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Abstract. In this paper, a number of upper bounds are introduced for the mean
absolute deviation (MAD) from the mean when there is some information about the
number of the data that are above or below the average. The upper bounds are com-
pared with each other according to their tightness. A unified structure is found to be
useful to prove all of the proposed upper bounds as well as the other existing upper
bounds. In the path to formulate that structure, also, an upper bound is introduced
for the individual deviations from the mean. The results are clarified and verified by a
few examples.
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1. Introduction

Let {x1, . . . , xn} be an arbitrary data-set, where xi ∈ R, and define µx = x̄ =
1
n

∑n
i=1 xi, i.e., the (arithmetic) mean of the data, xmin = minxi and xmax =

maxxi. Deviations from the mean are the distances of the data from their mean,
i.e., |xi− x̄|, which is used in defining both the mean absolute deviation (MAD)
and the standard deviation (SD). If x1 = x2 = · · · = xn, all deviations are
zero and the data-set is trivial. Throughout the paper, non-trivial data-sets are
considered in which at least one data is different from the others.

Three most common measures for statistical dispersion of a data-set {xi}
are: (1) range: rx = xmax − xmin; (2) MAD: ρx = 1

n

∑n
i=1 |xi − x̄|; (3) SD:

σx =
√

1
n

∑n
i=1(xi − x̄)2. For the MAD, we have

(1) ρx =
1

n

n∑
i=1

|xi − x̄| 6 1

n

n∑
i=1

(xmax − xmin) = rx.

For the variance and the SD, we can write

(2) σ2
x =

1

n

n∑
i=1

(xi − x̄)2 6 1

n

n∑
i=1

(xmax − xmin)
2 = r2x
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which means

(3) σx 6 rx.

Equations (1), (2), and (3), respectively, represent very simple upper bounds
for MAD, variance, and SD of any arbitrary data-set {xi}. Having an upper
bound for a statistical measure is of analytical importance (e.g., to normalize
the measure or to yield other useful inequalities) as well as practical importance
(e.g., to verify the calculated measure for a given data-set). The tighter an
upper bound, the more information it represents. Therefore, it is desirable to
tighten the upper bounds as much as possible.

In Section 2, at first, some tight upper bounds are introduced for the indi-
vidual deviations from the mean. Then, some upper bounds are introduced for
the MAD which are tighter than (1). Simple examples are presented to clarify
and justify the results after comparing the proposed upper bounds in Section 3.

Regarding the MAD as a statistical measure of dispersion, it is worth men-
tioning that some closed-form expressions have been introduced for the MAD
in [3] for several probability distributions. The MAD can be used in real-world
applications, e.g., to model the risk in a portfolio optimization problem, [4], [5].
The main benefit of using MAD-based optimization is that it allows for linear
optimization which leads to a drastic reduction in the computational cost; See
[10] to find more about this benefit and some others. The MAD is one of the
measures that can be used to characterize the probability distributions; See [6]
for example. The MAD per se may be considered as a random variable; See [7]
where the probability distribution of the MAD and its estimation from data for
some specific distributions are studied. Also, some other uses of MAD are intro-
duced in [7], e.g., sample size determination for data with normal distribution.

2. Looking for appropriate upper bounds

Deviations from the mean of the data and their mean are considered in this
section and a few somehow tight upper bounds are found for them.

2.1 Individual deviations from the mean

For every individual deviation from the mean we obviously know that |xi− x̄| <
xmax − xmin = rx. But let us introduce a tighter upper bound.

Theorem 2.1. Let {x1, . . . , xn} be a non-trivial data-set, where xi ∈ R. Then:

(i) 1
nrx 6 |xi − x̄| 6 n−1

n rx for xi ∈ {xmin, xmax};
(ii) |xi − x̄| 6 n−2

n rx for xi /∈ {xmin, xmax}.

