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Abstract. This paper is devoted to the concepts of regular and intra-regular Γ-AG-
groupoids. We investigate some characteristics of Γ-AG-groupoids by the properties of
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1. Introduction

Abel-Grassmann’s groupoid [1, 2], abbreviated as AG-groupoid, is a groupoid
S whose elements satisfy the left invertive law a(bc) = (cb)a. This structure
is also known as left almost semigroup [3, 4]. It is a non-associative structure
which has wide applications in the theory of flocks and the theory of loops.
Sen and Saha in [5, 6], defined Γ-semigroups as a generalization of semigroups.
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Γ-semigroups have been studied by a lot of mathematicians, for instance Dutta
and Adhikari [7], Hila [8], Chinram [9], Sen et al., [5, 6, 10] and Seth [11]. After
the introduction of fuzzy sets by Zadeh [12], reconsideration of the concept of
classical mathematics began. On the other hand, because of the importance
of group theory in mathematics as well as its application in many areas, the
notion of fuzzy subgroups was introduced by Rosenfeld [13] and its structure was
investigated. Several other mathematicians started the fuzzification of different
branches of algebras [14, 15, 16, 17, 18]. The notion of fuzzy ideal in Γ-rings was
first introduced by Jun and Lee [19]. They studied some preliminary properties
of fuzzy ideals of Γ-rings. In [20], Dutta and Chanda studied the structures of
fuzzy ideals of a -ring and characterized -field, Noetherian -ring with the help
of fuzzy ideals via operator rings of Γ-ring. Jun [21] defined prime fuzzy ideal
of a Γ-ring and obtained a number of characterizations for a fuzzy ideal to be a
prime fuzzy ideal.

We remark that the Γ-semigroup given in [5] by Sen and Saha may be called
a one-sided Γ-semigroup. Later on in [7], Dutta and Adhikari introduced a
both sided Γ-semigroup in which the operation Γ × S × Γ → Γ was also taken
into consideration. In [22], Shah et al., introduced the notion of -AG-groupoids
which is in fact a generalization of AG-groupoids and discussed some properties
of Γ-ideals and bi-Γ-ideals in Γ-AG-groupoids. In continuation, Shah et al.,
studied M-systems in Γ-AG-groupoids [23]. Recently in [24], Shah, Rehman
and Khan discussed fuzzy Γ-ideals, prime (res. semiprime) fuzzy Γ-ideals in
Γ-AG-groupoids.

The aim of our present study is to characterize regular and intra-regular Γ-
AG-groupoids by the properties of fuzzy Γ-quasi-ideals, fuzzy Γ-interior ideals,
fuzzy Γ-bi-ideals and fuzzy Γ-generalized bi-ideals.

2. Preliminaries

Throughout this study will denote a Γ-AG-groupoid unless otherwise stated.
For the convenience of readers we recall certain definitions and results from
[22, 24].

Definition 2.1 ([22]). Let S and Γ be nonempty sets. We call S to be a Γ-
AG-groupoid if there exists a mapping S × Γ × S → S , written as (a, γ, c)
and denoted by aγc such that S satisfies the identity (aγb)µc = (cγb)µa for all
a, b, c ∈ S and γ, µ ∈ Γ.

Definition 2.2 ([22]). An element e of a Γ-AG-groupoid S is called left identity
if eγa = a for all a ∈ S and γ ∈ Γ.

Definition 2.3 ([22]). A non-empty subset I of a Γ-AG-groupoid is called a left
(right) Γ-ideal of S if SΓI ⊆ I(IΓS ⊆ I). A non-empty subset I of a Γ-AG
groupoid S is called a Γ-ideal if it is both a left and a right Γ-ideal of S.
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Definition 2.4 ([24]). Let S be a Γ-AG-groupoid and ϕ ̸= A ⊆ S. Then the
characteristic function χA of A is defined by

χA(x) =

{
1, ifx ∈ A

0, ifx /∈ A

Definition 2.5 ([24]). A function f from a non empty set X to the unit interval
[0, 1] is called a fuzzy subset of S. For fuzzy subsets f, g of X, f ⊆ g means that
f(x) ≤ g(x) for all x ∈ X. The fuzzy subsets f ∧ g and f ∨ g of X are defined
as

(f∧g)(x) =f(x)∧g(x) = min{f(x),g(x)},

(f ∨ g) (x) = f (x) ∨ g (x) = max {f (x) , g (x)} for all x, y ∈ S.

Let f, g be any fuzzy subsets of S. We define the product fΓg of f and g
as follows (fΓg)(x) = sup{min{f(y), g(z)} if ∃ x, y ∈ S and γ ∈ Γ such that
x = yγz} and (fΓg)(x) = 0, if x ̸= yγz.

Definition 2.6 ([24]). A fuzzy subset f of S is called a fuzzy subΓ-AG groupoid
if f(xγy) ≥min{f(x), f(y)} for all x, y ∈ S and γ ∈ Γ and f is called a fuzzy
left (right) Γ -ideal of S if f(xγy) ≥ f(y)(f(xγy) ≥ f(x)) for all x, y ∈ S and
γ ∈ Γ . If f is both a fuzzy left Γ -ideal and a fuzzy right Γ -ideal of S, then f is
called a two-sided fuzzy Γ-ideal of S.

Lemma 2.1 ([24]). In a Γ-AG groupoid S with left identity e, every fuzzy right
Γ -ideal of S is a fuzzy left Γ -ideal.

Lemma 2.2 ([24]). If S is a Γ-AG groupoid with left identity e and f, g are
fuzzy Γ-ideals of S, then fΓg is a fuzzy Γ-ideal of S.

