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Abstract. In this paper, we propose a primal-dual interior-point method (IPM) for
P, (k) linear complementarity problems (LCPs) based on a new parameterized kernel
function which is a generalization of the one presented by Bai et al. [A primal-dual
interior-point method for linear optimization based on a new proximity function, Optim.
method softw. (2002)]. A simple analysis shows that the iteration bound for large-
update method obtained by Cho based on the original kernel function [A new large-
update interior point algorithm for Py (k) linear complementarity problems, J. Comput.
Appl. Math. (2008)] is improved from O((1+42k)n? log 2) to O((1+2k)y/nlognlog ),
and the small-update method has O((1 + 2x)+/nlog ) iteration complexity. These are
the currently best known complexity results for such methods. Some numerical results
have been provided.

Keywords: interior-point method, P, (k) LCPs, large-update method, parameterized
kernel function.

1. Introduction
In this paper, we consider the following LCP in the standard form:

(1) s=Mzx+q, xs=0, x>0, s>0.

*. Corresponding author
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where z,s,q € R", M € R"™", xs denotes the componentwise (Hadamard)
product of vectors x and s.

Problem (1.1) is called a P,(x) LCP if M is a P.(x) matrix, i.e. there exists
a nonnegative number k such that

(1 + 4/@) Z xl(Ma:)Z + Z HTZ(M:C)Z >0,
i€y i€
where J = {1,2,...,n}, Jy = {i € J : ;(Mz); > 0} and J_ = {i € J :
zi(Mx); < 0}. Furthermore, we define P, = |J,.~, P«(k). Note that the class
P, includes the class PSD of positive semi-definite matrices, and the class of
P-matrices with all the principal minors positive.

Since the groundbreaking paper of Karmarkar in 1984 [1], some scholars
and researchers are committed to the study of IPMs and a slew of results have
been proposed (see [2, 3]). P.(x) LCP is the largest class of LCPs which can
be solved by interior-point methods (IPMs) in polynomial time. Indeed, the
Karush-Kuhn-Tucker (KKT) optimality conditions for linear optimization (LO)
and convex quadratic optimization can be formulated as LCPs, and LCPs are
also closed related to variational inequalities. The basic theory, algorithms, and
applications about LCPs can be referred in [3, 4, 5].

For a long time, most of the IPMs are designed based on the classical log-
arithmic barrier function. However, there is a gap between the theoretical be-
havior and practical computational efficiency of the algorithm: the large-update
IPMs have better practical performance than the small-update IMPs, but the-
oretical result is relatively weaker. This gap was significantly reduced by Peng
et al. who introduced the so-call self-regular kernel function and obtained the
currently best known iteration bound of the large-update method for LO [6].
Subsequently, Bai et al. presented a series of eligible kernel functions and gave
a scheme to analyze the complexity bound of the primal-dual IPMs for LO.
They also obtained the best known iteration bound for large-update method
[7]. Moreover, El Ghami et al. [8] first introduced a trigonometric kernel func-
tion, it is shown that in the IPMs based on this kernel function for large-update
methods, the iteration bound is O(n% log2)..

With the development of IPMs, the methods of solving LLO based on a kernel
function have been extended to some complementarity problems (CPs), which
includes LCPs and nonlinear complementarity problems (NCPs), as well as some
other important optimization problems such as semidefinite and second order
cone optimization problems. For instance, Ji et al. proposed a large-update
primal-dual IPM for P, (k) LCPs based a new class kernel function [9], which
is neither classical logarithmic nor self-regular function. Cai et al. introduced
a new parametried kernel function with trigonometric barrier term [10], which
yields a class of large-udate and small-update IPMs for the Cartesian P, (x)-LCP
over symmetric cones. Li designed a large-update IPM for solving the P (k)
nonlinear complementarity problem (NCP) based on a new class of parameter-
ized kernel functions [11], the result coincides with the currently best known
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iteration bounds for such methods. Achache et al. presented a full-Newton
feasible step IPM for solving monotone horizontal linear complementarity prob-
lems [12]. For more studies about IPMs based on kernel functions please refer
to [14, 13, 15, 16, 17, 18, 19].

The best known iteration bound for large-update IPMs was obtained so far
based on some kernel functions in Table 1.

Table 1. Several known parameterized kernel functions

kernel function parameter iteration bound References
2 1— n
t2_1—|—tqj1_1,q>1 q:%logn O(\/ﬁlognlog;) [20],[21]
2 1— _ n
£ +tq(qq_*1)1 — A (t—1),g>1 q=3logn O(y/nlognlog ™) [20],[21]
£l LD 1) >0 b=O(logn) | O(ynlognlog™) [22]
t2;1 —J! (ei’ill)pdx, p>1, p=0(ogn) | O(ynlognlog™) [17]
87—1 — 1t eq(%*l)dg’ g>1 q=0O(logn) | O(y/nlognlog™) [23]
t2;1 +q%(%—1)eq<%_1) —qq;Ql,qz 1 | ¢g=0(ogn) | O(y/nlognlog™) [24]
1_
t2;1 + qtloiglqil7 g>1 ¢q=140(n) | O(y/nlognlogZ) [25]

Note that all kernel functions in Table 1 depend on a parameter. Moreover,
the last three kernel functions in the above table are all generalized by the origi-
nal kernel function when ¢ = 1, and the iteration bounds for large-update IPMs
are reduced from O(\/ﬁlog2 nlog %) to O(\/ﬁlognlog %) In fact, as indicated
in the recent studies about primal-dual IPMs based on kernel functions, the
parameter not only represents a barrier degree of the kernel function, but also
plays a role in improving the iteration complexity and practical computational
efficiency of the algorithm.

Motivated by these work, in this paper we introduce a parameterized version
of a kernel function that was previously presented by Bai et al. in 2002 [26].
This kernel function was also used to design a IPM for P,(x) LCP proposed by
cho [27], and the iteration bound for large-update method is O((1+2li)n% log 2).
As far as we know, no one has put forward its parameterized version. The new
parameterized kernel function is not self-regular, but it is eligible. Based on this
parameterized kernel function, we design a new primal-dual IPMs for P,(x) LCP
and obtain the best known iteration bounds for large-update and small-update
method respectively, among which the result for large-update method is better
than that of Cho.

