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plane involving some classical special constants
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Abstract. In this paper, we first define a new half-discrete kernel function in the
whole plane, which involves some exponent functions and unifies some homogeneous
and non-homogeneous kernels. By employing some techniques of real analysis, a new
half-discrete Hilbert-type inequality with the newly defined kernel function, as well as
its equivalent forms are established. Furthermore, the constant factors of the newly
obtained inequalities are proved to be optimal. At last, assigning special values to
the parameters, we get some interesting Hilbert-type inequalities involving hyperbolic
functions, and with the constant factors related to Euler numbers, Bernoulli numbers,
and Catalan constant.
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1. Introduction

Suppose that p > 1, and f(x), u(z) are two non-negative measurable functions
defined on a measurable set E. Define

Ly (E) = {f Nl = [ / fp<x>u<z>dx] * oo} .

Specially, if p(x) = 1, then we have the following abbreviations: || f|l, := || fllp,.
and L,(FE) := Ly, ,(F). Additionally, suppose that p > 1, an,vp, > 0,n € F C Z,
a = {ap }ner. Define

1/p
Ly =R a:|alp, = (Zagyn> < o0

neF

Specially, if v, = 1, then we have ||a||, := ||al|p, and I, =1, ,.
Consider two real-valued sequences: @ = {am }men+ € l2 and b = {by },en+ €
l2, then

ambn
(1) >3 I < afal )bl

neNt meN+t
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where the constant factor 7 is the best possible. Inequality (1) was proposed
by D. Hilbert in his lectures on integral equations in 1908, and in 1911, Schur
proved the integral analogy of inequality (1) as follows:

f(@)g(y) -
2 | T anay < 5l

where f,g >0, f,g € Lo(R"), and the constant factor 7 is the best possible.

Inequalities (1) and (2) are usually known as Hilbert’s inequality [1]. In the
past twenty years, by the introduction of some parameters and special functions
such as the Beta function, some extended forms of (1) and (2) were established,
such as the following[2]:

LY )

neNt meN+t

where 0 < A < mil’l{p, Q}7 Mm = mpi)\ily Un = an)\fl’ p> 17 +o = 17 and

B(z,y) is the Beta function [3, 4], that is,

1,1
P q

o) Z:r:—l
B = ———d .
(2, y) /0 (T (z,y > 0)

In addition, Yang [5] proved the following extended form of (2) in 2004:

4 / / H@)9W) 44, Flosligllaws
(@) [ B sy < ol

where r,s,A > 0, r + s = 1, p(z) = 2P0~ p(z) = 2¢0-29)-1 With regard
to some other extensions of (1) and (2), we refer to [6, 7, 8, 9, 10, 11, 12,
13, 14]. Such extended inequalities as (3) and (4) are usually named as Hilbert-
type inequality. Furthermore, by constructing new kernel functions, introducing
parameters, and considering the reverse form, coefficient refinement and multi-
dimensional extension, a great many Hilbert-type inequalities were established
in the past 20 years (see, [15, 16, 17, 18, 19, 20, 21, 22, 23]).

It should be noted that, in addition to the discrete and integral forms,
Hilbert-type inequality sometimes appears in half-discrete form. The first half-
discrete Hilbert-type inequality was put forward by Hardy et al. (see, Theorem
351 of [1]). However, the constant factor was not proved to be the best possi-
ble. Until recently, researchers established some new half-discrete Hilbert-type
inequalities with the best possible constant factors, such as [24]

o [0 Y i< B (55 1]

€N+
where pu(z) = x? , Up = n2L, Regarding some other half-discrete Hilbert-type
inequalities, we refer to [25, 26, 27, 28, 29, 30].

-1
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The objective of this work is to establish a class of half-discrete Hilbert-type
inequalities with the kernel functions related to some hyperbolic functions. Our
motivation mainly comes from the following integral Hilbert-type inequalities
[31, 32]:

2
(6) / / csch(zy) f(x)g(y)dzdy < 7r*”f”p,quHq,V ,
yeR*T JzeR+t

g /yeR /xeR |epxy_e q)xyd:cd < ( ) 1 fllp,allg

where () = =@+, v(y) =y~ z) = ||V, o(y) = [y~
In this work, we will establish the following Hilbert-type inequalities 1nvolv—
ing hyperbolic secant function and hyperbolic cosecant function:

En
/ f(z sech< 2m+§/%> andr < 22 (2m + 1)
neZO T 22m

(9) / S Jeseh ()| andx<%<2m+1><22m—1>w2mufnp,ﬂuauq,o,

R neZzo

q,l/?