Lemma 2.3 ([24]). If S is a Γ-AG groupoid and f, g are fuzzy Γ-ideals of S,
then fΓg ⊆ f ∩ g.

Definition 2.7 ([24]). A Γ-AG-groupoid S is said to be a regular Γ-AG-groupoid
if for each a in S there exist x ∈ S and α, β ∈ Γ such that a = (aαx)βa.

3. Fuzzy ideals in regular Γ-AG-groupoids

We initiate with the following Lemma

Lemma 3.1. In a regular Γ-AG-groupoid S, fΓg = f ∩ g, where f is a fuzzy
right Γ -ideal and g is a fuzzy left Γ -ideal.

Proof. Since fΓg⊆f∩g, we only show that f∩g⊆fΓg. If a∈S, then there exist
elements x∈S and α, β∈Γ such that a= (aαx)βa.

Now, (fΓg)(a) =
∨

a=yβz {f (y)∧g (z)}≥f(aαx)∧g(a)≥f(a)∧g(a)=f(a)∧g(a)
= (f∩g)(a)⇒f∩g⊆fΓg. Hence fΓg=f∩g.
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Lemma 3.2. Every fuzzy right Γ -ideal of a regular Γ-AG-groupoid is fuzzy
Γ-idempotent.

Proof. Let S be a regular Γ-AG-groupoid and f a fuzzy right Γ-ideal of S.
Since fΓf⊆f , we only show that f⊆ fΓf. If a∈S, then there exist x in S and
α, β∈Γ such that a= (aαx)βa.

Now, (fΓf)(a) =
∨

a=yγz {f (y)∧f (z)}≥f(aαx)∧f(a)≥f(a)∧f(a) =f(a) ⇒
f⊆fΓf.

Definition 3.1. Let A be a subset of Γ -AG-groupoid S. The characteristic
function of A is denoted by CA and is defined by

CA(a) =

{
1, if a ∈ A

0, otherwise

We note that a Γ-AG-groupoid S can be considered as a fuzzy Γ-subset of itself
and we write S=CS , i.e., S(x) = 1 for all x∈S.

Proposition 3.1. If A and B are any non-empty subsets of Γ -AG-groupoids
S, then following properties hold.

(1) If A ⊆ B, then CA ⊆ CB.
(2) CAΓCB=CAΓB.
(3) CA∪CB=CA∪B.
(4) CA∩CB=CA∩B.

Proof. (1) Let a be any element of S. Suppose a∈A, this implies a∈B. Thus
CA(a) = 1 =CB(a). This implies CA⊆CB. If a/∈A, then a/∈B. This implies
CA(a) = 0 =CB(a). Thus CA⊆CB.

(2) Let x be any element of S. Suppose x∈AΓB. This implies x=aαb for
some a∈A, b∈B and α∈Γ.

(CAΓCB)(x) =
∨

x=yγz {CA (y)∧CB (z)}≥CA(a)∧CB(b) = 1∧1=1=CAΓB(x).
Suppose x/∈AΓB. This implies x ̸=aαb for some a∈A, b∈B and α∈Γ.

(CAΓCB)(x) =
∨

x=yγz
{CA (y)∧CB (z)}= 0∧0= 0 =CAΓB(x)

Hence CAΓCB=CAΓB.
(3) Let a be any element of S. Suppose a∈A∪B. Then there are three cases
(i) when a∈A and a∈B. (CA∪CB)(a) =CA(a)∨CB (a)= 1∨1 = 1 =CA∪B(a).
(ii) when a∈A and a/∈B. (CA∪CB)(a) =CA(a)∨CB (a)= 1∨0 = 1 =CA∪B(a).
(iii) when a/∈A and a∈B. (CA∪CB)(a) =CA(a)∨CB (a)= 0∨1 = 1 =CA∪B(a).

If a/∈A∪B. This implies a/∈A and a/∈B. This implies(CA∪CB)(a) =CA∪B(a).
Hence in all cases CA∪CB=CA∪B.

(4) Let a be any element of S. Suppose a∈A∩B. This implies a∈A and
a∈B.

Now, (CA∩CB)(a) =CA(a)∧CB (a)= 1∧1 = 1 =CA∩B(a). Suppose a/∈A∩B.
This implies a/∈A and a/∈B. Now (CA∩CB)(a) =CA(a)∧CB (a)= 0∧0 = 0 =
CA∩B(a). Hence CA∩CB=CA∩B.
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Definition 3.2. A fuzzy Γ-subAG-groupoid f of a Γ-AG-groupoid S is called
a fuzzy Γ-bi-ideal of S if f ((xαy)βz) ≥ f (x) ∧ f (z) for all x, y, z ∈ S and
α, β ∈ Γ .

Lemma 3.3. Every fuzzy right (two-sided) Γ-ideal of a Γ-AG-groupoid S is a
fuzzy Γ-bi-ideal of S.

Proof. Let f be a fuzzy right Γ-ideal of S. Let x, y, z∈S and α, β∈Γ. Now,
f ((xαy)βz)=f (xαy)≥f (x) and f((xαy)βz) =f((zαy)βx)≥f(zαy)≥f(z).

It follows that f((xαy)βz)≥f(x)∧f(z). Hence f is a fuzzy Γ-bi-ideal of S.
Similarly it is fairly easy to prove that every two sided fuzzy Γ-ideal is also a
fuzzy Γ-bi-ideal of S.

Lemma 3.4. If S is a regular Γ-AG-groupoid, then for every fuzzy Γ-bi-ideal
f , (fΓS)Γf = f.

Proof. Since (fΓS)Γf⊆f, so it follows that there exist x∈S and α, β∈Γ such
that a= (aαx)βa.