Proof. Let us sort {xi} in non-decreasing order and denote the ordered data-set
by {yj}. So,

(4) y1 6 . . . 6 yj 6 . . . 6 yn,
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where y1 = xmin, yn = xmax, and ry = rx = yn − y1.
Case (i): For xi = xmax, we should show that 1

nrx 6 xmax − x̄ 6 n−1
n rx which is

equivalent to 1
nry 6 yn − ȳ 6 n−1

n ry. By expanding ȳ as 1
n(y1 +

∑n−1
j=2 yj + yn)

we can write

(5) yn − ȳ = − 1

n
y1 −

1

n

n−1∑
j=2

yj + (1− 1

n
)yn.

Using (4) we know that (n− 2)y1 6
∑n−1

j=2 yj 6 (n− 2)yn. Therefore,

− 1

n
y1 −

n− 2

n
yn +

n− 1

n
yn 6 yn − ȳ 6 − 1

n
y1 −

n− 2

n
y1 +

n− 1

n
yn

which leads to

(6)
1

n
ry 6 yn − ȳ 6 n− 1

n
ry.

Likewise, for xi = xmin, by writing

(7) ȳ − y1 =
1− n

n
y1 +

1

n

n−1∑
j=2

yj +
1

n
yn.

we obtain

1− n

n
y1 +

n− 2

n
y1 +

1

n
yn 6 ȳ − y1 6

1− n

n
y1 +

n− 2

n
yn +

1

n
yn

which leads to

(8)
1

n
ry 6 ȳ − y1 6

n− 1

n
ry.

Case (ii): Now suppose that xi ∈ (xmin, xmax) and xi corresponds with yj . So,
for any yj > ȳ with j ̸= n, we should show that yj − ȳ 6 n−2

n ry. To this end,

we can expand ȳ as 1
n(y1 +

∑n−1
k=2,k ̸=j yk + yj + yn) to write

(9) yj − ȳ = − 1

n
y1 −

1

n

n−1∑
k=2,k ̸=j

yk + (1− 1

n
)yj −

1

n
yn.

Using (4) we know that y1 6 yj 6 yn and (n− 3)y1 6
∑n−1

k=2,k ̸=j yk 6 (n− 3)yn
which leads to

(10) −n− 2

n
ry 6 yj − ȳ 6 n− 2

n
ry.

Likewise, for any yj 6 ȳ with j ̸= 1, we obtain

(11) −n− 2

n
ry 6 ȳ − yj 6

n− 2

n
ry

by the same expansion of ȳ. This completes the proof.
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Remark 1. Beside presenting an upper bound, item (i) of Theorem 2.1 presents
a lower bound on (xmax − x̄) and (x̄− xmin).

Example 1. Consider an ascendingly-sorted data-set {y1, y2, y3, y4}. According
to Theorem 2.1, we have 1

4(y4 − y1) 6 ȳ − y1 6 3
4(y4 − y1), etc.

2.2 Mean Absolute Deviation (MAD)

As presented in (1), we know that ρx 6 rx. However, in this section, we are
going to find some tighter upper bounds for MAD.

To this end, let us sort {xi} in non-decreasing order and denote the ordered
data-set by {yj}. So, in comparison with the mean value ȳ = x̄, we will have a
lower data segment (yj < ȳ), an upper data segment (ȳ < yj), and a boundary
data segment (yj = ȳ). Hence

(12) y1 6 y2 6 . . . 6 yl < ȳ < yn−u+1 6 . . . 6 yn−1 6 yn,

where l and u are the number of data in the lower and upper data segments
respectively. For a non-trivial data-set, l and u are in [1, n− 1] and

(13) l + u 6 n.

Also, it is clear that y1 = xmin, yn = xmax, rx = ry = yn − y1, and ρx = ρy =
1
n

∑n
i=1 |yi − ȳ|.
It should be noticed that nȳ =

∑n
i=1 yi, so

∑n
i=1(yi − ȳ) = 0. For the lower

data segment, yi − ȳ < 0, and for the upper data segment, yi − ȳ > 0. Defining
two positive indices L :=

∑l
j=1(ȳ − yj) and U :=

∑n
j=n−u+1(yj − ȳ), we have

(14) L = U.

