_1)

 ps(Amap1, Twon—1) + p,(Azon—1, SAz2,)

1+ p,(Azon—1,Taon—1)p (Az2,—1, SAx2y)

1+p,(Az, Az)]
< 2 . ps(’z?’z)[ Ps I
<s [ocps(Az,z)—i-B T+ o.(Az2)
ps(22) +p,(2,42)
L+ p,(2, 2)p,(2, Az)
= 5% (a+Y)p,(2, Az)
so that p,(Az,z) < s*(a+ v)p,(2, Az) and hence Az = z.
On one hand, writing * = Az, and y = z in (2.4),
0s(Az, T2)[1 + o (A%Tay, SAT2,)]
1+p,(A%x9,, Az)

0s(Az,Tz) + o (Az, SAxay)

14 p,(Az,Tz)p,(Az, SAxay,)
Using (2.2), (2.10), (2.11) and (2.12), this gives

1
;ps(Az,Tz) <liminfp (SAx,,T2)

n—oo

+8-

+y

0,(SAzo,, Tz) < ap, (A%re,, A2) +B -

+

< limsup p (SAxo,,T2)

n—oo
(Az,T2)[1 4 p,(Az, Az)]
1+p,(Az, Az)
0,(Az, Tz) + p,(Az, Az)
1+ 0,(Az, Tz)p (Az, Az)

so that p (Az,Tz) < s%(a+ P + y)e,(Az,Tz) or p,(A2,Tz) = 0 and hence
Az =Tz. Thus

(2.13) Az =Tz = z.

On the other hand, writing = z and y = z in (2.4), and using (2.13),
(A2, T2)[1 + 6,(4z, 52)
1+p,(Az, Az)

ps(A2,Tz) +p,(Az, Sz)
14 p,(Az,T2)p,(Az,Sz)
=p,(Az, S%)

<slap (Az,Tz)+0- b

+y

0,(52,2) = 0,(52,Tz) <ap,(Az, Az) + 0 -
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so that p (Sz,2) = 0 or Sz = z. In other words, z is a common fixed point of A,
S and 7. Similarly, a common fixed point of A, S and T is obtained, if (A,T)
is compatible.

It is not hard to establish the uniqueness of the common fixed point. O

Corollary 2.1. Let T' be a self-map on a b-metric space (X,p,) with s > 1,
satisfying the inequality

(2.14)  p(Tz,Ty) < ap,(z,y) +B- Ps(y,leJ)r[lps—Ef;;:,Tx)]

P Ty) +py(y, T)
L+ p,(y, Ty)p,(y, T)

where a, B and y are non-negative numbers, not all being zero, such that

, forall x,y € X,

(2.15) sta+ (s"+ 1D+ (s° +st +s)y < 1.
If the space X is T-orbitally b-complete, then T has a unique fized point.

Proof. We write S =T and A = Ix in Theorem 2.1, where Ix is the identity

self-map on X. Note that Iy commutes with every map and hence (I, T) is com-

patible. Since every continuous function is T-orbitally continuous, by Theorem

2.1, T has a unique fixed point. ]
The following result was proved in [6]:

Theorem 2.2. Let T be a self-map on a complete b-metric space (X, p,) with s >
1, satisfying the inequality (2.14), where a, p and y are non-negative numbers,
not all being zero, such that

(2.16) se+p+y<L
Then, T has a unique fized point.

Remark 2.1. It may be noted that a complete b-metric space is T-orbitally
b-complete at each of its points, and sa+B-+y < sta+(s*+1)B+(s7+st+s)y < 1,
a unique fixed point of T" follows from Corollary 2.1. Therefore, Corollary 2.1 is
a generalization of Theorem 2.2.

Since every complete metric space is orbitally complete, the following result
of Dass and Gupta [3] follows from Corollary 2.1 with s =1 and y = 0:

Corollary 2.2. Let T be a self-map on a complete metric space (X, d) satisfying
the inequality

y, Ty)[1 + d(z, Tz)]

d
(2.17)  d(Tz,Ty) < ad(z,y)+B- ( , Jorallz,y € X,

1+d(z,y)
where a and B are non-negative numbers, not both being zero, such that
(2.18) a+28< 1.

Then, T has a unique fized point.
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3. Conclusions

In the introductory section of this paper, a brief account of b-metric space and
its relation with metric space is presented along with its topological properties.
The highlights of Theorem 2.1 for three compatible self-maps on a b-metric space
satisfying a rational type condition are the notions of asymptotic regularity,
orbital completeness and orbital continuity. Also, the main result of this paper
is an elegant extension of theorems of Sarwar and Rahman [6], and Dass and
Gupta [3].
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