Vs

where p(z) = |21, v, = |n| 7, p(a) = |25 b, = [n|TE Y By (moe

N) is the Euler number, and B,,(m € N*1) is the Bernoulli number.

More generally, we will construct a new kernel function involving several
exponent functions with multiple parameters, which unifies some homogeneous
and non-homogeneous kernels, and then a half-discrete Hilbert-type inequality
and its equivalent forms are established. Detailed lemmas will be presented in
Section 2, and main results and some corollaries will be presented in Section 3
and Section 4, respectively.

2. Some Lemmas

Lemma 2.1. Let 7,n € {1,—1}, and 7 # —1 when n = 1. Suppose that
c>a>b>d>0, and ab = cd when ™y = 1. Define

| @ + b |

(10) K() = |

(z #0).

Then, K(z) decreases on RY, and increases on R™.

Proof. If = 1,7 =1, then we have ab = cd, and
dK  (ac)*log 2 + (bd)*log § + (ad)*log § + (be)* log 2
dz (¢ 4 d?)?
= L(2)(c* + d*) 72
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Since ¢ > a > b > d > 0, we have bc > ad, and ac > bd.
If z € RT, we have

b b
L(2) < (ac)® log% + (ac)® log p + (be)® logg + (be)? logE =0.

If z € R™, we have
L(z) > (bd)*log p + (bd)* log p + (ad)® log p + (ad) logg = 0.

It implies that % < 0 for z € RT, and % > 0 for z € R™. Thus, K(z)
decreases on RT and increases on R™ for 7 = 1,1 = 1.
If r=1,7n= -1, z € R", then we have

dK (ac)*log € + (bd)*log & + (ad)? log & + (bc)* log &
— <0
dz (¢ — d?)?

Ifr=1,7= -1, 2z € R, then we have

dK  (ad)*log % + (bc)? log € + (ac)? log € + (bd)* log &
- >0
dz (c# — d?)?

Therefore, K(z) decreases on RT and increases on R~ for 7 = 1,p = —1.
If r=—-1,n= —1, then ab = cd, and we have

(11) dK  (ac)®log ¢ + (bd)* logg — (ad)*log § — (bc)® logg
dz (¢# —d?)?

B @
N—
n

=

09

@‘@
O | &

a

C
b\* b - be
=(2) 10g= = log 4/ —
92(2) <c> 8 d ( ac) 8 ad’
0= (9 1o = (4] g [
93 =) 0T Ve ) 8\ ba
N7 b be ) bd
—(2) 1062 = (/2] 1004/22.
a0 = (2 bt = (Y e 2
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It follows that

o (/5) o 5]
(V) b five )
- (1) pe i)
(jig;_( T)ZilogQ %—log2 %

e
) (V) - (V) (Vi)
o e 6+ ()0

Let h(t) := t* + ¢t~#, then it can be shown that A(t) increases on [1,00) for
arbitrary z € RT. Smce > £ > 1, we have h (§) > h (<), that is,

c\? A a\z c\?
- Z) —(Z2) = (Z) >o.
<b) + <c> (c) <a> =0
Additionally, in view of § > ¢ > 1, we have log? \/% — log? \/g < 0. Thus, we
obtain % < 0 on RT, which leads to

b b
g(z) < g(0) = log +log - — logf - logf =0 (z € RT).

d d
By (11), we have %—K < 0 (¢ € RY), and it implies that K(z) decreases on
RT. Similarly, it can be proved that K(z) increases on R™. Thus, we proved
Lemma 2.1 in the case of 7 = —1,7 = —1. O

Lemma 2.2. Let 7,7 € {1,—1}, and 7 # —1 when n = 1. Suppose that
c>a>b>d>0, and ab = cd when np = 1. Let X be such that A\ > 1, and
A#1 fort=1,n=—1. K(2) is defined via (10), and

= (—n)! T(=n) }
12 R\, ba ¢, d7 7—7777>\ = |: - c c : c ¢
(12) ( ) jz: (jlog § + log 5))‘ (jlog S + log £)A

+y

Jj=0

7(—n)’
(j log <+ log byx " (jlog § +log §)*
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Then

(13) | K@ e =T (@b drn. ).
zeR

Proof. Expanding z € R™") into power series, and observing that ¢ >

d > 0, we obtain

1 . c ¢ - —zi(_ )j @ 7
ctnd  Tnetdy 0 = \e)

1
=i (

By Lebesgue term-by-term integration theorem, we get
(14) OOK(Z)Z)\*le — i(_n)j /OO g Ve <g>zz,\fldz
0 C C

© /4 Jjz b\ ?
—i-T/ <> () z)‘ldz]
0 C C

= (=) (Ji+ 7).