On the other hand, nρy =
∑l

j=1(ȳ−yj)+
∑n

j=n−u+1(yj− ȳ) = L+U , Therefore,

(15) ρy =
2

n
L =

2

n
U.

Lemma 2.1. Let {yj} be a data-set in non-decreasing order. B is an upper
bound of the MAD ρy, if L 6 n

2B (or equivalently U 6 n
2B).

Proof. The proof is obvious by (15).

Let us define the arithmetic mean of the lower and upper data segments
respectively as ȳl :=

∑l
j=1 yj/l and ȳu :=

∑n
i=n−u+1 yj/u. Therefore

(16)

{
L = lȳ −

∑l
j=1 yj = l (ȳ − ȳl) ,

U =
∑n

j=n−u+1 yj − uȳ = u (ȳu − ȳ)
.

Obviously, y1 6 ȳl 6 ȳ 6 ȳu 6 yn.
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Lemma 2.2. Let l, u, n ∈ N, such that l + u 6 n. Then,

(17)
1

l
+

1

u
> 4

n
.

Proof. We know that u 6 n − l. Thus, 1
u > 1

n−l , since u > 1 and n − l > 1.
Therefore,

1

l
+

1

u
> 1

l
+

1

n− l

and the proof is complete since we know that 1
l +

1
n−l >

4
n .

Theorem 2.2. Let {x1, . . . , xn} be a non-trivial data-set, where xi ∈ R. Then,

(18) ρx 6 1

2
rx.

Proof. We can equivalently prove ρy 6 ry/2. By Lemma 2.1, it suffices to prove
L 6 nry/4 or U 6 nry/4. Let us proceed by contradiction. Knowing L = U ,
suppose that L and U are greater than nry/4. By (16) we can write{

ȳ − ȳl > nry/4l,

ȳu − ȳ > nry/4u

which leads to ȳu − ȳl > nry
(
1
l +

1
u

)
/4. Then, by Lemma 2.2, ȳu − ȳl > ry

which is a contradiction.

The upper bound presented by Theorem 2.2 is independent of the size of the
data-set (n) and only uses the range (rx). Even tighter upper bounds may be
found for the MAD, when more information is available.

If the mean of the data is known in addition to xmin and xmax, a tighter upper
bound may be found. Considering the fact that the MAD is the arithmetic mean
of the absolute value of individual deviations, we immediately find

(19) ρx 6 max
(
xmax − x̄, x̄− xmin

)
which seems to represent an appropriate upper bound but a better one is pre-
sented in Theorem 2.3.

Lemma 2.3. Let {x1, . . . , xn} be a non-trivial data-set, where xi ∈ R. Then,

(20) 4lu 6 n2.

Proof. Knowing 4lu 6 4l(n− l) it suffices to prove 4l(n− l) 6 n2 which can be
rewritten as 0 6 n2 − 4nl + 4l2 = (n− 2l)2.

Theorem 2.3. Let {x1, . . . , xn} be a non-trivial data-set, where xi ∈ R. Then,

(21) ρx 6
√

(xmax − x̄)(x̄− xmin).
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Proof. By Lemma 2.1, it suffices to prove that either L or U is less than or
equal to n

√
(yn − ȳ)(ȳ − y1)/2. By contradiction and by (16) we can write{

ȳ − ȳl > n
√

(yn − ȳ)(ȳ − y1)/2l,

ȳu − ȳ > n
√

(yn − ȳ)(ȳ − y1)/2u

to result in
(ȳu − ȳ)

(yn − ȳ)

(ȳ − ȳl)

(ȳ − y1)
> n2/4lu

which is a contradiction, since the left hand side is less than or equal to one,
but by Lemma 2.3, the right hand side is greater than or equal to one.