Now,

((fΓS)Γf)(a) =
∨

a=yγz

{(fΓS)(y) ∧ f(z)} ≥ (fΓS)(aαx) ∧ f(a)

=
∨

aαx=pδq

{(f(p) ∧ S(q)} ∧ f(a)} ≥ f(a) ∧ S(x) ∧ f(a) = 1 ∧ f(a) = f(a)

⇒ f ⊆ (fΓS)Γf.

This implies (fΓS)Γf=f.

Lemma 3.5. Every fuzzy right Γ -ideal of a regular Γ-AG-groupoid is a fuzzy
Γ-ideal of S.

Proof. Let f be a fuzzy right Γ-ideal of S. Let a, b∈S. This implies there exist
elements x∈S and α, β∈Γ such that a= (aαx)βa.

f(aγb) =f((aαx)βa)γb) =f((bβa)γ(aαx))≥f(bβa)≥f(b).⇒f(aγb)≥f(b).

This implies f is a fuzzy left Γ-ideal and hence f is a fuzzy Γ-ideal of S.

Definition 3.3. A fuzzy subset f of Γ -AG-groupoid S is called a fuzzy Γ-
interior ideal of S if f ((xαy)βz) ≥ f (y), for all x, y, z ∈ S and α, β ∈ Γ .

Lemma 3.6. Let S be a regular Γ-AG-groupoid. Then any non-empty fuzzy
subset f of S is a fuzzy Γ-interior ideal of S if and only if f is a fuzzy Γ-ideal
of S.
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Proof. Suppose f is a fuzzy Γ-interior ideal of S. Let a, b∈S. This implies
there exist elements x∈S and α, β∈Γ such that a= (aαx)βa,

f(aγb) =f((aαx)βa)γb) =f((bβa)γ(aαx))≥f(a)⇒f(aγb)≥f(a).

It follows that f is a fuzzy Γ-right ideal of S and hence f is a fuzzy Γ-ideal of
S. Conversely, let f be a fuzzy Γ-ideal of S. Let x, y, z∈S and α, β∈Γ. Now
f ((xαy)βz)=f (xαy)≥f (y). Thus f is a fuzzy interior Γ-ideal of S.

Remark. Fuzzy interior Γ -ideal and fuzzy Γ -ideal coincide if S is regular Γ -
AG-groupoid.

Definition 3.4. A fuzzy subset f of Γ -AG-groupoid S is called a fuzzy Γ-quasi-
ideal of S if (fΓS) ∩ (SΓf) ⊆ f .

Proposition 3.2. In a regular Γ-AG-groupoid S with left identity e, (fΓS) ∩
(SΓf) = f for every fuzzy right Γ -ideal f of S.

Proof. Let f be a fuzzy right Γ-ideal of S. This implies (fΓS)∩(SΓf)⊆f,
because every fuzzy right Γ-ideal is fuzzy Γ-quasi-ideal. Let a∈S. This implies
there exist x∈S and α, β∈Γ, such that a= (aαx)βa,

(fΓS)(a) =
∨

a=yγz
{f (y)∧S (z)}≥f(aαx)∧S(a) =f(aαx)∧1 =f(aαx)≥f(a)

⇒f⊆fΓS(SΓf)(a) =
∨

a=lδm
{S (l)∧f (m)}}

≥S(aαx)∧f(a) = 1∧f(a) =f(a)f⊆SΓf⇒f⊆(fΓS)∩(SΓf).

Hence (fΓS)∩(SΓf) =f .

Lemma 3.7. In a Γ-AG-groupoid S with left identity e, every fuzzy Γ-quasi-
ideal is a fuzzy Γ-bi-ideal of S.

Proof. Let f be a fuzzy quasi-ideal of S. Let x, y, z∈S and α, β∈Γ. This implies
f((xαy)βz)≥((fΓS)∩(SΓf))((xαy)βz) = (fΓS)((xαy)βz)∧(SΓf)((xαyβ)z).

Hence

(SΓf)((xαy)βz) =
∨

(xαy)βz=lγm
{S (l)∧f (m)}=

∨
(xαy)βz=lγm

{1∧f (m)}≥f(z)?

⇒(SΓf)((xαy)βz)≥f(z).

(fΓS)((xαy)βz) =
∨

(xαy)βz=pγq
{f (p)∧S (q)}=

∨
(xαy)βz=pγq

{f (p)∧1}

(xαy)βz= (xαy)β(eδz) = (xαe)β(yδz)∈(xαe)ΓS=xΓS.

This implies (xαy)βz∈xΓS, so (xαy)βz=xηr for some r∈S and η∈Γ. This
implies

(fΓS)((xαy)βz) =
∨

(xαy)βz=xηr=pq
{f (p)∧S(q)}=

∨
xηr=pq

{f (p)∧1}≥f(x)

⇒(fΓS)((xαy)βz)≥f(x).f((xαy)βz)≥(fΓS)((xαy)βz)∧(SΓf)((xαy)βz)
≥f(x)∧f(z).
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This implies f((xαy)βz)≥f(x)∧f(z). This implies f is a fuzzy Γ-bi-ideal of
S.

Theorem 3.1. If S is a Γ-AG-groupoid with left identity e, then following
conditions are equivalent.

(1) S is regular.

(2) f∩g=fΓg for every fuzzy right Γ-ideal f and every fuzzy left Γ-ideal g
of S.

(3) h= (hΓS)Γh for every fuzzy Γ-quasi-ideal h of S.