The paper is organized as follows. In Section 2, we recall the basic concepts
of the central path and search direction. We also give a generic IPM for P, (k)
LCP in Fig.1. New kernel function and its properties are introduced in Section 3.
Section 4 is devoted to analyzing the convergence of the algorithm and deducing
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the iteration bound of the algorithm. In section 5, we give some numerical
results. Finally, concluding remarks are given in Section 6.

Some notations used throughout the paper are as below: R™ denotes the
set of n-dimensional vectors, the set of n-dimensional nonnegative vectors and
positive vectors are denoted as R’} and R, respectively. For any vector = €
R"™, the ith component of vector x is denoted as x;, T.min denotes the smallest ith
component of vector z, X := diag(z). Furthermore, e denotes n-dimensional
vector of ones and E denotes identity matrix. || - || denotes the 2-norm of a
vector. If f: R, — R, and x € R, then f(x) denotes a vector in R} whose
ith component is f(x;). The notation f(z) = O(g(z)) denotes f(x) < cg(x) for
some positive constant ¢, and f(z) = O(g(z)) denotes c1g(x) < f(z) < cag(z)
for positive constants ¢; and ca. The functions like f, g have a local meaning
in this paper.

2. Preliminaries

It is well known that the basic idea of the primal-dual IPM is to replace the
complementarity condition zs = 0 in (1) by the parameterized equation xs =
pe(p > 0), thus we have

(2) s=Mx+q, zs=pe, x>0,s>0.

A solution of (2) exists if and only if LCP satisfies the interior-point condition
(IPC), i.e., there exists (2°,s°) satisfying s = Mz% + ¢, 2° > 0, s > 0.
Without loss of generality, we can assume that the IPC is satisfied. Since M is
a P.(k) matrix and the IPC holds, then for each p > 0, a unique solution for
parameterized system (2) exists. The solution of (2) is denoted as (x(u),s(p)),
where (x(u), s(p)) is called the p-center of the LCP. The set of u-center gives a
homotopy path, which is called the central path of the LCP. Under the above
assumptions, if u — 0, then the limit of the central path yields optimal solutions
for LCP [28].

Let’t define

A A
(3) dy = ver a:, s 1= B, where v = g,
x S
The search direction of the algorithm is determined by Newton’s method,

and this yields the following scaled system:

(4)

—Md, +ds =0,
de +ds =v 1 — 0,

where M := X258 2 MX2572, X = diag(x), S = diag(s). A crucial observa-
tion is that the second equation in (4) is called the scaled centering equation,
where v —v ™! is exactly the negative gradient of the classical logarithmic barrier

2_
function, which is given by W (v) :==>"" (U"2 L log vi).
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In this paper, we replace the classical logarithmic barrier function ¥.(v) by
a new barrier function ¥(v). Therefore, the second equation in system (4) can
be rewritten as d, + ds = — 7 ¥(v). By using this result and (3), we have the
following modified Newton system:

(5) —MAx + As =0,
XAs+ SAzx = —pv 7 ¥(v).
The barrier function ¥(v) is determined by its kernel function ¢ (t) as below:

(6) V(v) =Y W(w),
i=1

where a twice differentiable function ¥(t) : R4+ — Ry is called a kernel function
if ¢ (t) satisfies the following conditions:

P =) =0 W >0 V>0 lme(t) = lim () = oo.

t—o00

Hence 9 (t) can be completely determined by its second derivative as follows:

t g
(7) (1) = /1 /1 Q) dCde.

The system (5) uniquely defines a centering search direction (Ax, As) [28].
By taking a step along the search direction, with the step size « defined by some
line search rules. The new point (z4,sy) is then computed by

(8) ry =x+alAx; sy =s+als.
A generic primal-dual algorithm for LCP is given below:

Generic Primal-Dual Algorithm for LCP
Input:
A threshold parameter 7 > 0;
an accuracy parameter € > 0;
a fixed barrier update parameter 6, 0 < 6 < 1;
begin

z:=2%>0;5 := 5" > 0; 299 = pVe; p = 0
while ny > € do

begin
= (1= 0)u;
while ¥(v) > 7 do
begin

solve system (5) for Az and As;
determine a step size «;
r:=x+ alAzx; s := s+ als;
end
end
end

Fig.1 Generic Algorithm
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Remark 2.1. Usually, if 7 = O(n) and § = O(1), the algorithm is called a
large-update method. If 7= O(1) and 6 = @(ﬁ), then we call the algorithm a
small-update method.

3. New kernel function and its properties
Bai et al. introduced the following kernel function in [26]:

t2—1 (e—12 e—-1

(9) ¢A(t> = 2 + e(et — 1) - e

In this paper, we parameterize it and obtain a new kernel functions as follows:

2—-1 (e—1)9tt e—1
1 t) = - t > 1.

For simplicity of presentation, we define M = % Some straightforward

computations yield the first three derivatives of 1(¢) with respect to t as below:

(11a) V) =t

I M (qe?t + et
(11b) ¢;(t)::1-+(6g{_1)q+2),

"oy M[q263t (3q + 1)6% + et]
(11(}) ¢ (t) - (et _ 1)q+3

In the following convergence analysis of the method we use the norm-based
proximity measure 0(v) defined by

(12 5(0) = I TP = g lde + ]|

It is known from the definition of the barrier function that the barrier function
U(v) is strictly convex and the minimum value is obtained at v = e, thus we
have U(v) =0 d(v) =0 v =ce.

Bai et al. gave five more conditions on the kernel function in the literature
[7], namely,

(13a) " (t) +4'(t) > 0, t <1

(13b) t"(t) —4'(t) > 0, t>1;

(13c) () <0, t> 0

(13d) 29" ()% — ' ()" (t) >0, t<1;

(13e) ()Y (Bt) — BY ()" (Bt) >0, t>1, B> 1.