=0

Let z = (j € N), then we have

__u
Jlog §+log £

(15) J = — ! /OO e UM dy = — T(Y) .
(jlog § +1log £)* Jo (jlog § +log £)*

Similarly, we can obtain

1 0 T(\)
16 Jo = — e UMty = — )
(16) 2T log§+log§)A/O (jlog & +log £)*

Plug (15) and (16) back into (14), then we obtain

St X[ (=n)T(\) T(=n)T(\)
(17) / K(2 dz_Z[(]logd—l—lOg £ +(310g +log £)*

Q=

Since ¢ > a > b > d > 0, Wehave$>%2 > 0. From the above

discussion, we get

/ K(z ]z|)‘ 1dz:_/ K(— ’\_ldz
_ (—n)’T(N) F(=n)IT(A)
_JZ_(:)[(jlogd+10g3)’\+(]10gd+logg) ]

Combining (17) and (18), and using (12), we get (13). Lemma 2.2 is proved. [

Q=

>
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Lemma 2.3. Let 7,n € {1,—1}, and 7 # —1 when n = 1. Let

21 +1
Q= = ——1 Z
{Z ‘ 2l+1,z,l€ }’

B €, and vy € Rt NQ. Suppose that c > a >b>d > 0, and ab = cd when
™ = 1. Let A be such that A\ > 1, Ay <1, and A\ # 1 fort =1,np = —1. Let
K(z) be defined via (10), and for an arbitrary positive natural number s which
is large enough, define

- - Ay—1—27
T T

1428
oy Yl we B
o, ze€R\E’

where 70 := Z.\ {0}, and E := {z : |z|*"" < 1}. Then

(19) [:= Z an /IGRK (wﬁn7> f(x)dz = /IGR f(x) Z anK <x6n7> dx

nezo neZo

2

> 2 K(z) |z s dz —i—/ K(z) ]z])ﬁl*% dz| .
181 | =11 R\[=1,1]

Proof. Let
Et={x:2 € ENRT},E  :={r:z€ ENR™}.
Then
[=0L+ 1+ I3+ 14
where
L ::/ f(z) Z anK (ajﬁng dz,
zeE™ nezZt
I ::/ f(z) Z anK (CCB’I%’Y) dz,
zeE™ nez—
I3 _/ f(x) Z anK (xﬁnv) dx,
z€E* nezt
Iy = / f(z) anK (xﬁnv) dz.
z€ET
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2
In view of Ay < 1, it follows that a, = |n|>‘7_1_q% decreases with respect to n if
n € Z*. In addition, for z € E~, n € Z*, we have 2°n? < 0. By Lemma 2.1, it
can be proved that K (xﬂrﬂ) decreases with respect to n if n € Z*. Therefore,

Ag—1422 [ B4\ |, M—1—22 _
I > |z| ps K (z°y"7) |y| es dydx = W7.
relE— 1

Similarly, we can obtain
-1

2
I >/ |z \)‘5 e K xﬁyV \y]M_l_‘TZ dydz := Wy,
zeE~ —oo
AB— 1+ > 5 My—1-2%
I3 > / || / K m |y[ e dydz == W,
zeET 1
1
Iy > / |z |)‘B e / |y| -1-G dydx := Wy.
zeE+

We first consider the case where 5 < 0, that is, 3 € QN R~. Letting 2°y? = z,

_B _B
and observing that ™7 = — |z| 7 (z < 0) and Zr = |z]%71 (z <0), we get

“Uoapgo1g28 [ Ay—1-21
(20) W= [l [T () i g
—o0

I 25 [ Lz
:/ |ac]_1+5/ K(z)|2]" @ dzda

7 —o —0o0

1t s [ 2
:/ Ix!”i/ K(2) |2} % deda

’y —0oQ —00

1t e [ -2
-l-/ |x1+28/ K(2)|z*! w ddz

Y J—c0 -1

s - A-1-2
:2‘57‘/ K(2) |21 ds
—00

1 [t g [ 2
+/ || 71 / K(2) |2} e dzda.
Y J—o —1

By Fubini’s theorem, we have

- 28 7 A—1-2
(21) / ||~ +5/ K(z)|z| ss dzdx
—00 -1
1

/B

0 z
12 28
:/ K(2) |21 / 2|~ dadz
-1 —00

=7 /0 K(z) |z])‘71+% dz
2181 J '