Proof. (1)⇒ (2) . Obvious

(1)⇒ (3) . Let a∈S. This implies there exist elements x in S and α, β in Γ
such that a= (aαx)βa. Now,

((hΓS)Γh)(a) =
∨

a=yγz
{(hΓS) (y)∧h (z)}≥(hΓS)(aαx)∧h(a)

= (
∨

aαx=lδm
{h (l)∧S (m)} )∧h(a)≥h(a)∧S(x)∧h(a) =h(a)

⇒h⊆(hΓS)Γh.

Since every fuzzy Γ-quasi-ideal is fuzzy Γ-bi-ideal of S, this implies (hΓS)Γh ⊆
h. Hence it follows that h = (hΓS)Γh.

(3)⇒ (2) . Let f be a fuzzy right Γ-ideal and g is a fuzzy left Γ-ideal of S.
Since f and g are fuzzy Γ-quasi-ideals of S and intersection of any two fuzzy Γ-
quasi-ideals of S is also a fuzzy Γ-quasi-ideal of S, f∩g is a fuzzy Γ-quasi-ideal
of S. f∩g= ((f∩g)ΓS)Γ(f∩g)⊆(fΓS)Γg⊆fΓg ⇒f∩g⊆fΓg. Since fΓg⊆f∩g.
Hence fΓg=f∩g.

(2)⇒ (1) . Let a∈S. Since SΓa is a left Γ-ideal of S generated by a and
aΓS∪SΓa is a right Γ-ideal of S containing a. This implies CSΓa and CaΓS∪SΓa
are fuzzy Γ-left and fuzzy Γ-right ideals of S respectively and by hypothesis
CaΓS∪SΓa∩CSΓa= CaΓS∪SΓaΓCSΓa.

So, by Proposition 1, we have C(aΓS∪SΓa)∩SΓa=C(aΓS∪SΓa)SΓa. Consequently
(aΓS∪SΓa)∩SΓa= (aΓS∪SΓa)SΓa.

Now, as a∈(aΓS∪SΓa)∩SΓa, so a∈(aΓS∪SΓa)SΓa. This implies a is regular
and hence S is regular.

Theorem 3.2. For a Γ-AG-groupoid with left identity e, the following condi-
tions are equivalent.

(1) S is regular.

(2) f= (fΓS)Γf for every quasi-ideal f of S.

(3) f= (fΓS)Γf for every bi-ideal f of S.

Proof. (1)⇒ (3) . Straightforward.

(3)⇒ (2) . Because every fuzzy Γ-quasi -ideal is fuzzy Γ-bi-ideal.

(2)⇒ (1). Obvious.
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Theorem 3.3. If S is a Γ-AG-groupoid with left identity e, then following
conditions are equivalent.

(1) S is regular.

(2) f∩g= (fΓg)Γf for every fuzzy Γ-quasi-ideal f and every fuzzy Γ-ideal g of
S.

(3) h∩k= (hΓk)Γh for every fuzzy Γ-bi-ideal h and every fuzzy Γ-ideal k of S.

Proof. (1)⇒ (3). If h is a fuzzy Γ-bi-ideal and k be a fuzzy Γ-ideal of S, then
(hΓk)Γh⊆(SΓk)ΓS⊆kΓS⊆k, (hΓk)Γh⊆(hΓS)Γh⊆h.

It follows that (hΓk)Γh⊆h∩k. Now,

((hΓk)Γh)(a) =
∨

a=lηm
{(hΓk) (l)∧h (m)}≥(hΓk)(aα((xβa)αx))∧h(a)

= (
∨

aα((xβa)αx)=yδz
{h (y)∧k (z)} )∧h(a)≥h(a)∧k((xβa)αx)∧h(a)

≥ h (a) ∧ k (a)= (h∩k)(a)⇒h∩k⊆(hΓk)Γh.

Consequently h∩k= (hΓk)Γh.

(3)⇒ (2) . Straightforward because every fuzzy Γ-quasi-ideal of S is a fuzzy Γ-
bi-ideal of S.

(2)⇒ (1) . Since S is fuzzy Γ-ideal, so f∩S= (fΓS)Γf .

It follows that f= (fΓS)Γf, where f is a fuzzy Γ-quasi-ideal of S.

It follows that S is regular.

Theorem 3.4. For a Γ-AG-groupoid with left identity e, the following condi-
tions are equivalent.

(1) S is regular.

(2) f∩g⊆gΓf for every fuzzy Γ-quasi-ideal f and every fuzzy right Γ-ideal g of
S.

(3) h∩g⊆gΓh for every fuzzy Γ-bi-ideal h and every fuzzy right Γ-ideal g of S.

(4) k∩g⊆gΓk for every fuzzy generalized Γ-bi-ideal k and every fuzzy right Γ-
ideal g of S.

Proof. (1)⇒ (4) . Let a∈S and α, β∈Γ, then by hypothesis, a = (aαx)βa. Now,
(gΓk)(a) =

∨
a=lγm{(g)(l)∧k(m)} ≥ g(aαx) ∧ k(a) ≥ g(a) ∧ k(a) = k(a) ∧ g(a)

= (k∧g)(a). Consequently, k∩g⊆gΓk for every fuzzy generalized Γ-bi-ideal k
and every fuzzy right Γ-ideal g of S.

(4)⇒ (3)⇒ (2) are straightforward.

(2)⇒ (1) . Let f be a fuzzy right Γ-ideal and g be a fuzzy left Γ-ideal of S. Then
clearly gΓf⊆f∩g. Also since every fuzzy left Γ- ideal is fuzzy Γ-quasi-ideal of
S, so by hypothesis f∩g⊆gΓf. It follows that f∩g=gΓf for every fuzzy right
Γ-ideal f and g is a fuzzy left Γ-ideal of S. This implies that g∩f=gΓf . Hence
S is regular.
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4. Fuzzy ideals in intra-regular Γ-AG-groupoids

Definition 4.1. A Γ-AG-groupoid S is called intra-regular if for each a ∈ S,
there exist x, y ∈ S and α, β, γ ∈ Γ such that a = (xαa)β(aγy).