Obviously, the condition (13a) is satisfied if ¢ > 1, because then ¢/(t) > 0
and ¢”(t) > 0. Thus the condition (13a) holds for ¢ > 0. Similar cases also
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occur on conditions (13b) and (13d). Following [7], a kernel function (t) is
called an eligible kernel function if () satisfies conditions (13a), (13c), (13d)
and (13e). Moreover, If () satisfies (13b) and (13c), then 1 (t) satisfies (13e).
Now one easily checks that our kernel function ¥ (t) is eligible.

Theorem 3.1. ¢(t) is an eligible kernel function.

Proof. Let N = %, t >0, g > 1. To prove that the kernel function
¥(t) is eligible, it is sufficient to prove that 1 (t) satisfies (13a), (13b), (13¢) and
(13d).

(i) By using (11a) and (11b), we have

N(get +1
t" () + ' (t) = t[1 + (eqf_t)] +t—N
Nl(get + 1)t — et +1
_ g 4 Nllee +t) : U o0 g1
e_

Let f(t) = (qe' + 1)t — e! + 1. One has f/(t) = (¢ — 1)et +tget +1 > 0, t >
0, ¢ > 1, which implies f(t) is strictly monotonically increasing. Using that f(¢)
is continuous, it follows that if ¢ > 0, then f(¢) > f(0) = 0 holds. In conclusion,
we have to" (t) + ¢'(t) = 2t + ];]tfi_(? >0,t>0, g>1.

(ii)  From (11a) and (11b), we derive that

w0~ o' (0) = o+ T

N(qet + 1)t
:(zteJrl)JrN>0,t>0, q>1.

|-t

(iii)  Due to (11c¢), we immediately get "' (¢t) <0, t >0, ¢ > 1.
(iv)  Combining with (11a), (11b) and (11c), it is verified that

29" ()% — ¢ ()" (t)

N(get +1

o )r+(t—N)N[qzeth?’QH)etH]

(@17
- N212(get +1)? — (¢%e®' + (3¢ + 1)et + 1)]
> @17

N2[g?e® + (¢ — 1)e! + 1]

= (e —1)2 >0,t>0,qg>1.

21+

This proves that i (¢) satisfies (13a), (13b), (13c) and (13d), the proof is com-
pleted. ]

In the following lemma we list some formulas that are equivalent to (13a).
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Lemma 3.2 ([21],Lemma 2.1.2). The following three formulas are equivalent if
P(t) is a twice differentiable function fort > 0:

(i) Y(Virt2) < 3(¥(t) +p(t2)), t1, ta > 0;

(i) '(t) +t"(t) 2 0, t > 0;

(iii)  (ef) is convex.

In fact, a twice differentiable function is called exponential convex or e-convex
if it satisfies the property described in Lemma 3.2, and this property has been
proved to be essential in analyzing the convergence of the primal-dual IPMs
based on kernel functions. It is clear that our kernel function v (t) is e-convex

by Theorem 3.1.
Define ¥y (t) := q(j(‘e}ff) —?, t >0, ¢ > 1. One may easily verify that ¢(t)
is monotonically decreasing and 1;(¢) is monotonically increasing for ¢ € (0, 00).
We also have (1) = 0 and (1) =
The following lemmas give several crucial properties which are important in

the analysis of the algorithm.

Lemma 3.3. Let w( ) be as defined in (10), we have
() (=1 <9(t) <59/ (t)% >0, ¢>1;
(i) (1) < (q+1)(t— 1)2 t>1, ¢>1;

(i) 6(w) > /¥ t>0, ¢> 1.

Proof. (i) By using (7) and ¥"(t) > 1, for ¢ > 1 and ¢ > 0, we have

//w<wo//hwu (t-1)?
_ /1 t /1 © (O dede < /1 t /1 € (C)dcde

= [[wrowiods = [ w©ae) = i,
1 1

(i) Using Taylor’s theorem, (1) = ¢/(1) = 0, ¢"(1) = %tL and " (t) <
0, t > 0, we have

9(6) = $(1) + /()6 ~ 1) + 50" ()~ 1 + 39" ()t — 1)

1., Lo
= V"Dt -1+ FTR A 1)?

qge +1
2(e—1)

and

t—1)2%<(g+D(t—-1)2% 1<é<t, ¢>1.

(ili)  From the right inequality of (i), we obtain

=Y o) < 5 DWW = ol 7 PP =200,
=1 =1
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which means 6(v) > \/% . This completes the proof. O

Lemma 3.4. Letp : [0,00) — (0, 1] denote the inverse function of the restriction
of —3v/(t) to the interval (0,1]. Then

1
1 25 4+ 1Y\ ¢t
< > 1.
ep<s>_1—< M> g=21

Proof. Putting t = p(s), which implies s = —3¢/(t) = —3(t— %) Hence

we may get

Met M

2s+1>2s+t= (et—l)Q+1 > (et—l)q+1’

te (0,1, ¢ >1.

This implies

1 1 <(28+1

qult 0,1 >1
et—1 erls) =1 -\ M te (01, a21,

which proves the lemma. O

Lemma 3.5. Let ¢ : [0,00) — [1,00) be the inverse function of (t) for t €

[1,00). Then /1425 < o<1+ 2s.

Proof. Let t = p(s), then we have s = ¢(t) = ’@Tfl +p(t), g > 1, t € [1,00).
Since )y (t) is decreasing for t > 1 and (1) = 0, one has s = 9(t) < t22_1, te
[1,00). This gives v/1 4 2s < g(s). For the second inequality we use the result (i)
in Lemma 3.3, thus we obtain s = 1(t) > %(t— 1)2, therefore o(s) =t < 14+/2s.
This completes the proof of the lemma. O

4. Complexity analysis of the algorithm

Note that our algorithm consists of two parts: inner iteration and outer iteration.
Every time before the outer iteration of the algorithm begins, just before the
p—update with the factor 1 — 60, 0 < # < 1, we have ¥(v) < 7. The vector v
is divided by the factor /1 — 6 in the outer iteration, which in general leads to
an increase in the value of ¥(v). Then the algorithm starts executing the inner
iterations if U(v) > 7, and the inner iterations will decrease the value of ¥(v).
The algorithm returns to the outer iteration again when ¥(v) < 7. Repeat the
above iteration process until p is small enough, say, until nu < €, at this stage
we have found an e—solution of the P,(x) LCP.

