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The weight hierarchy of Ham(r, q)
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Abstract. Calculation of the weight hierarchy for codes, is an attractive and ap-
plicable topic in coding theory and cryptography. In this paper, we obtain the weight
hierarchy of Hamming codes over Fq. As a result of weight hierarchy of Hamming codes,
we compute the weight hierarchy of simplex codes.
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1. Introduction

In this paper, we denote Fq as a field of order q. Let C be a [n, k, d] linear code
over Fq, with parity check matrix, H. For a subspace D of C, the support of D
is denoted by supp(D) and is defined as follows

supp(D) = {i : ∃(v1, v2, · · · , vn) ∈ D; vi ̸= 0}.
The r−th generalized Hamming wight for code C, denoted by dr(C), is de-

fined as follows

dr = dr(c) = min{∥D∥ : D ⊂ C,dim(D) = r},
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where ∥D∥ = |supp(D)|. It is not difficult to see that d1(C) = d(C).

The concept of generalized Hamming weights (GHWs) were introduced by
Wei [7] in 1990. In [5], Ozarow andWyner had introduced a linear coding scheme
on the wire-tap channel of Type II in connection with Cryptography. Wei [7]
has shown that the generalized Hamming weights completely characterize the
performance of a linear code when it is used on the above channel.

An [n, k, d] linear code ,C, over Fq is called Maximum Distance Separable,
(MDS), code if d = n − k + 1 and we call that C as r−th Maximum Distance
Separable,( r−MDS), code when dr(C) = n − k + r. Also, we say that C is a
proper r -MDS(or Pr-MDS) code, where C is an r-MDS code and it is not an
(r − 1)-MDS code.

One may find known theorems about MDS and r- MDS codes in [3, 6].

Consider the r × (qr − 1/q − 1) matrix H, where each column of H is a
nonzero vector of each 1-dimensional subspace of F r

q . The linear code which H
is a parity check matrix, is called Hamming code and it is denoted by Ham(r, q).
For q = 2, the weight hierarchy of code was found by Wei [7]. In this paper we
calculate the weight hierarchy for any q, where q is a power of a prime.

Suppose that C is a linear code over Fq. The dual code of C, denoted by
C⊥, is the orthogonal complement of C.

Remember that two vectors x and y are orthogonal when the inner product
of them is equal to 0. Also, for a nonempty subset D of Fn

q , the orthogonal

complement of D, denoted by D⊥, is defined as follows D⊥ = {x ∈ Fn
q : x.y =

0, ∀y ∈ D}.
The dual of q−ary Hamming codeHam(r, q) is called a q−array simplex

code. We denote it by S(r, q) (see [4]).

2. Main result

In this section, we give the generalized Hamming weights of Hamming codes
over Fq. At first we stat some properties of generalized Hamming weights which
help us to computing the generalized Hamming weights of Hamming codes.

Theorem 2.1 ([7]). Suppose that C is an [n, k, d]− code over Fq with parity
check matrix H. Then:

(a) {dr(C) : 1 ≤ r ≤ k} = {1, 2, ..., n} \ {n+ 1− dr(C
⊥) : 1 ≤ r ≤ n− k},

(b) 1 ≤ d1(C) < d2(C) < ... < dk(C) ≤ n,

(c) If Hi’s are columns of H for 1 ≤ i ≤ n, then

dr(C) = min{|X| : |X| − rank(< Hi : i ∈ X >) = r}.

Theorem 2.2 ([1]). If C is a linear [n, k, d] code over Fq, then

dr ≤ n− k + r, 1 ≤ r ≤ k.

The following theorem shows a relation between the columns of H and d(C).
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Theorem 2.3 ([4]). Let C be a linear code and H denote its parity-check matrix.
Then the following statements are equivalent:

(i) d1(C) = d;
(ii) Any d − 1 columns of H are linearly independent and H has d linearly

dependent columns.

Theorem 2.4 ([1]). Let C be an [n, k, d] code over Fq and C⊥ be an [n, n−k, d⊥]
code. Then, we have:

(a) If C is an r- MDS code over Fq, then C is an r1- MDS code for all
r ≤ r1 ≤ k,

(b) If d⊥ = 1, then C is not a Pr-MDS code for any 1 ≤ r ≤ k,
(c) If d⊥ > 1, then C is a Pk−d⊥+2-MDS code.

The following theorem states the properties of Ham(r, q)

Theorem 2.5 ([4]). Suppose that Ham(r, q) is the Hamming code over the field
Fq. Then:

(i) Ham(r, q) is a [(qr − 1)/(q − 1), (qr − 1)/(q − 1)− r, 3]- code.
(ii) Ham(r, q) is a perfect exactly single-error-correcting code.

Now we compute the generalized Hamming weights of Hamming codes over
the field Fq.

Theorem 2.6. Let C be the Hamming code over the field Fq and dl(C) be the
l-th generalized Hamming weight of C. Then

dl(C) =



l + 2 1 ≤ l ≤ q − 1,

l + 3 (T2 =)q ≤ l ≤ q2 + q − 2(= T3 − 3),

l + 4 (T3 − 2 =)q2 + q − 1 ≤ l ≤ q3 + q2 + q − 3(= T4 − 4)
...

l + r Tr−1 − (r − 2) ≤ l ≤ Tr − r

where Ti = (qi − 1)/(q − 1)