Lemma 4.1. In an intra-regular Γ-AG-groupoid S, every fuzzy Γ-ideal is fuzzy
Γ-idempotent.

Proof. Let f be a any fuzzy Γ-ideal of S. Since fΓf⊆f , we only show that
f⊆fΓf . Let a∈S. So, by definition a= (xαa)β(aγy). Now, (fΓf)(a) =∨

a=yδz{f(y) ∧ f(z)} ≥ f(xαa) ∧ f(aγy) ≥ f(a) ∧ f(a) = f(a) ⇒ f ⊆ fΓf.
Hence f=fΓf .

Lemma 4.2. If S is an intra-regular Γ-AG-groupoid S, then g ∩ f ⊆ fΓg for
every fuzzy left Γ -ideal f and for every fuzzy right Γ -ideal g of S.

Proof. Let a∈S. This implies there exist x, y∈S and α, β, γ∈Γ such that
a= (xαa)β(aγy). Now, (fΓg)(a) =

∨
a=yδz{f(y) ∧ g(z)} ≥ f(xαa) ∧ g(aγy) ≥

f(a) ∧ g(a) = g(a) ∧ f(a) = (g ∩ f)(a) ⇒ g ∩ f ⊆ fΓg.

Lemma 4.3. Every fuzzy right Γ -ideal of an intra-regular Γ-AG-groupoid S is
a fuzzy Γ-ideal of S.

Proof. Let f be a fuzzy right Γ-ideal of S. Let a, b∈S. Then by definition,
a= (xαa)β(aγy). Now, f(aδb) = f((xαa)β(aγy))δb) = f((bβ(aγy))δ(xαa)) ≥
f(bβ(aγy)) ≥ f(b). This implies f is a fuzzy left Γ-ideal of S and consequently
f is a fuzzy Γ-ideal of S.

Theorem 4.1. If S is an intra-regular Γ-AG-groupoid with left identity e, then
any non-empty fuzzy subset f of S is a fuzzy Γ-interior ideal of S if and only
if f is a fuzzy Γ-ideal of S.

Proof. Suppose f is a fuzzy Γ-interior ideal of S. Let a, b∈S. Then, there exist
x, y∈S and α, β, γ∈Γ, such that a= (xαa)β(aγy), f(aδb) = f((aαx)β(aγy))δb) =
f((bβ(aγy))δ(aαx)) ≥ f(aγy) ≥ f((eηa)γy) ≥ f(a) ⇒ f(aδb) ≥ f(a). It fol-
lows that f is a fuzzy right Γ-ideal of S and hence f becomes a fuzzy Γ-ideal
of S. Conversely, let f be a fuzzy Γ-ideal of S. Let x, y, z∈S and α, β∈Γ.
Now f ((xαy)βz)=f (xαy)≥f (y). Thus f is a fuzzy interior Γ-ideal of S.

Remark. In an intra-regular Γ -AG-groupoid S, fuzzy Γ -interior ideal and fuzzy
Γ -ideal coincide.

Theorem 4.2. If S is a Γ-AG-groupoid with left identity e, then following
conditions are equivalent.

(1) S is intra-regular.
(2) f∩g= (fΓg)Γf for every fuzzy Γ-quasi-ideal f and for every fuzzy Γ-

ideal g of S.
(3) h∩k= (hΓk)Γh for every fuzzy Γ-bi-ideal h and for every fuzzy Γ-ideal k

of S.
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Proof. (1)⇒ (3). Let x∈S, so there exist s, t∈S and α, β, γ∈Γ such that
x= (sαx)β(xγt).

Consider

xγt = ((sαx)β(xγt))γt = (xβ((sαx)γt))γt = (xβ((sαx)γt))γ(eηt)

= (xβe)γ(((sαx)γt)ηt) = (xβe)γ((tγt)η(sαx)) = (xβe)γ(((eηt)γt)η(sαx)

= (xβe)γ(((tηt)γe)η(sαx)) = (xβe)γ(((tηt)γs)η(eαx)) = (xβe)γ(((tηt)γs)ηx)

= (xβ((tηt)γs))γ(eηx) = (xβ((tηt)γs))γx

and sαx = sα((sαx)β(xγt)) = sα(xβ((sαx)γt)) = (eηs)α(xβ((sαx)γt)) =
(eηx)β(sα((sαx)γt)) = xβ(sα((sαx)γt)).

Now,

((hΓk)Γh)(x) =
∨

x=yγz

(hΓk)(y) ∧ h(z) ≥ (hΓk)(sαx) ∧ h(xγt)

= (
∨

sαx=lεm

h(l) ∧ k(m)) ∧ h((xβ((tηt)γs))γx)

≥ h(x) ∧ k(sα((sαx)γt)) ∧ h(x) ≥ h(x) ∧ k(x) = h ∩ k(x) ⇒ h ∩ k ⊆ (hΓk)Γh.