4.1 Growth behavior

From the above analysis we conclude that the largest value of ¥(v) occur after
the p-update, just before the inner iteration begins. What we want is to find an
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upper bound of ¥(v) to research the amount of decrease of the barrier function
during an inner iteration. Due to the fact that v (¢) is eligible, and also [7], we
have the following lemma.

Lemma 4.1. Let ¢ be as defined in Lemma 3.5, and v € R} ,, 8> 1, then

W@U)§n¢<ﬁ@(@§0>>.
Define

(14) Ly(n,0,7) = ny (\/11?09(;»

Obviously, if U(v) < 7 and = \/%, then Ly (n,6,7) is an upper bound for
W(h) by using Lemma 4.1.

Lemma 4.2. Using the notations of (14), if ¥(v) < 7, then we have

(i) Ly(n,0,7) < nH2ERTEET

(ii) Ly(n,0,7) < W0V

Proof. (i) Since 9p(t) is monotonically decreasing for t > 1, and (1) = 0,
we get

2 -1 2 -1

TP et S R
Since \/1179 >1for 0 <6 <1ando(}) > 1, we have 5% > 1. Using above

results, Lemma 3.5 and 1(¢) is monotonically increasing for ¢ € [1,00), we have

o(%)

1+4/2
Ly(n,0,7) = nlb(m) < ny (d)

144/22N\ 2
(\/1\/?;) _1_n9+2\/2n7'+27'
2 N 2(1 —6) '

<n
(i)  From the result (ii) in Lemma 3.3 and Lemma 3.5, we deduce that

Ly(n,0,7) =ny o) < ny ﬁ
v \VI=e) = vi—o

(1+ 2r _ 1—9)2 (q+1)(\/ﬁe+\/ﬂ)2
) 1-6 = 1-6 ’
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where the last inequality is obtained by 1 — /1 —60 = 1+\§ﬂ < 0. Hence the
lemma is proved. O
Defining
nl + 2v2n7 + 27
Y1 p1(n, 0, 7) 2(1— 0) )
2
(g+1) <\/ﬁ9 + \/27)
ng = ng(n,H,T) = 1-6 .

We will use Ly and Ly for the upper bounds of W(v) for large-update and
small-update methods, respectively. From Remark 2.1, if we set 7 = O(n) and
6 = ©(1), then Ly = O(n). If we choose 7 = O(1) and 6 = @(ﬁ), then
Ly = O(q).

4.2 Decrease behavior and the choice of step size

This section serves to analyze the decreasing behavior of the barrier function
and the choice of step size during an inner iteration. After a damped step we
have

T

Ax x
Ty =2+ alx = x(e—i—a?) =z(e+ ;) = ;(U—i—adm);
ds

A
s+:s+aAs:s(e+a—S):s(e+7):§
s v v

(v + ady).

Thus we obtain

(15) vy = /"‘*j* = /(v + ady) (v + ady).

Since 9 is e-convex, then one can get

(16)  W(vy) = U(y/ {0+ ady)(v + ady) < %(\y(u + ady) + U(v + ady)).

Define
fla) :=¥(vy) = ¥(v),

which denotes the amount of decrease of the barrier function after an inner
iteration. An immediate consequence following from (16) is

Fla) < fila) = 5 (v +ady) + W(o +ady)) — U(v).

The first derivative and the second derivative of fi(«) are given as follows:

n

1

(17) fila) = ) ;(W(Uz + ady, )y, + ' (vi + ads,)ds,);
(18)  flle) = 5 D" it ade )2, + 4 (v + ady )2,

=1
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We thus have

1 1
F0) = f1(0) = 0; f1(0) = V()" (d + ds) = =5 VE(v) ' VI(v) = —26(v)*.
Since M is a P, (k) matrix and M Ax = As from (5), for Az, As € R" we have

(1+4r) Z Ax;As; + Z Ax;As; > 0.

e ied_

where J, = {i € J : Az;As; > 0} and J_ = J—J,. Note that dyd, = 222285 —

xrs
%,u > 0, we obtain

(1+4k) Y dayds, + Y dayds, > 0.
icJy ieJ_

With 6(v) as defined in (12), then we use the following notations:
V1 1= Umin, 0 :=4d(v).
The following lemmas give the bound for ||d,|| and ||ds]|.

Lemma 4.3 ([27], Lemma 4.2). "7 (d7 +d2.) < 4(142k)0%, ||d.| < 2v/1 + 2k,
and ||ds|| < 2v/1 + 2k6.

Lemma 4.4. f{(a) < 2(1+ 2k)6%)" (v1 — 206v/1 + 2k).
Proof. Using Lemma 4.3, we have the following inequalities:
Vi + ady, > v — 206V 1+ 2k, v + ads; > v1 — 2a0V/1 + 2k,
where 1 < ¢ < n. From the above result, Lemma 4.3, (18) and " (¢) is mono-

tonically decreasing, we deduce

1 - 2 2
(o) =3 ;W’(w + ady,)d, + " (v + ads ) dS)

< %Z (1/}// (Ul — 204(5\/14-72/@) d?gi o (’U1 — 2045\/1—1—72/{)(11)
=1
= L0 (01— 200VTF2) Y (2, + )
=1
1

< ¥ (v1 = 206V + 26) ([l |* + [1ds]I7)
< 2(1+2k)0%¢" (v1 — 2a6V1 + 2k).