Applying (21) to (20), we get
! A—1—2 0 A—142
K(z)|z| as dz + K(z) 7| ps dz| .
—0o0 -1

S
W, =
LT 208
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In addition, it can be proved that W; = Wy, and

00 1
Wo=Ws= "> U K(2) |2 de +/ K(2) |z o dz] .
2(687| L1 0

Therefore, we have

I>Wi+ Wy + Ws+ Wy

=5 K(2) |2 e dz +/ K() |2 s de|
187 [-1,1] R\[-1,1]
Inequality (19) is proved for § < 0. Similarly, (19) can also be proved to be true
for 8 > 0, and we complete the proof of Lemma 2.3. O

Lemma 2.4. Let s1,s9 >0, s1+s2 =1, 1(z) = cotz, ¢(z) = cscz and m € N.
Then

22 0 1 1 T B 7T2m+1 (2m)
]: - =
< T 1 1 T 2m2

2 - _ (2m+1)

) ]Z; Grsore P G T emr it )
oo (71)3‘ (71)3‘ T 2mtl (2m)

(24) Z | (j + s1)2m+1 + (j + s9)2m+1 | = (2m)! ¢ (s17).

<.
I
o

Proof. We write the partial fraction expansion of ¥(z) = cotz (0 < z < 7) as
follows [4]:

o

1 1 1
w(z):z+z<z+jw+z—jw)'

Taking the (2m)th derivative of ¥(z), we get

(2m) 2) = (2m = ; - ;
(25) ¢ ( ) (2 )' JZZ% (j7T+Z)2m+1 +]Z::1 (Z _]‘W)Qm—‘rl

Letting z = sym in (25), and observing that s; + sy = 1, we obtain (22). Taking
the first derivative of (25) and setting z = sy, we arrive at (23). Additionally,
owing to the following identity:

2¢(2z):¢(g—z)+¢(z) (O<z<g>,
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we have

(26) 22m+1¢(2m)(2z) = (@m) (g _

Let u = *5% in (26), and use (22), then we have

z) + M (2).

@n) o (smo @il 1 1
1 2 +1j:0 [( ]

2] +82)2m+1 (2] + 1 +51)2m+1

(2m)! 1 1
+ 2m+1 Z 2m+1 : 2m+1
T (25 + s1) (27 + 1+ s9)

_ (2m)! > [( (~1)7 (—1) } |

T oAl Lo | (G s)2mEL (o sp)2mH

Equality (27) implies (24) obviously. Lemma 2.4 is proved. O

Remark 2.1. By Lemma 2.4, we have the following identities related to classical
special constants:

(28) (%) 2mp
" o (2) =5
@2m+1) (T g2mt 2m+2

m —)]=——(1-2"""")B

(30) wCmD (1) = ) B,
T 92m-+1
(31) D (T) = S (1224 B,
m
where E,, is the Euler number, Fy = 1, E1 =1, EF5 =5, -+, and B4 is
Bernoulli number, By = %,Bg 30,33 .. In fact, let s; = %, 8o = % in
(22). In view of [4]
oo j 2m+1
T E,,

(32) Z 2m+1 T 22mi2(2m)l

J:0

and

[e.9]

i 1 B 1 -y (—1)7
= 4] + 1)2m+1 (4] 4 3)2m+1 - = (27 4 1)2m+1’

we can get (28). Similarly, let s; = s» = 3 in (24). By (32), we have (29).
Additionally, let s; = %, so = 2 in (23), and observe that [4]

o0

1 . Bm+1 (22m+2 - 1) 7T2m+2 (m c N)

prt (25 +1)2m+2  2(2m 4 2)!

then we get (30). At last, letting s1 = s2 = 5 in (23), we arrive at (31).
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3. Main results

Theorem 3.1. Let 7,n € {1,—1}, and 7 # —1 when n=1. Let

21+ 1
Q.—{z.z 2l+1,z7l€Z}

B€Q, and vy € RT NQ. Suppose that ¢ > a > b > d > 0, and ab = cd when
™ = 1. Let X be such that A > 1, Ay <1, and A # 1 forT=1,7=—1. Assume
that p(z) = |xPY 7Ly, = [pf0M7L e 70 .= 7\ {0}, f(x),an >0
with f(x) € Ly ,(R) and a = {an}tpezo € lgv, p > 1, % + % = 1. Let K(z) and
k(a,b,c,d,7,m,\) be defined via (10) and (12), respectively. Then the following
inequalities hold and are equivalent:

(33) I: ng:o an/ da:—/ flx neZO ( n'y) apdz

Vs

<]5]7577PI‘)\/€ abchn,

)
=S [k (o) sogad]

neZo

1 _1 p
<1871 pF(A)n(a,b,c,d,T,n,w 1B
q

L AB—1 8,7
(35) Jy: /a;eR‘x’ ZK(wn)an dz

n€ezo

1 _1
<1857 Tk (0,6 dmn, M) alld,,

where the constant |ﬁ]7$77%1ﬂ()\)f<;(a, b,c,d, 7,m,\) in (33), (34) and (35) is
the best possible.

Proof. For y € [n —1,n), n € Nt let [N((xﬁgﬂ) = K (2°n7), g(y) = an,
h(y) :==n. For y € [n,n+1), n € N7, let K (2Py7) = K (2Pn7), g(y) == an,
h(y) := |n|. By Hélder’s inequality, we have

(36) Z an/ x)dx —/ f(z ( n”) andx

neZo neZO

- /yeR /xeR K ("”ﬁyv) f(x)g(y)dzdy

— [ [ R ()] e e a1 )

~ 1/q _ B
x K (2%y) ] el 0 () g ) dady

. 1/p
<{ [ R () P a9 oy
z€R JyeR
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1/q

‘ { [ R (@) e [h(ynq(l-wpgq<y>dxdy}
yeR JzeR
1/q

1/p
= [/ \Il(x) |x’p(1—>\b’)/q fp(ac)da;] Z @(n) ‘n‘q(l—)\’y)/p a% 7
T€R

neZo
where
(37) U(x) = 3 K (P00 [
nezo
(38) cp(n):/ K(ﬂ%ﬂ) 2N da
TSN

In view of My < 1, it can be easy to show that |n|* ™" decreases if n € N* and

increases if n € N7. Additionally, using Lemma 2.1, and observing that g €
and v € RT N, it can be proved that whether z > 0 or z < 0, K (a:ﬁnV)
decreases with respect to n when n € NT, and increases with respect to n when
n € N7. Therefore, we get

(39) U(z) < / K (%57) o .

We first consider the case where z < 0. Let 28yY = z. Observing that 3 € Q

+ -2 -2 1 1
and vy € RTNQ, wehave 7 = —|z| 7 (£ <0)and zr— = |z|7 . It follows
therefore that

(40) K <:cﬁ ’7) Mt dy = M K |
y7) lyl y= (2) |27 dz.
yeR v zER

Similarly, it can also be proved that (40) holds when = > 0. Therefore, for
arbitrary x (z # 0), combining (39) and (40), and using (13), we have

x|

(41) W(r) < =

LNk (a,b,c,d,7,m, A).

Furthermore, by similar discussion, we have

_ ™

(42) d(n) = 7]

Plugging (41) and (42) back into (36), we get (33). In what follows, we will prove
(34) and (35) via (33). In fact, assuming (33) holds, and setting b = {by, },,eno,
where

' MNk (a,b,c,d,,m, A) .

by = [P [/ RK (mﬁnv) f(:c)dx]p17
e
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we obtain
(13) h= 3P () ]’
= ngzjo by, LERK (mﬂrﬂ) f(z)dz

1 1

< |6| a ’7 pr()\)’% ((1, b7 Ca d7 Ta 777 )‘) ||f||p:ﬂ||b||q7’/
1 1

— 871y s DNk (a,b, ¢ d 7y, N) || f llp T2

Inequality (43) implies (34) obviously. Moreover, let

q—1
g(z) = |z| M1 Z K (x'%ﬂ) an
nezo
By (33), we get
q
(44) Ja :/ |21 Z K (xﬁrﬂ) ap| dz
z€R nezl
:/ g(x) Z K (xﬂnv) andx
z€R n€ezo
-1 _1
< |/8| 7 PF()\)KJ(CL, bv ¢ d77_7777)‘> ”g pp a’HQ:V

_ gLt 1/p
1B a~v TNk (a,b,c,d, 7,1, \) ”a||q7V']2 :

Thus, we get (35) via (33). Conversely, if (34) or (35) holds, it can also be
proved that (33) is valid. In fact, we first suppose that (34) holds. By Holder’s
inequality, we obtain

e o [ ) o]

neZd -
r 1/q

<1 a0 = 7P a,.

