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Abstract. In this article a modified approach using shifted Legendre-Adomian Homo-
topy analysis method is applied in order to solve multi-term fractional order nonlinear
differential equations. This approach enable us to integrate the deformation equation
in an easily manner, moreover the computations connected with the algorithm are so
elementary than the standard Homotopy analysis method. The fractional derivatives
are described in the Caputo’s sense; the results of applying this procedure to the stud-
ied case showed that the proposed method is accurate and effective when it’s compared
with the usual Homotopy analysis method.
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1. Introduction

Differential equations stand out dramatically in the applications of physics,
chemistry and even mathematical models of biological, social and even economic
process. However, differential equations fail some times to formulate or describe
like phenomena,so, to get best models, FDEs are appointed in state integer
order ones [1], [2], [3], [4]. Fractional differential equations have been utilized
in different area of science, engineering. applied mathematics et al. they are
popularization of differential equations that exchange integral order derivatives
by fractional order derivatives [5], [6]. Since the exact solutions of nonlinear
FDE’s are difficult to get it, therefore numerical and approximate approaches
must be used, such as Adomian decomposition method [7], fractional differential
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transformation method [8], homotopy analysis method [9], polynomials method
[10], variational iteration method [11], wavelet method [12], and B-Spline oper-
ational matrix method [13]. The feasible interest of the HAM has aroused of
many authors in recent years. it has been successfully performed to handle dif-
ferent kinds of non-linear, non-homogenous equations and system of equations
as well as problems in science and engineering, see for instance, [14], [15], [16],
[17], [18], [19] , [20], [21], [22], [23], etc. Legendre polynomials (LPs) have a wide
implementations to integer and fractional order ordinary, partial and integral
equations such as [24], [25], [26], [27], [28], [29], [30]. In this paper a modified
approach which combined the HAM and the orthogonal shifted Legendre poly-
nomials which is so-called Legendre-Homotopy analysis method (LHAM) have
been introduced for solving the following class of multi-term fractional order
differential equations:

(1) cDαM
a u(x) = f(x, u(x), Dα1

a u(x), ..., D
αM−1
a u(x))

We assume that αM > αM−1 > ... > α1 > 0, αi − αi−1 ≤ 1, M ∈ N, and
αi ∈ Q for all i, subject to initial conditions:

(2) u(k)(0) = u0
(k) k = 0, 1, ..., dαMe − 1,

where dαMe is the least integer greater than or equal to αM .

2. Fractional order derivatives and integrals

Here we review basic definitions and properties of derivatives and integrals of
fractional order [31].

Definition 1. The fractional integral operator in the Riemann-Liouville sense
of order α > 0 of function y is given by:

Iαt y(t) =


1

Γ(α)

∫ t

0
(t− τ)α−1 y(τ) dτ, α > 0, τ > 0,

y(t), α = 0,

where Γ(α) is the Gamma function.

Definition 2. The fractional derivative operator in the Caputo sense of order
α > 0 of function y, is given as:

cDα
t y(t) =


1

Γ(n− α)

∫ t

0
(t− τ)n−α−1 y(n)(τ) dτ, n− 1 < α ≤ n,

dny(t)

dtn
, α = n,

where n is an integer.
Some properties of the fractional differential equations that we will use later.
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2.1 Properties

(1) αItt
β = (Γ(β + 1)/Γ(β + α+ 1))tα+β, β > −1, α > 0.

(2) cDα
t t
β = (Γ(β + 1)/Γ(β − α+ 1))tβ−α, β > −1, α > 0.

(3) cDα
t (Iαt y(t)) = y(t).

(4) Iαt (cDα
t y(t))=y(t)−

∑n−1
k=0

y(k)(0+)
k! tk, t ≥ 0, n− 1 < α ≤ n.

3. Shifted Legendre polynomials

LPs which is denoted by Lj(x) are outlined through the interval [-1,1] and satisfy
the following recurrence relations:

(3) Lj+1(x) = ((2j + 1)/(j + 1))xLj(x)− (j/(j + 1))Lj−1(x), j = 1, 2, 3, ...,

where L0(x) = 1 and L1(x) = x.

The shifted Legendre polynomials (SLPs) over the interval [0,1] are defined
as L∗j (x) = Lj(2x− 1). And satisfy the recurrence relation

(4) L∗j+1(x)=((2j+1)/(j+1))(2x−1)L∗j (x)−(j/(j+1))L∗j−1(x), j = 1, 2, 3, ...,

where L∗0(x) = 1 and L∗1(x) = 2x− 1.

Since LPs are orthogonal, therefore any function f(x) ∈ L2[0, 1] can be
decomposed in terms of SLPs, as

(5) f(x) =
∞∑
k=0

ckL
∗
k(x),

where c′ks can be calculated, as

(6) ck = (2k + 1)

∫ 1

0
f(x)L∗k(x)dx.