We get the desired result. O
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Lemma 4.5. If « satisfies the inequality

(19) —¢ (v1 — 2a6V1 + 2k) + ¢/ (v1) < \/ﬁﬁ,

then f1(a) < 0.

Proof. By Lemma 4.4, we obtain
fite) = O+ [ e

0

—26% + 26%(1 + 2k) / V" (v1 — 266V1 + 2k)dE
0

= 20" — 6v/1+ 2k /a Y (v1 — 260V1 + 2r)d(v1 — 266V1 + 2k)
0

= —20% = VT4 2r8(/ (1 — 260V/T+ 28) — ¢/ (vn))

IN

26
< =202 + V1 + 2K0 e
- V142K
= 0.
The lemma, is proved. O

Lemma 4.6. Using the notions of Lemma 3.4, if step size v satisfies (19), then
the largest step size a is given by

(20) a:-W(p(&)—p((l—l—\/ﬁ)é)).

Proof. Since " (t) is monotonically decreasing, the derivative of the left hand
side in (19) with respect to vy satisfies

(0 — 2061 T 28) + ¢ (1) < 0.

This implies that the left hand side in (19) is monotonically decreasing in vy.
Therefore, for fixed , the smaller the value of vq, the smaller the value of «.
By the definition of § and ¥(v), we have

1 1
5= IVe@) =5

Note that equality holds if and only if v; is the only coordinate in v which differs
from 1 and v; <1, i.e., ¥'(v1) < 0. Hence the smallest step size a occurs when
vy satisfies

(21) —g¥/(on) =
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In this case, we have

(22) vy = p(9).

Since " (t) > 0, the derivative with respect to « of the left hand side in (19)
satisfies

26V/1 4 261" (v1 — 200V1 + 2k) > 0,

which means the left hand side in (19) is monotone increasing with respect to
a. Therefore, the largest step size satisfying (19) occurs when

(23) —¢' (v1 — 2a0V1 + 2k) 4+ ¢/ (v1) = \/12_:?72%

From (21), (23) can be written as

V142K

By above equation and the definition of p, we obtain

—%qb’(vl —2a6V1+2k) = 5(1 + 1)-

1
v1 — 200V/T + 25 = p 5(1 n 7) :
142k
Hence, by (22), the largest step size « follows that

1 1
n=——="|p(d) — 1+ —1J4§) ],
T uViton (p( ) p(( \/71+2,{> ))
and the lemma is proved. O

Lemma 4.7. Let p and & be defined as in Lemma 4.6, then

1 1
T T 260 (p(1F )8

(24) a>a:

and we will use & as the default step size.

Proof. By the definition of p, we have

1
—50/(p(8)) = 5
Taking the derivative with respect to J, we obtain

1

—5¢"(p(9))p'(0) = 1.
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Since ¥"(p(0)) > 0, we have

2
/
p(0) =——r—== <0,
)= e
which means that p(d) is monotonically decreasing in §. Using the above result,
(20) and the fundamental theorem of calculus, we get

Qi

- m (p(é) —p((1+ \Aiﬁ)‘s))
p'(€)d¢

1 d
201+ 2k /(1+ L)

Vit2k
1

1 (1+ﬁ)5
- - -4
s o)™

We want to obtain a lower bound for & by replacing the argument of the last
integral with its minimal value. Hence we would like to know when the ¢ (p(€))
attains the maximum value for £ € [6, (1 + \/ﬁ)é] Since 1" and p are mono-
tonically decreasing, we have

1
p€) < P((l + \/ﬁ)(S)
and
" 1 1
Y (p(€)) < (P((l + \/ﬁ)5>>
As a consequence, we obtain

. 1
T ) w”(p((l + \/ﬁw)) |

Therefore, we have

_ 1 /<1+\/11m>5 L
= ——— -
51+ 2k Js P (p(€))
1 1 (5208
> [T e
VI+2w (G (P((l + \/112,4)5)) b
! 1
(o1 7))
The corollary is proved. O

Lemma 4.8. If & is defined as in Lemma 4.6, then

B 1
a > 5, ¢ > 1.

4(1 + 26)(2q + 1)(40 + 1) i1




338 MENGMENG LI, MINGWANG ZHANG AND ZHENGWEI HUANG

Proof. Let r = p((l + \/ﬁ)é) By using p defined in Lemma 3.4, we have

1 1
1 _ 1 <<25(1+m)+1>q+1 > 1
6p((1+¢ﬁ)5) 1 er—17 M =

Combining the above results and (11b), through the simple calculation, we de-
rive that

M(ge? +7)
(er _ 1)q+2
1 q+2

2(5(1—%7)—%1 g+1
< 1+< NAEST > + M(qe2r+er)

() =1+

M

q+2

q+1

=14 M e <25(1—|— (qe*™ +€")

1
) +1
\/1—1-2&) >
<14 (46 + 1)1 (ge¥ + ¢7)

q+2
<42+ 1)(46 + 1)a+1, g > 1.

From Lemma 4.6, we derive that

1 1
14269 (p(1+ —5-6))
1

4(1 + 26)(2q + 1)(40 + 1)1

a>a:

> , q> 1

This proves the lemma. O

Lemma 4.9 ([6], Lemma 12). Suppose that h(t) is a twice differentiable convex
function with h(0) = 0, h'(0) < 0 and h(t) attains its global minimum at t* > 0.
If W' (t) is monotonically increasing for t € [0,t*], then

th'(0)

h(t) < L 0<t <t
Lemma 4.10. If the step size a is such that a < @, then
(25) fla) < —ad®.

Proof. Define the univariate function h as below:

h(0) = f1(0) = 0,(0) = f(0) = —26°,
R (o) = 2(1 4 2K)6%¢" (v1 — 2a6V/1 + 2K).