Also, (hΓk)Γh ⊆ (SΓk)ΓS ⊆ kΓS ⊆ k ⇒ (hΓk)Γh ⊆ k(hΓk)Γh ⊆ (hΓS)Γh ⊆
h ⇒ (hΓk)Γh ⊆ h ⇒ (hΓk)Γh ⊆ h ∩ k. Hence, h∩k= (hΓk)Γh.
(3)⇒ (2) . Straightforward because every fuzzy Γ-quasi-ideal of S is a fuzzy Γ-
bi-ideal of S.
(2)⇒ (1) . Let E be a fuzzy right Γ-ideal and J be a fuzzy two-sided Γ-ideal of
S. Since every fuzzy right Γ-ideal of S is a fuzzy Γ-quasi-ideal of S. Then by
hypothesis E∩J= (EΓJ)ΓE⊆ (SΓJ) ΓE⊆JΓE. Since E is a fuzzy right Γ-ideal
and J is also a fuzzy left Γ-ideal. Hence S is intra-regular.

Theorem 4.3. In a Γ-AG-groupoid S with left identity e, the following condi-
tions are equivalent.
(1) S is intra-regular.
(2) f∩g⊆gΓf for every fuzzy Γ-quasi-ideal f and every fuzzy left Γ-ideal g of S.
(3) h∩g⊆gΓh for every fuzzy Γ-bi-ideal h and every fuzzy left Γ-ideal g of S.

Proof. (1)⇒ (3) . Let h be fuzzy Γ-bi-ideal and g be a fuzzy left Γ-ideal of S.
Let x∈S. Then by definition x= (sαx)β(xγt). Now,

xγt = ((sαx)β(xγt))δt = (xβ((sαx)γt))δt = (xβ((sαx)γt))δ(eηt)

= (xβe)δ(((sαx)γt)ηt) = (xβe)δ((tγt)η(sαx)) = (xβe)δ(((eηt)γt)η(sαx))

= (xβe)δ(((tηt)γe)η(sαx)) = (xβe)δ(((tηt)γs)η(eαx)) = (xβe)δ(((tηt)γs)ηx)

= (xβ((tηt)γs))δ(eηx) = (xβ((tηt)γs))δx.

Now,

(gΓh)(x) =
∨

x=aµb

γ(a) ∧ h(b) ≥ g(sαx) ∧ h((xβ((tηt)γs))δx)

≥ g(x) ∧ h(x) = h(x) ∧ g(x) = (h ∩ g)(x) ⇒ h ∩ g ⊆ gΓh.
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(3)⇒ (2) . Obvious, because every fuzzy Γ-quasi-ideal of S is fuzzy Γ-bi-ideal of
S.

(2)⇒ (1) . Let R be a fuzzy right Γ-ideal of S and L be a fuzzy left Γ-ideal of S.
Since every fuzzy right Γ-ideal of S is fuzzy Γ-quasi-ideal of S. Consequently
R is a fuzzy Γ-quasi-ideal of S. So by hypothesis R∩L⊆LΓR. Hence S is
intra-regular.

5. Fuzzy idempotent ideals

Theorem 5.1. In a Γ-AG-groupoid S with left identity e, the following condi-
tions are equivalent.

(1) S is Regular and intra-regular.

(2) fΓf=f for all fuzzy Γ-bi-ideals of S.

(3) f1∩f2= (f1Γf2)∩(f2Γf1) for all fuzzy Γ-bi-ideals f1, f2 of S.

Proof. (1)⇒ (2) . Let x∈S. Since S is regular, so there exist elements a∈R
and α, β∈Γ such that x= (xαa)βx, also S is intra-regular, so by definition
x= (sαx)β(xγt). Now,

x = (xαa)βx = (xαa)β((xαa)βx) = ((sαx)β(xγt))α(eηa)

= ((sαx)βe)α((xγt)ηa) = ((eαx)βs)α((xγt)ηa) = (xβs)α((xγt)ηa)

= (xβs)α((((xαa)βx)γt)ηa) = (xβs)α(((tβx)γ(xαa))ηa)

= (xβs)α((aγ(xαa))η(tβx)) = (xβs)α((xγ(aαa))η(tβx))

= (xβs)α(((eµx)γ(aαa))η(tβx)) = (xβs)α((((aαa)µx)γe)η(tβx))

= (xβs)α((((aαa)µx)γt)η(eβx)) = (xβs)α((((aαa)µx)γt)ηx)

= (xβs)α(((tµx)γ(aαa))ηx) = (xβs)α((((eµt)µx)γ(aαa))ηx)

= (xβs)α((((xµt)µe)γ(aαa))ηx) = (xβs)α((((aαa)µe)γ(xµt))ηx)

= (xβs)α((((eαa)µa)γ(xµt))ηx) = (xβs)α(((aµa)γ(xµt))ηx)

= (xβs)α((xγ((aµa)µt))ηx) = (xβs)α((xγz)ηx), wherez = (aµa)µt

= (((xγz)ηx)βs)αx = ((sηx)β(xγz))αx = (xβ((sηx)γz))αx.

Now, consider

(fΓf)(x) =
∨

x=aρb

{f(a)∧f(b)} ≥ f((xβ((sηx)γz))αx) ∧ f((xαa)βx)

≥ (f(x) ∧ f(x) = f(x).

So, f ⊆ fΓf. Also fΓf⊆f. Hence it follows that f=fΓf .

(2)⇒ (3) . Let f1, f2 are fuzzy Γ-bi-ideals of S. Then obviously f1∩f2 is also a
fuzzy Γ-bi-ideal of S. So by hypothesis, we have f1∩f2= (f1∩f2)Γ(f1∩f2)⊆f1Γf2.
Also f1∩f2= (f1∩f2)Γ(f1∩f2)⊆f2Γf1. It follows that f1∩f2⊆(f1Γf2)∩(f2Γf1).
Now we claim that f1Γf2 is a fuzzy Γ-bi-ideal of S. For this, we show that
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((f1Γf2)ΓS)Γ(f1Γf2) ⊆ (f1Γf2),

((f1Γf2)ΓS)Γ(f1Γf2) = ((f1Γf2)Γ(SΓS))Γ(f1Γf2)

= ((f1ΓS)Γ(f2ΓS))Γ(f1Γf2) = ((f1ΓS)Γf1)((f2ΓS)Γf2) ⊆ f1Γf2.