Applying (34) to (45), we arrive at (33). Similarly, supposing that (35) holds,
we can also get (33). Therefore, Based on the above discussions, inequalities
(33), (34) and (35) are equivalent.

Lastly, it will be proved that the constant |ﬂ|_§ v_%f‘()\)/{ (a,b,c,d,7,m,\)
in (33), (34) and (35) is the best possible. In fact, assume that there exists a
constant C satisfying

(46) 0<C<|B] 1y sT(\k (a,b,c,d, 7, A),
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and
47 I= ngzjo an, /a:EIRK <$’8n7> f(z)dx = /a:GIR f(z) TEZ:OK <xﬂn7> andz
< Cllfllpullallqu-

Replacing a,, and f(z) in (47) by a, and f(x) defined in Lemma 2.3, repectively,
and using (19), we have

(48) / K(2) |2 e de o+ / K() |2 e dz
[_171} R\[_lvl]

| llpwllallqw

N 1
1 o0 3 q
= M <2/ xiﬁ_ldx>p (2—1—2271 37_1)
s Et n=2
2187|C , 0 .
<W</ x?ldx>p <1+/ a:?ldm>q
S E+ 1
.y C( 1 )é(1+ 1)2
P ape) 5Ty

Applying Fatou’s lemma to (48), and using (13), it follows that

sl e,
S S

Tk (a, by, d, 7y, A) = / K(z) |2 da
z€R

- / lim K (2) 2] o dz + / lim L (2) |2} dz
[-1,1] =300 R\[~1,1] s—00

< lim l/ L(z) |z} "o dz+/ L(2) |z de
s—oo | J[=1,1] R\[-1,1]

— 2|B!C<1);<1+1>é o181k
< lim — — = NP,
500 7 2|5 s 2y 7

It implies that

(49) C > |81y P TNk (a,b,¢,d, 7,17, A) -

Combining (46) and (49), we get C = \Br% ffif‘(/\)ﬁ (a,b,c,d,7,m, \). There-
fore, the constant factor in inequality (33) is the best possible. Owing to the
equivalence of (33), (34) and (35), it can be proved that the constant factors in
(34) and (35) are the best possible. Theorem 3.1 is proved. O
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4. Corollaries

Let 7 =n = —1,and A = 2m+1(m € N) in Theorem 3.1, then we have ab = cd.
By (22), we have

o
2 2
K a,b,C,d,T,T], -
( ]Zo [ (jlog € +log &)2m+1l  (jlog § +log§ )2m+1]

_ 2 <ﬂc>2m+1¢(2m) wlncg ‘
(2m)! \In § In §

Thus, we have the following corollary.

Corollary 4.1. Let 8 € Q, and v € Rt N Q, where

2t +1
= 2= —— 0,0l EZ.
{z z 2l—|—1’l’ S }

Suppose that ¢ > a > b > d > 0, and ab = cd. Let m be such that (2m +
1)7 <1, m € N. Assume that (z) = cotz, p(z) = |g[PI-Em+DA=1 - —
|71 (2m+1)7)- U nez0:=7\{0}. Let f(z),a, > 0 with f(x) € L ,(R) and
a = {an}nezo € lgy. Then

17[3n’Y __bzﬁn’Y
/ ‘f Cxﬁn"/ dzﬁn’Y andz
neZO
2m+1 b
1 _1 (7 9 mln g
<2 () e (m) sl

Leta=e™, b=e"", c=¢e",d=e " in (50), where 0 < 71 < 7. Then

(51) / f(z Z sinh (Tlac n”) csch <7‘2.T,' n”) apdx

neZzo

2m—+1
11w (2m) (T2 — )™
<2|ﬁ|wp<272> 0 o

Let 79 = 2, 71 = o (v > 0) in (51). By (28), we obtain

q,v-

1B, 2m+1
(52) / flx Z sech(az’n)a,dz<|B]” Q’y z S2m (a) [ fllp,ull@

nezo

‘QJ/'