According to Lemma 4.4, we have f{'(a) < h”(«), which implies f{(a) < h/(«)
and f1(a) < h(a). Since ”(t) > 1, h'(a) > 2(1 + x)6%. Thus h(a) is strongly
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convex and h(«) attains its global minimum for some a* > 0. Taking a < @,
with & as defined by (20), using the fundamental theorem of calculus, and
Lemma 4.5, we may get

W) = 1) + [ w6
= —26% +26%(1 + 2/&)/ P (v — 266V/1 + 2K))dE
0
— 282 — 5T+ 2/@(1//(111 — 2001+ 2r) — ¢’(v1))

26
<282+ 6V1+2k——==0
= T OV N e
Since A" () = —4(1 + 25)35%”’ ('U1 — 2661+ 2/@) and "' (t) < 0, h'(«) is

increasing in a. From Lemma 4.9, we may write

1

fi(a) < h(a) < zah'(0) = —ad?.

O |

Due to f(«) < fi(a), the proof is completed. O
Lemma 4.11. One has

1 52 §at

— < .
1+ 2k 9" (p( N s

(26) f(a) <
L+ 75z9)) 4(1+25)(2q+1)(4+%)m

Proof. According to Lemmas 4.7, 4.8 and 4.10, we have

1 52
fl@) < —ad® < —
14269 (p(1 + 25-0))
52
< - 2]
41+ 2k)(2¢ +1)(40 + 1) a+1
St
41+ 2r)(2¢ + 1) (4 + %) o
Hence, the result of this lemma holds. O

4.3 Iteration complexity

Our aim in this section is to analyze the convergence of the algorithm. The
question now is to count how many inner iterations are required to return to
the situation where ¥U(v) < 7. To investigate this, we define the value of ¥(v)
after each p—update as ¥y, and the subsequent values during inner iterations as
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V., «=1,2,..., K. Thus K is the number of iterations in the inner iteration
after once p—update.

By using Lemmas 4.1, 4.2 and the definition of ¥y, we have Ly > Vg > ¥ >
7. In what follows we assume L, > ¥g > ¥ > 7 > 2. From Lemma 3.5, we

deduce that 6(v) > \/% > 1. Substitution into (26) gives
9 9
Jatt P 2(g+1)

< —
2= 56(142k)(2¢+ 1)’

(27) fla) < -

)

4(1+20)2q + 1) (4+ §)
which implies

q
\1,2(q+1)

K

28 U, <V, —
(28) = 56(1 + 2r)(2¢ + 1)

L k=0,1,2,... K —1.

To derive an upper bound for the total number of inner iterations in an
outer iteration, we recall the following technical lemma, and its elementary
proof please refer to [6].

Lemma 4.12. Let tg,t1,...,tx be a sequence of positive numbers such that
ter1 <t — Bt K=0,1,2,...,K -1,

where 8> 0 and 0 <y <1. Then K < {%J

Lemma 4.13. The following inequality holds:

q+2

K < 112(1 4 2x)(2¢ + 1)WY g > 1.

1 _ qt+2
56(2¢+1) | T 2(g+1)

Proof. Let t, = V,, 8=
tution gives, we have

Using Lemma 4.12 and substi-

42
K< Uy 112(1+42k)(2g + 1) (g + 1) Tyt
~ By q+2
q+2
< 112(1 + 2k)(2q + )T g > 1.
This completes the proof of the lemma. O

Lemma 4.13 gives an upper bound for the number of iterations in the inner
iteration after once p—update. Multiplication the number K by the number
of barrier parameter updates yields an upper bound for the total number of
iterations [2], where the number of barrier parameter updates is bounded by
%log 2. Thus we obtain an upper bound for the total number of iterations as
follows:

1 n Y n
K>log— < —2 log —.
g e = 05~ %8
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Recall that Ly > Vg, and Ly, is bounded by Ly and Ly in Lemma 4.2. Using
Ly and Lyo for the upper bounds of ¥q for large-update and small-update
methods, respectively, we immediately obtain the following theorem:

Theorem 4.14. The total number of iterations required by the large-update and
small-update methods are at most

_gt2
(1+ 2k)(2¢ + 1)(nf + 2v/2n7 + 27) %D p

+2
112 log ~ = O(¢(1 + 2k)n e+ log )
0[2(1 — 6)] 2D € €
and
q+2 2(g+2)
1191+ 20) R+ Dlg + D00 (b + V27) 20D ) 0
2
0(1 — 9) Q(qqil) €
3q+4 n
= 0(q*@ (1 4 2k)y/nlog —),
€
respectively.

By choosing ¢ = O(logn), we obtain the iteration bound for large-update
method is O((1 + 2x)y/nlognlog ). If we choose ¢ = 1, then small-update
method have O((14-2x)y/nlog %) iteration complexities. These are curently the
best known bound for such methods. It’s worth noting that 1 (t) is precisely the
kernel function proposed by Bai et al. in [26] for ¢ = 1, and the large-update
method for P, (k) LCP has O((1 +2/€)n% log %) iteration complexities from Cho,
which means the iteration bound for large-update method is improved based on
our parameterized kernel function.

5. Numerical results

In this section, we give some numerical results. We present three test problems
in subsection 5.1 to verify the effectiveness of our algorithm. Subsection 5.2 gives
numerical results of large-update IPMs based on our kernel function and some
other kernel functions, including classical logarithmic kernel function, trigono-
metric kernel function, parameterized kernel function with integral types, etc.
The numerical result of the Mizuno-Todd-Ye (MTY) predictor-corrector algo-
rithm are given in subsection 5.3.

In the implementation, we set threshold parameter 7 = 2.5, accuracy param-
eter ¢ = 107%. The numerical results are obtained by using MATLAB 2012b.
All numerical results include iteration numbers (iter), the duality gap (Gap)
and the CPU time (CPU).

5.1 Test problem

Consider the following three P,(k) LCPs. In fact, there has not been a poly-
nomial algorithm for which we can calculate the value of the parameter « for a
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given P, (k) matrix, the problem 5.1 is the only P, (x) LCPs with £ # 0 (k = 1)

we currently known. Therefore, we also test Problem 5.2 and Problem 5.3 with
k = 0 (monotone).