It is interesting to notice that the MAD and the SD are respectively the
arithmetic mean and the quadratic mean of the absolute value of individual
deviations. Thus, knowing the fact that the quadratic mean is always greater
than or equal to the arithmetic mean, every upper bound for the SD is an upper
bound for the MAD too. In [2], an upper bound that uses the mean of the data-
set (known as Bhatia-Davis) is obtained for the SD which is the same as (21)
and is tighter than (3), since (xmax− x̄)(x̄−xmin) < (xmax −xmin)

2. It is worth
mentioning that the Bhatia-Davis upper bound can be used directly when x̄ is
known. If x̄ is not known, (xmax − x̄)(x̄− xmin) should take its maximum value
which happens when xmax − x̄ = x̄ − xmin or x̄ = (xmax + xmin)/2. Therefore,
we obtain

(22) σx 6 rx/2,

which represents the Popoviciu’s upper bound for SD, introduced in [8]. Popovi-
ciu’s upper bound is looser than Bhatia-Davis (because of not using the value
of x̄) but tighter than (3) (while using the same amount of information). Be-
sides, note that the Bhatia-Davis upper bound is indeed the geometric mean of
(xmax − x̄) and (x̄ − xmin). The harmonic mean of (xmax − x̄) and (x̄ − xmin),
represented in (23), too, is an upper bound for MAD which has been introduced
firstly in [1] and used in [9]. Theorem 2.4 presents a new straightforward proof
for it.

Theorem 2.4. Let {x1, . . . , xn} be a non-trivial data-set, where xi ∈ R. Then,

(23) ρx 6 2(xmax − x̄)(x̄− xmin)/rx.

Proof. According to Lemma 2.1, it is sufficient to prove that n(yn−ȳ)(ȳ−y1)/ry
is an upper bound for L and U . We will proceed by contradiction. So, suppose
that L = U is greater than n(yn− ȳ)(ȳ−y1)/ry. Then, knowing ry > 0, by (16),
we can write {

l(ȳ − ȳl)ry > n(yn − ȳ)(ȳ − y1),

u(ȳu − ȳ)ry > n(yn − ȳ)(ȳ − y1)
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which can be rewritten as

(24)

{
l(ȳ − y1)ry + l(y1 − ȳl)ry > n(yn − ȳ)(ȳ − y1),

u(ȳu − yn)ry + u(yn − ȳ)ry > n(yn − ȳ)(ȳ − y1)
.

On one hand, we know that y1 − ȳl < 0 and ȳu − yn < 0. Therefore, (24) can
be reduced to

(25)

{
l(ȳ − y1)ry > n(yn − ȳ)(ȳ − y1),

u(yn − ȳ)ry > n(yn − ȳ)(ȳ − y1)
.

On the other hand, we know that ȳ − y1 > 0 and yn − ȳ > 0. Therefore, (25)
can be reduced to

(26)

{
lry > n(yn − ȳ),

ury > n(ȳ − y1)
.

Summing the inequalities (26) leads to l + u > n which is a contradiction and
the proof is complete.

In what follows we are going to introduce some tighter upper bounds for the
MAD when some information is available about the number of the data below
or above the average.

Lemma 2.4. Let s, l, u, n be natural numbers such that l+ u 6 n and s belongs
to [min(l, n− l, u, n− u),max(l, n− l, u, n− u)]. Then,

(27) lu 6 min
(
l(n− l), u(n− u)

)
6 s(n− s).

Proof. The left inequality is correct, since l and u are positive, u 6 n − l,
and l 6 n − u. For the right inequality, let us define f(s) := s(n − s) =
−s2 + ns which is a parabolic function of s as depicted in Fig. 1. Obviously,
f(s) > min

(
f(l), f(u)

)
for every s in the specified interval, since f is a convex

function. This completes the proof.

0 n
s

s(n-s)

Figure 1: f(s) = s(n− s)
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Theorem 2.5. Let {x1, . . . , xn} be a non-trivial data-set, where xi ∈ R. Then,

(28) ρx 6
√
lu

n
rx 6 1

n
min

(√
l(n− l),

√
u(n− u)

)
rx 6

√
s(n− s)

n
rx.