Consequently, f1Γf2 is a fuzzy Γ-bi-ideal of S. Similarly f2Γf1 is also a fuzzy
Γ-bi-ideal of S. As intersection of fuzzy Γ-bi-ideals of S is also fuzzy Γ-bi-ideal
of S, so (f1Γf2)∩(f2Γf1) is a fuzzy Γ-bi-ideal. Then, by hypothesis

(f1Γf2) ∩ (f2Γf1) = ((f1Γf2) ∩ (f2Γf1))Γ((f1Γf2) ∩ (f2Γf1))

⊆ (f1Γf2)Γ(f2Γf1) ⊆ (f1ΓS)Γ(SΓf1) = ((SΓf1)ΓS)Γf1 = (((Se)Γf1)ΓS)Γf1

= (((f1e)ΓS)ΓS)Γf1 = ((f1ΓS)ΓS)Γf1 = ((SΓS)Γf1)Γf1 = (SΓf1)Γf1

= ((Se)Γf1)Γf1 = ((f1e)ΓS)Γf1 = (f1ΓS)Γf1 ⊆ f1.

Also, (f1Γf2) ∩ (f2Γf1) ⊆ f2, hence it follows that (f1Γf2) ∩ (f2Γf1) ⊆ f1 ∩ f2.
Hence f1 ∩ f2 = (f1Γf2) ∩ (f2Γf1).
(3) ⇒ (1). Let R be a fuzzy right Γ- ideal and L a fuzzy Γ-ideal of S. Then R and
L are fuzzy Γ-bi-ideals of S. As every fuzzy right Γ-ideal and fuzzy two-sided
Γ-ideal is a fuzzy Γ-bi-ideal of S. By hypothesis we have R∩L = (RΓL)∩(LΓR).
This implies R∩L ⊆ (RΓL)∩ (LΓR) and R∩L ⊆ LΓR ⇒ R∩L ⊆ RΓL. Since
RΓL ⊆ R∩L always true. Hence it follows that R∩L = RΓL and R∩L ⊆ LΓR.
Hence S is regular and intra-regular.

Theorem 5.2. If S is a Γ-AG-groupoid with left identity e, then following
conditions are equivalent.
(1) S is regular and intra-regular.
(2) Every fuzzy Γ-quasi-ideal of S is Γ-idempotent.

Proof. (1)⇒ (2) . Let g be a fuzzy Γ-quasi-ideal of S. Since gΓg⊆g, so we only
show that g⊆gΓg. If x∈S, then we have by definition x= (xαa)βx, also S is
intra-regular, so there exist s, t∈S and α, β, γ∈Γ such that x= (sαx)β(xγt).
Consider

x = (xαa)βx = (((sαx)β(xγt))αa)βx = ((aβ(xγt))α(sαx))βx

= ((xβ(aγt))α(sαx))βx = (((sαx)β(aγt))αx)βx

= ((((eηs)αx)β(aγt))αx)βx = ((((xηs)αe)β(aγt))αx)βx

= ((((aγt)αe)β(xηs))αx)βx = ((xβ(((aγt)αe)ηs)))αx)βx.

Now, (gΓg)(x) =
∨

x=yµz{g(y) ∧ g(z)} ≥ g((xβ(((aγt)αe)ηs)))αx) ∧ g(x) ≥
(g(x) ∧ g(x)) ∧ g(x) = g(x) ⇒ g ⊆ gΓg.

Hence, it follows that g=gΓg.
(2)⇒ (1) If a∈S, then SΓa is a right Γ-ideal of S containing a. Since every
right Γ-ideal is Γ-quasi ideal of S, so SΓa is a Γ-quasi-ideal of S. This implies
CSΓa a fuzzy Γ-quasi- ideal of S. Then by (2) , CSΓa=CSΓaΓCSΓa=C(SΓa)(SΓa).
It follows that SΓa= (SΓa)(SΓa). As a∈SΓa, so a∈(SΓa)(SΓa). Hence a is
regular and intra-regular. Consequently S is regular and intra-regular.
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Theorem 5.3. In a Γ-AG-groupoid S with left identity e, the following condi-
tions are equivalent.
(1) S is regular and intra-regular.
(2) Every fuzzy Γ-quasi-ideal of S is Γ-idempotent.
(3) Every fuzzy Γ-bi-ideal of S is Γ-idempotent.

Proof. (1)⇒ (3) . Obvious.
(3)⇒ (2) . Straightforward because every fuzzy Γ-quasi-ideal of S is a fuzzy Γ-
bi-ideal of S.
(2)⇒ (1) . Obvious.

Theorem 5.4. If S is a Γ-AG-groupoid with left identity e, then following
conditions are equivalent.
(1) S is regular and intra-regular.
(2) f1∩f2⊆f1Γf2 for all fuzzy Γ-quasi-ideals f1, f2 of S.
(3) f∩g⊆fΓg for every fuzzy Γ-quasi-ideal f and every fuzzy Γ-bi-ideal g of S.
(4) g∩f⊆gΓf for every fuzzy Γ- bi-ideal g and every fuzzy Γ-quasi-ideal f of S.
(5) g1∩g2⊆g1Γg2 for all fuzzy Γ-bi-ideals g1, g2 of S.