Problem 5.1 (Lee et al.’s example in [29]).

=5 0) o= (3) 2= (a):

Problem 5.2 (Harker et al.’s example in [30]).

12 2 - 2 —1 1

25 6 - 6 -1 1
M=1296 9 - 10 , g=| -1 1], 0= 1

26 10 --- 4n-3 -1 1
Problem 5.3 (Geiger et al.’s example in [32]).

4 -1 0 0

-1 4 -1 0 j 1
wo| 01 U A I R

0 0 0 -1 :

0 0 0 4 - !

5.2 Numerical results for large-update IPMs

The best iteration numbers for Problem 5.1 based on our kernel function with
different values of the parameters ¢ and 6 are stated in Table 2, where q €
{1,2,3,5,10} and 0 € {0.2,0.4,0.6,0.8,0.99}. We also give a series of numeri-
cal results in Table 3 to compare the practical computational efficiency of the
methods based on different kernel functions and 6 for Problem 5.1. Some kernel
functions we used in our experiments are as follows:

t2—-1 (e—1)9Tt e—1

new(t) = - ) 217
Ynew(?) 2 +qe(et—1)q qe 1
t2—1 t2—1 t1—¢
djl (t) = 92 - lOg t? ¢2 (t) = 9 + 2 3
t2—1 6 (1l —1t)
t) = —tan(h(t h(t) = ———=
Uslt) = 5 + ~ tan(h(t)), h(t) = T
2 —1 tre—1\p
= — >1
'¢4(t) 9 /1 <€$—1> d.’L’, b= 1,
t2—-1 1 ,q 1 g—1
t) = (-1t I _— ¢>1.
Us(t) = =5+ g (§ -~ D)t T g >
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The first kernel function 1, (t) is proposed in this paper, and it is exactly the
kernel function presented by Bai et al. in [26] for ¢ = 1. ¥ (¢) is the classical
logarithmic kernel function. 15(t) is a self-regular kernel function presented by
Peng et al. in [31]. v3(t) is a trigonometric kernel function [8]. t4(t) [17] and
5(t) [24] are parameterized kernel functions, which obtain the best iteration
complexity for ¢ = O(logn).

Furthermore, the best iteration numbers for Problems 5.2 and 5.3 based on
different kernel functions are stated in Table 4 and Table 5 when the scale of
the problems changes. For the parameterized kernel functions ¢4(t), ¥5(t) and
Unew(t), we take the numerical results of the parameterized p or ¢ = 1,2,3
respectively.

Table 2. Numerical results based on e, for Problem 5.1

q 0
0.2 0.4 0.6 0.8 0.99 Average
Tter 71 35 22 16 9 30.6
1 Gap 9.89¢-07 7.266-07 8.46¢-07 2.02¢-07 1.97¢-08
CPU 0.0130 0.0119 0.0106 0.0105 0.0093 0.0111
Tter 71 34 22 16 9 30.4
2 Gap 9.89e-07 7.26e-07 8.46e-07 2.02¢-07 1.97¢-08
CPU 0.0131 0.0113 0.0110 0.0100 0.0091 0.0109
Tter 72 35 22 17 9 31
3 Gap 9.89e-07 7.26e-07 8.46e-07 2.02¢-07 1.97¢-08
CPU 0.0134 0.0121 0.0106 0.0102 0.0101 0.0113
Tter 73 37 24 19 12 33
5 Gap 9.89¢-07 7.260-07 8.46¢-07 2.02¢-07 1.97¢-08
CPU 0.0127 0.0118 0.0104 0.0103 0.0102 0.0111
Tter 74 38 25 20 12 338
10 Gap 9.89¢-07 7.266-07 8.46¢-07 2.02¢-07 1.97¢-08
CPU 0.0131 0.0120 0.0115 0.0115 0.0102 0.0117

From the numerical results of Tables 2, 3, 4, and 5, we can draw the following
conclusions:

e The results in Tables 2 and 3 show that the larger 0 is, the better iteration
numbers will be.

e Note that the number of iteration results using ¢3(t) is efficient, but it con-
sumes significantly more CPU time than other kernel functions, probably
because its integral form leads to more complex operations.

e As the scale of the problems 5.2 and 5.3 increases, there is little or no
increase in the number of iteration steps, which is precisely what is hoped
for IPMs.

e Compared with the original kernel function, that is, when the parameter
q = 1, the numerical result is obviously improved.

e From Tables 2-5, our kernel function has better numerical results than the
other kernel functions.
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Table 3. Numerical results based on different kernel functions for Problem 5.1

’l/),; 9

0.2 0.4 0.6 0.8 0.99 Average
Tter 78 43 26 20 10 35.4

U Gap | 9.89¢-07 7.26e-07 8.460-07 2.02¢-07 1.97¢-08
CPU |  0.0141 0.0106 0.0097 0.0099 0.0089 0.0106
Tter 75 38 24 19 12 33.6

Ve Gap | 9.89¢-07 7.260-07 8.46¢-07 2.02¢-07 1.97¢-08
CPU| 0.0127 0.0097 0.0095 0.0090 0.0089 0.0100
Tter 80 2 31 20 12 37

Vs Gap | 9.89¢-07 7.26e-07 8.460-07 2.02¢-07 1.97¢-08
CPU|  0.0137 0.0111 0.0105 0.0097 0.0087 0.0119
Teer 71 35 22 16 9 30.6

p=1 Gap | 9.89¢-07 7.260-07 8.46¢-07 2.02¢-07 1.97¢-08
CPU | 009113 0.4736 0.3568 0.2980 0.2820 0.4643
Tter 72 36 22 17 9 312