4. The approach

In this section we shall construct a series solution corresponding to the multi-
term FDEs of the form:

(7) cDαM
a u(x) = f(x, u(x), Dα1

a u(x), ..., D
αM−1
a u(x)), x ∈ [a, b],

where αM > αM−1 > ... > α1 > 0, αi − αi−1 ≤ 1,M ∈ N, and αi ∈ Q for all i.
Subject to the initial conditions:

(8) u(k)(0) = u0
(k) k = 0, 1, ..., dαMe − 1



584 O.H. MOHAMMED and DH.A. JALEEL

in vision of the homotopy technique, a zero order deformation equations can be
defined using an embedding parameter q ∈ [0, 1] by (1− q) L[φ(x, q)− u0(x)] =
qhH(x)[cDαM

a φ(x, q)− f(x, φ(x, q),cDα1
a φ(x, q), ...,

(9) cD
αM−1
a φ(x, q))],

where h 6= 0 and H(x) 6= 0 are an auxiliary parameter and function respectively,
and  L an auxiliary linear operator with property  L[u(x)] = 0 when u(x) = 0. Its
clear that when q = 0 and q = 1, we have φ(x, 0) = u0(x) and φ(x, 1) = u(x).

In the proposed method an initial approximation u0(x) can be defined as:

u0(x) =
m∑
j=0

a0jL
∗
j (x),(10)

a0j = (2j + 1)

∫ 1

0
U0(x)L∗j (x)dx,(11)

where U0(x) is the solution of the equation cDαM
a u(x) = 0 , with respect to the

conditions given by eq. (8).
The first order deformation equations can be expressed using shifted Legen-

dre and Adomian polynomials, as:

 L[u1(x)] = hH(x)[cDαM
a (

m∑
j=0

a0jL
∗
j (x))

−A0(x, (

m∑
j=0

a0jL
∗
j (x)),cDα1

a (
m∑
j=0

a0jL
∗
j (x)), ...,cD

αM−1
a (

m∑
j=0

a0jL
∗
j (x))](12)

and for i = 1, 2, 3, , the deformation equations can be utilized, as:

 L[ui+1(x)] =  L[ui(x)] + hH(x)[cDαM
a (

m∑
j=0

aijL
∗
j (x))

−Ai(x, (
m∑
j=0

aijL
∗
j (x)), Dα1

a (

m∑
j=0

aijL
∗
j (x)), ..., D

αM−1
a (

m∑
j=0

aijL
∗
j (x))],(13)

where

(14) aij = (2j + 1)

∫ 1

0
ui(x)L∗j (x)dx i = 1, 2, 3, ..., j = 0, 1, 2, ...,m

and Ai are the Adomian polynomials of x, u(x),cDα1
a u(x), ...,cD

αM−1
a u(x) de-

fined by

An(x, u(x),cDα1
a u(x), ...,cD

αM−1
a u(x))

= (1/n!)(dn/dλn)[f(x,

n∑
k=0

λkuk,

n∑
k=0

λk cDα1
a uk, ...,(15)

n∑
k=0

λk cD
αM−1
a uk)]λ=0, n = 0, 1, 2, ...
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Finally, the exact solution u(x) of problem (7)-(8) can be calculated as u(x) =∑∞
i=0 ui(x) and the nth order analytical approximate solution can be calculated

as:

(16) un(x) =

n∑
i=0

ui(x).

5. Illustrative examples

Example 1. Consider the following multi-term nonlinear higher-order non-
homogenous FDEs,

cD2.2
a u(x) +c D1.25

a u(x) +c D0.75
a u(x) + u(x)3

= 2x0.8/Γ(1.8) + 2x1.75/Γ(2.75) + 2x2.25/Γ(3.25) + (x3/3)3.(17)

Subject to:

(18) u(0) = u(1)(0) = u(2)(0) = 0

the closed form of problem (17)-(18) is u(x) = x3/3.
The solution curves of problem (17)-(18) are plotted in Figure 1 using the

proposed method, the exact solution and results were resulting from the usual
HAM.

Figure 1: The proposed solution of problem (17)-(18)

Example 2. Consider the following linear nonhomogeneous FDE,

(19) cD2
au(x) +c D3/4

a u(x) + u(x) = x3 + 6x+ 8.533x2.25/Γ(0.25)

with

(20) u(0) = u(1)(0) = 0

the closed form of problem (19)-(20) is u(x) = x3.
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Figure 2: The proposed solution of problem (19)-(20)

The solution curves of problem (19)-(20) are plotted in Figure 2 using the
proposed method, the exact solution and results were resulting from the usual
HAM.
Example 3. Consider the following multi-term nonlinear non homogeneous
FDE,

cD2u(x) + 2 D0.07621u(x) + (1/2) D0.00196u(x) + u(x)3

= 2x+ 4x2.92379/Γ(3.92379) + x2.99804/Γ(3.99804) + x9/27(21)

with

(22) u(0) = 0, u(1)(0) = 1

the exact solution of problem (21)-(22) is u(x) = (x3)/3.
The solution curves of problem (21)-(22) are plotted in Figure 3 using the

proposed method, the exact solution and results were resulting from the usual
HAM.

Figure 3: The proposed solution of problem (21)-(22)
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6. Conclusions

In this work we have been used a modified approach consist of, the HAM, Ado-
mian polynomials and the SLPs which is so called (SLAHAM) for solving a
certain class of multi-term nonlinear FDEs. in the proposed method the defor-
mation equations are easily integrable especially its decomposed the nonlinear
term using Adomian polynomials therefore the computations connected with
the algorithm are straightforward than the usual HAM. three examples are pre-
sented in order to illustrate the effectiveness and accuracy of the numerical
scheme.
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