Proof. Regarding the left inequality, according to Lemma 2.1, it suffices to
prove L 6 ry

√
lu/2 or U 6 ry

√
lu/2. We can prove it by contradiction. Knowing

L = U , suppose that L and U are greater than ry
√
lu/2. By (16) we can write{

ȳ − ȳl > ry
√

u
l /2,

ȳu − ȳ > ry

√
l
u/2

which leads to ȳu − ȳl > ry(
√

u
l +

√
l
u)/2 > ry which is a contradiction. The

middle and the right inequality are obtained directly from Lemma 2.4.

Lemma 2.5. Let l, u, n ∈ N, such that l + u 6 n. Then,

(29)
lu

l + u
6 1

n
min

(
l(n− l), u(n− u)

)
6 s(n− s)

n
.

Proof. First consider the left inequality. We know that l ≥ 0 and l + u ≤ n.
So, 0 ≤ −l(l + u − n). By adding nu to both sides we have nu ≤ −l2 − lu +
nl+nu = (n− l)(l+u). By multiplying l to both sides and rearranging we have
lu
l+u ≤ l(n−l)

n . Likewise, we derive lu
l+u ≤ u(n−u)

n and the left inequality is proved.
The proof of the right inequality is the same as the proof of the right inequality
in Lemma 2.4.

Theorem 2.6. Let {x1, . . . , xn} be a non-trivial data-set, where xi ∈ R. Then,

(30) ρx 6 2lu

l + u
.
rx
n

6 2

n2
min (l(n− l), u(n− u)) rx 6 2s(n− s)

n2
rx,

for every s ∈ [min(l, n− l, u, n− u),max(l, n− l, u, n− u)].

Proof. First consider the left inequality. According to Lemma 2.1, it suffices
to prove L 6 lu

l+ury or U 6 lu
l+ury. Let us proceed by contradiction. Having

L = U , suppose that L and U are greater than lu
l+ury. So, by (16) we have{

ȳ − ȳl >
u

l+ury,

ȳu − ȳ > l
l+ury

which leads to ȳu − ȳl > ry which is a contradiction. The middle and the right
inequality are obtained directly from Lemma 2.5.
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Table 1: Summary of the upper bounds and their required information
Label Upper Bound Required Information Reference

B0 rx rx (obvious)
B1 rx/2 rx (18) [8]

B2

√
(xmax − x̄)(x̄− xmin) xmin, xmax, x̄ (21) [2]

B3 2(xmax − x̄)(x̄− xmin)/rx xmin, xmax, x̄ (23) [1]

B4

√
s(n−s)

n rx rx, n, s (28)

Bl
5

√
l(n−l)

n rx rx, n, l (28)

Bu
5

√
u(n−u)

n rx rx, n, u (28)
B5 min

(
Bl

5, B
u
5

)
rx, n, l, u (28)

B6

√
lu
n rx rx, n, l, u (28)

B7 2 s(n−s)
n2 rx rx, n, s (30)

Bl
8 2 l(n−l)

n2 rx rx, n, l (30)

Bu
8 2u(n−u)

n2 rx rx, n, u (30)
B8 min

(
Bl

8, B
u
8

)
rx, n, l, u (30)

B9 2lurx/(l + u)n rx, n, l, u (30)

3. Summary and examples

Let us assign a label to each upper bound for ease of reference. Table 1 shows
the assigned labels along with the information required to calculate the upper
bounds.

It is obvious that B1 ≤ B0. Also, as B1, B2 and B3 can be considered
respectively as arithmetic, geometric, and harmonic means of (xmax − x̄) and
(x̄− xmin), it is obvious that B3 ≤ B2 ≤ B1.

Note that by 0 6 n2 − 4sn + 4s2 = (n − 2s)2, we have 4s(n − s) 6 n2 and
then 2

n

√
s(n− s) 6 1. So, we can write

(31) 2
s(n− s)

n2
6

√
s(n− s)

n
,

which leads to B7 6 B4, B
l
8 6 Bl

5, B
u
8 6 Bu

5 , and B8 6 B5.