Setting 8 =~ = m € N, and o = 1 in (52), we get

_1
2m—+1

E,
(53) / Fla) D sech (/) andz < 58 @2m o+ Dm™ | fllpullal g,

22
n€Zzo
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where p(z) = |z|™', v, = |n|™. Setting 8 = — and « = 1 in
(52), we get (8).
Let 79 = 3, 71 = a (> 0) in (51), then we obtain

o [0S

 2cosh (20zPn7) + 1

1 1
a1 VT 2myDo

ol ()™ 0 (3) 1 Iyl

Setting B =y = and o = % in (54), we get

_1
2m—+1°

an
95 d
(55) / f 2(:osh( mty/aen) + 1 v

T 2m+1 T
<@m+2)(3) v (3) 1 lpallalw
where p(x) = |z|™", v, = |n|™'. Let m = 0 in (55), then (55) is transformed
into

an 2\[71'
CON N > oo 71 < g W leslalloe

Let o =4a, 11 =« (a > 0) in (51), then we have

(57) / f(z sech (oa:rﬁ n7> sech (204.71’8 n”) andzx

nEZO

< g 87007 (2) 0 (3 Ul lall

Setting g =y = ﬁ, and a =1 in (57), we get
/ f(z) Z sech ( *™*/zn) sech (2 >"R/zn) apdz
r€R

neZzd

2m +1 S2mtl (2 3T
< 26m " ¢K "™ AE;

Let 7= —1, n=1, and A =2m + 2 (m € N) in Theorem 3.1, By (23), we
have

a”q?l/'

/i(abchn,)\)

M8

1
= [ (jlog § + log )2 * (jlog § +log g )27"*2}

oo

+
J

1 1
+
— | (jlog § +1log §)?m+2 ~ (jlog g +log g Vm“]

2m+-2 c b
__! ( U > | pemiy <7T1na> L gmin (TG ) |
(2m+1)! \In§ In § In §
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Thus, we have the following corollary.

Corollary 4.2. Let 8 € Q, and v € Rt N Q, where

2i+1
Q.—{Z.Z—Ql—'_]-7'l,l€Z}.

Suppose that ¢ > a > b > d > 0, and m satisfies (2m + 2)y < 1 (m € N).
Assume that ¥(z) = cotz, p(z) = |pP-CmIDBI=L = |p|di=@ma2yl=1
n € Z° := Z\{0}. Let f(z),an > 0 with f(z) € Ly 4(R) and a = {ay },ez0 € lq,l,.

Then
:Eﬂn’Y 2Pn 2m+2
+0b 1 1/ 7
/ f Z }Cxﬁn’Y dmﬁ ,Y|a:ndl'<—’,8‘ a5 r <1nccl>

n€eZzo

In ¢ mln?
@m+1) (T g (2m+1) [ TG
- [7’/} < In £ ) +9 ( In ¢ )] 1flp.ellallq.-

Let a =b=1in (58), then we get ¢ > 1 > d > 0. Since
(59) YD (2) = B (7 — 2), z € (0,m),

inequality (58) is transformed into

(60) / Z ’c:cﬁrﬂ dxﬁrﬂ’dx <= ‘”Br% 7_%

neZzo

(TN e (TIEY
lng lng by

Let c=¢eP, d =e 79 in (60), then (60) reduces to

(61) /f 3

nezd

2m—+2
_1 1 s m
—|Bl ey (pq) PmHl) (p) [t

q,v-

dx

‘epxﬁn“/ —e qxﬂnV‘

q,v

Let m=0,8=v= % in (61), then we get

(62) /f 3

nez0

\/371'
— ”f”p,uHaH%w
’ep\/ﬁ o q\/rn‘ pgsin %

where pu(z) = |25, vy = |n[i7!
Let c=e* d=e"% (a > 0) in (60). By (31), we get

(63) /EGRf(x) Z ‘csch (amﬂrﬂ) ‘ apdz

1 By T 2m+2
<1878y @22 1) (2) sl



ON A CLASS OF HALF-DISCRETE HILBERT-TYPE INEQUALITIES ... 381

Setting f = = 2m1+3 (m € N), a =1 in (63), and replacing m + 1 with m, we
get (9). Similarly, setting § =

m + 1 with m, we get

/xERf(x) Z csch < 2m+§/z>

n€ezo
(4m—+1) _
where p(x) = |z| 2TzL+1p_1’ Uy = |n’27r?+1 1 (m e N+)

Leta=e™, b=e"", c=¢e",d=e"" in (58), where 0 < 71 < 79. Then

(64) /xelR f(x) rgZ:O cosh (Tlx5n7> ‘csch <Tg$ﬂn7)

2m+2
1 _1 s m To — T1)T
<=2l () vl (DT g,

Let 79 = 2a, 1 = @ (o > 0) in (64). By using (30), we can also get (63). Let
T =4a, 11 = o (o > 0) in (64), then we have