Proof. From Theorem 2.5, we know that Ham(r, q) is a [(qr − 1)/(q− 1), (qr −
1)/(q − 1) − r, 3] code. Hence d = d1 = 3. By Theorems 2.1(b) and 2.2, we
have 4 ≤ d2 ≤ r + 2. For computing these generalized Hamming weights, we
use Theorem 2.1(c). Let H denote the parity check matrix of Ham(r, q) and
Hi denote the i-th column of H. Since d = 3, by Theorem 2.4, every two
columns of H are independent. Let Ht,Hs be two independent columns of H.
Consider two columns Hs and Ht. The subspace < Hs,Ht > has dimension
two, and has (q2 − 1)/(q− 1) = q+1 subspaces of dimension 1. Except Hs and
Ht, we have q − 1 subspaces of dimension 1 in < Hs,Ht >. We denote these
subspaces by H1,H2, · · ·Hq−1. For any S ⊆ {H1,H2, · · · ,Hq−1}, < Hs,Ht >=
< Hs,Ht, S >. Hence by Theorem 2.1 (c), we have

dl = l + 2, 1 ≤ l ≤ (q − 1).
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For dq we should use three independent columns of H (Note that since H is a
matrix of rank r, then H has r independent columns). By Theorems 2.1(b) and
2.2, we have q + 2 ≤ dq ≤ r + q. We claim that dq = q + 3. Consider three
independent columns Hi1 , Hi2 and Hi3 . The space generated by these three
columns has (q3−1)/(q−1) = (q2+q+1) subspaces of dimension 1. Except Hi1 ,
Hi2 and Hi3 , we have q2 + q − 2 subspaces of dimension 1 in < Hi1 ,Hi2 , Hi3 >.
Call themH1,H2, · · · ,Hq2+q−2. For any S ⊆ {H1,H2, · · · ,Hq2+q−2}, we have <
Hi1 ,Hi2 ,Hi3 >= < Hi1 ,Hi2 ,Hi3 , S >. Hence by Theorem 2.1 (c), we conclude
that

dl = l+3, (((q2− 1)/(q− 1))− 2) = q ≤ l ≤ q2+ q+1 = (((q3− 1)/(q− 1))− 3).

For the rest of prove, we continued this process and the result is obtained.

Corollary 2.1. The weight hierarchy for S(r, q) is as follows {qr−1, qr−1 +
qr−2, qr−1+qr−2+qr−3, ..., qr−1+qr−2+qr−3+...+q, qr−1+qr−2+qr−3+...+q+1}

Proof. Use Theorems 2.1 and 2.6.

Corollary 2.2. The code Ham(r, q) is an Ps- MDS code for s ≥ ((qr − 1)/q −
1)− qr−1 − (r − 2).

Let C be a code over Fq. The extended code of C, which is denoted by C̄, is
defined as follows

C̄ = {(c1, c2, ..., cn,−
n∑

i=1

ci) : (c1, c2, · · · , cn) ∈ C}.

The code C̄ is an (n + 1,M, d̄) code over Fq and d ≤ d̄ ≤ d + 1. If C is linear,
then C is linear too and if H is parity check matrix of C, then H the parity
check matrix for C, is as follows

H̄ =

 H
− − − −
1 1 1 · · ·

∣∣∣∣∣
0
−
1

 .

In the following we find generalized hamming weights for extended code of
Hamming code over GF (3).

Let C = Ham(m, 3) and C̄ = Ham(m, 3). Let dr and d̄r denote the r−th
generalized Hamming weight for C and C̄, respectively. Also, H and H̄ denote
the parity check matrices for C and C̄, respectively. Let Hi and H̄i be the i−th
columns of C and C̄, respectively.

We know that

H̄ =

 H
− − − −
1 1 1 · · ·

∣∣∣∣∣0−
1

 .
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The construction of H̄ shows that it contains columns (1, 1, 1, 0, ..., 0) and
(1, 0, 1, 0, ..., 0) and (1, 2, 1, 0, ..., 0). It is clear the element x̄ whose coordinates
are 1 in the corresponding columns to these vectors and 0 in other columns, is
belonging to C̄. Note that wt(x̄) = 3, so by theorem (2.5) we conclude that
d̄1 = 3.

Remember that d2 = min{|X| : |X| − rank(< H̄i : i ∈ X >) = 2}. It is
impossible to use rank(< H̄i : i ∈ X >) = 2 to calculate d̄2. For this, suppose
that there exists X = {H̄i1 , H̄i2 , H̄i3 , H̄i4} such that rank(< H̄i1 , H̄i2 >) = 2.
Now, H̄i3 is a linear combination of H̄i1 , H̄i2 . Hence there are c1, c2 belonging
to F3 such that c1H̄i1 + c2H̄i2 = H̄i3 . Regarding that all the coordinates in the
last row of H̄ is 1, we have c1+ c2 = 1. Hence c1 = 1 or c2 = 1 and in particular
H̄i3 = H̄i1 or H̄i3 = H̄i2 . Then Hi3 = Hi1 or Hi3 = Hi2 . This is a contradiction
to the definition of H. So, we should use rank3 to calculate d̄2. Hence d̄2 = 5.

Suppose that rank(< H̄j1 , H̄j2 , H̄j3 >) = 3. Now, we can add columns to
these columns without changing the rank of this subspace. To calculate the
number of these columns, we should solve the the equation c1H̄j1 + c2H̄j2 +
c3H̄j3 = H̄j4 in particular we should solve the equation c1 + c2 + c3 = 1 in F3.
The set

{(2, 2, 0), (1, 1, 2), (2, 0, 2), (0, 2, 2), (1, 2, 1), (2, 1, 1)}
contains the whole solutions of this equation. Then we can use rank3 to calculate
the higher weights till d̄6. It is clear that d̄6 = 9.

For d̄7, we should use rank4 and solve the equation c1 + c2 + c3 + c4 = 1 in
F3. This equation has 23 solution and we can use rank4 to calculate d̄23. By
continuing this process, we can find the other values of d̄r’s.
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