Furthermore, for a fixed n, both 2 s(n−s)
n2 and

√
s(n−s)

n take their maximum
value when s is the nearest integer to n/2, So, we can write

(32)

√
s(n− s)

n
6 1

2

which means B4 6 B1 and B7 6 B1.

We can categorize the upper bounds with respect to the required information,
as shown in Table 2. Also in this table, the best upper bound is introduced for
each information group.
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Table 2: Information groups and suitable upper bounds for MAD
Group Label Available Information Possible Bounds Tightest Bound

I1 rx B0,B1 B1

I2 xmin, xmax, x̄ B2,B3 B3

Is3 rx, n, s B4,B7 B7

I l3 rx, n, l Bl
5,B

l
8 Bl

8

Iu3 rx, n, u Bu
5 ,B

u
8 Bu

8

I l,u3 rx, n, l, u B5,B6,B8,B9 B9

Table 3: The actual MAD versus some upper bounds for each data-set in Ex-
ample 2: B1, B2, and B3 respectively from [8], [2], and [1]; B5, B6, B8,
and B9 proposed in this paper.

Set l u MAD B0 B1 B2 B3 B5 B6 B8 B9

A 50 50 5.000 10 5 5.000 5.000 5.000 5.000 5.000 5.000
B 75 25 3.750 10 5 4.330 3.750 4.330 4.330 3.750 3.750
C 90 10 1.800 10 5 3.000 1.800 3.000 3.000 1.800 1.800
D 99 1 0.198 10 5 0.995 0.198 0.995 0.995 0.198 0.198
E 25 25 2.500 10 5 5.000 5.000 4.330 2.500 3.750 2.500
F 10 10 1.000 10 5 5.000 5.000 3.000 1.000 1.800 1.000
G 1 1 0.100 10 5 5.000 5.000 0.995 0.100 0.198 0.100

Example 2. Consider the following data-sets, all with n = 100, xmin = 0, and
xmax = 100:

Data-set A Fifty “0” and fifty “10”, i.e., {0× 50, 10× 50}.

Data-set B Seventy five “0” and twenty five “10’, i.e., {0× 75, 10× 25}.

Data-set C Ninety “0” and ten “10”, i.e., {0× 90, 10× 10}.

Data-set D Ninety nine “0” and one “10”, i.e., {0× 99, 10× 1}.

Data-set E Twenty five “0”, Fifty “5”, and twenty five “10”, i.e., {0× 25, 5×
50, 10× 25}.

Data-set F Ten “0”, eighty “5”, and ten “10”, i.e., {0× 10, 5× 80, 10× 10}.

Data-set G One “0”, ninety eight “5”, and one “10”, i.e., {0×1, 5×98, 10×1}.

The actual MAD for each data-set is compared to the proposed upper bounds
in Table 3. The upper bounds B4 and B7 are not present in Table 3 because
they depend on s and s is not unique in general.

Example 3. Let {xi} be a confidential data-set which means that we are not
aware of exactly what data does it contain. Only a limited amount of information
is available to us such as xmin = 0, xmax = 10, and n = 100 in addition to only
one of the following statements:
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a. We know Nothing else.

b. We know that the mean of the data is 7.0.

c. We know that exactly 50 data are above average.

d. We know about 40 data instances that they are not above average.

e. We know that exactly 30 data are below average.

f. We know that exactly 50 data are above average and exactly 30 data are
below average.

Let us find an appropriate upper bound for the MAD, i.e., ρ 6 B. Choosing
the best upper bound for each case we have:

a. B1 = rx/2 = 5.000.

b. B3 = 2(xmax − x̄)(x̄− xmin)/rx = 4.2.

c. Bu
8 = 2u(n− u)rx/n

2 = 5.000.

d. B7 = 2s(n− s)rx/n
2 = 4.800.

e. Bl
8 = 2l(n− l)rx/n

2 = 4.200.

f. B9 = 2lurx/n(l + u) = 3.750.

Finally, note that the results of this paper can be applied to any data-set
with finite number of elements and the probability distribution of the data is
not needed to be known.
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