(65) /acE]R fx) n%g ‘csch (aaﬁ?ﬂ) ‘ sech <2aw5n7) apdz

1 _1 1 s\ 2m+2 3T
- a~r"p (= (2m+1) [ 22
<—gmlBi (5) e <8>Hf|!p,#Hqu,u-

Additionally, let a = b =e7, ¢ = e** d = e 2* (o > 0) in (58). By (59)
and (30), we get the following inequality with the same constant factor as (63),
that is,

(66) /;rE]R fx) n%g ‘csch <am6n7) — sech (aazﬁnW) ‘ apdz

_1 _lB +1 2m+2 7T 2m+2
<|B oy @ ) (2) fllpllall

Furthermore, let @ = b = e, ¢ = €%, d = 2% (a > 0) in (58). Then we get
(67) / f(x) Z ‘CSCh (axﬁnv) + sech (amﬁnv) ‘ apdx
reR nez0

<|B oy @ ) (D) fllpllalle

Let 7 =n =1, and A = 2m + 1(m € N) in Theorem 3.1, then we have
ab = cd. By (24), we get

k(a,b,e,d, 7,m,\) = i [ 2(-1) + 21y ]

=0 (jlog & +log 8)2m+1 ~ (jlog § + log §)?m+1

_ 9 < 7Tc>2m+1 ¢(2m) <7r1ncg> ‘
(2m)! \In § In §

Therefore, Theorem 3.1 is transformed into the following corollary.

*2ml+3, v = 2ml+3, a =1 1in (63), and replacing

B
apdr < Wm@m + 1)(22m - 1)7T2meHp,uHa”q,w

apdx

q,v-
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Corollary 4.3. Let 8 € Q, and v € Rt NQ, where

2t+1
Q= : 1,1 eZ
{z TS }

Suppose that ¢ > a > b > d > 0, and ab = cd. Let m be such that (2m +
1)y <1, m € N. Assume that ¢(z) = cscz, p(z) = |x|PR-CmHDOA=L =

|91 Cme1y7)- U onezb:=7\{0}. Let f(z),an > 0 with f(z) € LW(R) and
a = {an}tnezo € lgy. Then

:EB n” bxﬁn”
/ flx i ————apde
GZO

xﬁn7+dxﬁn7 n

2m+41 b
1 v /o7 mln 5
<2l () eem (md> 17l sl

c
d d

Leta=¢e™, b=e", c=¢e,d=e"in (68), where 0 < 73 < 7. Then
/ f(x) Z cosh (TlxﬂnW) sech (Tgxﬁn7> apdz
z€R nezo

2m+1
1 _1 ™ m To — T1)T
<l () o (22) ilpulalls

Letting 72 = o (a > 0), 71 = 0 in (69), and using (29), we can also get (52).
Letting 7 = 2a, 71 = a (@ > 0) in (70), we have

/ flx csch (owcﬂnv) tanh (20(9:61{7) andz
EZO

1 _1 1 gmN\2mAl T
<5 BTy (5)7 6 (1) 1 lpulallgu-

At last, let T =n=1,a =0b, and A = 2 in Theorem 3.1. Then, we have
cd =a* Let ¢ =9 =¢* (a>0), then
1 1 log 2 —log & = L1og &
og— =log-=log—-=log—==log- =«
& 2 g &7 & )
and
4 &K (—1) deg
b,c,d A =— —_ = —
(CL C,a, T,1, (34202]4-1) 062’

where ¢y is the Catalan constant. Thus, Theorem 3.1 is transformed into the
following corollary.
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Corollary 4.4. Let a >0, € Q, y e Rt NQ and v < L, where

27
21 +1
Q.—{Z.Z—Ql—'_l7'l,l€Z}.

Suppose that p(z) = |z[P72D7L y, = |n|=2)7L e 70 .= 7\ {0}. Let
f(x),an >0 with f(x) € Ly ,(R) and a = {an}pezo € lg. Then

q,v-

4 _1 1
@ [ 5@ Y sech (ca"n) aude < 3152l

neZzd

Setting f = = 2m1+1 (m e Nt), a=11in (70), we have

(71) /ERf(:B) Z sech ( 2’"*\1/:1771) andz < 4co(2m + 1) || fllp.pllallgv,

neZzo

where u(r) = |x|§$ﬁP—17 Up = wﬁ;ﬁﬂfl—l (m e NT).
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