Proof. (1)⇒ (5) . Let g1, g2 are fuzzyΓ-bi-ideals of S. Then g1∩g2 is also a
fuzzy Γ-bi-ideal of S. Also by Theorem 9, every fuzzy Γ-bi-ideal in S is Γ-
idempotent. It follows that

g1∩g2= (g1∩g2)Γ(g1∩g2)⊆g1Γg2.

(5)⇒ (4)⇒ (2) and (5)⇒ (3)⇒ (2) . Straightforward.
(2)⇒ (1) . Let R be a fuzzy right Γ- ideal and L is a fuzzy left Γ-ideal of S.
Since every fuzzy right and fuzzy left Γ-ideal of S is fuzzy Γ-quasi-ideal of S. By
hypothesis, we have R∩L⊆RΓL. Also it is always true that RΓL⊆R∩L. Thus
R∩L=RΓL. Hence S is regular by Theorem 1. Again by (2), R∩L=L∩R⊆LΓR.
It follows that R∩L⊆LΓR. Hence S is intra-regular.

6. Conclusion

Due to importance of the concept of non-associativity, it is a general prediction
that in coming years, non-associativity will govern mathematics and applied
sciences. If we look into literature, we can observe that the study of fuzzy
sets was previously mostly restricted to associative algebraic structures, but
on the other hand there are many sets which possess non-associative binary
operations and we can dig out examples which investigate a non-associative
structure in the context of fuzzy sets. In this paper we made an effort to use the
theory of fuzzy sets to a non-associative algebraic structure (Γ -AG-groupoid).
We introduced the notions of regular and intra-regular Γ-AG-groupoids. By
defining fuzzy Γ-quasi-ideals, fuzzy Γ-interior ideals, fuzzy Γ-bi-ideals and fuzzy
Γ-generalized bi-ideals, we investigated various related properties. To extend
this work, one could study the characterization of Γ -AG-groupoids in terms of
fuzzy M-Systems.



FUZZY Γ-IDEALS IN REGULAR AND INTRA-REGULAR ... 871

References

[1] P. V. Protic, N. Stevanovic, Abel-Grassmann’s bands, Quasigroups and Re-
lated Systems, 11 (2004), 95-101.

[2] P. V. Protic, N. Stevanovic, AG-test and some general properties of Abel-
Grassmann’s groupoids, PU. M. A., 6 (1995), 371-383.

[3] M. A. Kazim, M. Naseerudin, On almost semigroups, Alig. Bull. Math., 2
(1972), 1-7.

[4] Q. Mushtaq, Q. Iqbal, Decomposition of a locally associative LA-
semigroups, Semigroup Forum, 41 (1991), 155-164.

[5] M. K. Sen, N. K. Saha, On -semigroups I, Bull. Cal. Math. Soc., 78 (1986),
180-186.

[6] M. K. Sen, N. K. Saha, On orthodox -semigroups, Int. J. Math. Math. Sci.,
15 (1992), 527-534.

[7] T. K. Dutta, N. C. Adhikari, On -semigroups with right and left unities,
Soochow J. Math., 19 (1993), 461-474.

[8] K. Hila, On regular, semiprime and quasi-reflexive -semigroup and minimal
quasi-ideals, LJM, 29 (2008), 141-152.

[9] R. Chinram, On quasi- -ideals in -semigroups, Science Asia, 32 (2006),
351-353.

[10] M. K. Sen, On -semigroups, Proceeding of International Symposium on
Algebra and Its Applications, Decker Publication, New York, 30 (1981),
1-8.

[11] A. Seth, -groups on regular -semigroups, Int. J. Math. Math. Sci., 15 (1992),
103-106.

[12] L. A. Zadeh, Fuzzy sets, Information and Control, 8 (1965), 338-353.

[13] A. Rosenfeld, Fuzzy groups, J. Math. Anal. Appl., 35 (1971), 512-517.

[14] P. S. Das, Fuzzy groups and level subgroups, J. Math. Anal. Appl., 84 (1981),
264-269.

[15] S. M. Hong, Y. B. Jun, A note on fuzzy ideals in -ring, Bull. Honam. Math.
Soc., 12 (1995), 39-48.

[16] M. Kondo, W.A. Dudek, On the Transfer Principle in fuzzy theory, Math-
ware Soft Comput., 12 (2005), 41-55.



872 I. REHMAN, A. RAZZAQUE, M. ASIF GONDAL and K. PING SHUM

[17] N. Kuroki, On fuzzy ideals and fuzzy bi-ideals in semigroups, Fuzzy Sets
System, 5(1981), 203-215.

[18] N. Kuroki, On fuzzy semigroups, Inform. Sci., 53 (1991), 203-236.

[19] Y. B. Jun, C. Y. Lee, Fuzzy -rings, Pusan Kyongnam Math. J., 84 (1981),
264-269.

[20] T. K. Dutta, T. Chanda, Structures of fuzzy ideals of -ring, Bull. Malays.
Math. Sci. Soc., 1 (2005), 9-18.

[21] Y. B. Jun, On fuzzy prime ideals of -rings, Soochow J. Math., 21 (1995),
41-48.

[22] T. Shah, I. Rehman, On -ideals and -bi-ideals in -AG-groupoids, Interna-
tional Journal of Algebra, 4 (2010), 267-276.

[23] T. Shah, I. Rehman, On M-systems in -AG-groupoids, Proc. Pakistan.
Acad. Sci. 47 (2010), 33-39.

[24] T. Shah, I. Rehman, A. Khan, Fuzzy -ideals in -AG-groupoids, Hacettepe
Journal of Mathematics and Statistics, 43 (2014), 625-634.

Accepted: 28.08.2019