Ya p=2 Gap | 9.89e-07 7.26e-07 8.460-07 2.02¢-07 1.97¢-08
CPU |  0.8660 0.5065 0.3823 0.3163 0.2807 0.4704
Tter 72 36 23 18 11 32

p=3 Gap 9.89e-07 7.26e-07 8.46e-07 2.02e-07 1.97e-08
CPU |  0.9036 0.5200 0.4019 0.3366 0.2817 0.4888
Tter 71 35 2 16 9 30.6

q=1 Gap | 9.89¢-07 7.26e-07 8.460-07 2.02¢-07 1.97¢-08
CPU|  0.0121 0.0106 0.0102 0.0095 0.0091 0.0103
Tter 72 36 22 17 9 312

s q=2 Gap | 9.89e-07 7.260-07 8.46¢-07 2.02¢-07 1.97¢-08
CPU |  0.0120 0.0111 0.0104 0.0100 0.0091 0.0105
Tter 72 36 23 18 12 32.2

q=3 Gap | 9.89¢-07 7.26e-07 8.46e-07 2.02-07 1.97¢-08
CPU |  0.0123 0.0106 0.0103 0.0102 0.0093 0.0105

Table 4. Numerical results based on different kernel functions for Problem 5.2

(6 = 0.99) n=10 n=>50 n=100 Average
Iter Gap CPU | Iter Gap CPU | Iter Gap CPU Iter CPU
1 22 1.32e-07 0.0112 | 26 1.67e-07 0.0607 | 28 1.33e-08 0.0379 | 25.3 0.0366
g 25  1.32e-07 0.0138 | 28 1.67e-07 0.0450 | 30 1.33e-08 0.0352 | 27.7 0.0313
3 27  1.32e-07 0.0156 | 26 1.67e-07 0.0680 | 33 1.33¢-08 0.0493 | 28.7 0.0443
p=1 19 1.32e-07 1.1234 | 21 1.67e-07 5.2673 | 22 1.33e-08 11.3652 | 20.7 5.9186
Wy p=2 19 1.32e-07 1.1746 | 20 1.67e-07 5.5205 | 22 1.33e-08 11.7512 | 20.3 6.1488
p=3 19 1.32¢-07 1.1638 | 23 1.67e-07 5.8152 | 26  1.33e-08 12.5233 | 22.7 6.5008
q=1 18 1.32¢-07 0.0131 | 22 1.67e-07 0.0293 | 24 1.33e-08 0.0419 | 21.3 0.0281
U5 q=2 19 1.32e-07 0.0138 | 23 1.67e-07 0.0356 | 26 1.33e-08 0.0461 | 22.7 0.0318
q=3 19 1.32¢-07 0.0132 | 22 1.67e-07 0.0214 | 25 1.33e-08 0.0388 | 22  0.0245
q=1 19 1.32¢-07 0.0107 | 22 1.67e-07 0.0393 | 24 1.33e-08 0.0469 | 21.7 0.0323
Vnew  q=2 18 1.32¢-07 0.0127 | 20 1.67e-07 0.0287 | 22 1.33e-08 0.0272 | 20 0.0229
q=3 19 1.32¢-07 0.0133 | 23 1.67e-07 0.0330 | 26 1.33e-08 0.0346 | 22.7 0.0270
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Table 5. Numerical results based on different kernel functions for Problem 5.3

B0 = 0.99) n=10 n=50 n=100 Average
Tter Gap CPU | Iter Gap CPU | Iter Gap CPU | Iter CPU
Py 21 1.20e-07 0.0110 | 25  5.20e-07 0.0401 | 27 1.02e-08 0.0374 | 24.3 0.0295
g 19 1.20e-07 0.0129 | 22  5.20e-07 0.0399 | 30 1.02e-08 0.0332 | 23.7 0.0287
3 22 1.20e-07 0.0147 | 25  5.20e-07 0.0592 | 33  1.02e-08 0.0455 | 26.3 0.0398
p=1 17 1.20e-07 1.1023 | 18 5.20e-07 4.6845 | 22 1.02¢-08 9.5526 | 19  5.1131
Py p=2 16 1.20e-07 1.1324 | 17 5.20e-07 4.5205 | 21  1.02e-08 9.8843 18 5.1791
p=3 17 1.20e-07 1.1478 | 17 5.20e-07 5.0012 | 21  1.02e-08 10.1011 | 18.3 5.4167
q=1 17 1.20e-07 0.0118 | 17  5.20e-07 0.0205 | 22 1.02e-08 0.0336 | 18.7 0.0220
s q=2 16 1.20e-07 0.0110 | 17  5.20e-07 0.0201 | 22 1.02e-08 0.0321 | 18.3 0.0211
q=3 17 1.20e-07 0.0122 | 17 5.20e-07 0.0194 | 21  1.02e-08 0.0277 | 18.3 0.0197
q=1 17 1.20e-07 0.0105 | 17 5.20e-07 0.0293 | 22 1.02e-08 0.0315 | 18.7 0.0238
Vnew  q=2 16 1.20e-07 0.0100 | 17 5.20e-07 0.0225 | 21 1.02e-08 0.0252 | 18 0.0192
q=3 17 1.20e-07 0.0115 | 17  5.20e-07 0.0230 | 21  1.02e-08 0.0319 | 18.3 0.0221

5.3 Numerical results for MTY predictor-corrector method

In the previous subsection, the number results of the method based on the classi-
cal logarithmic kernel function have been given, that is, the so-called primal-dual
path-following algorithm. The numerical results of our algorithm are better.
Our goal in this subsection is to make comparison between our algorithm and

MTY predictor-corrector algorithm in [33].

Table 6. Numerical results for MTY predictor-corrector method

our (q=2,60=0.99 MTY
Problem Iter G(ap CPU) Iter Gap CPU
5.1 9 1.97e-08 0.0093 | 49 9.22e¢-07 0.7532
n=10 | 18 1.32¢-07 0.0127 | 21  9.81-09 0.6823
52 n=50 | 20 1.67e-07 0.0287 | 24 4.08¢-08 1.2595
n=100 | 22 1.33e-08 0.0272 | 50 8.09e-07 7.4915
n=10 | 16 1.20e-07 0.0100 | 24 6.94e-07 0.6511
53 n=50 | 17 5.20e-07 0.0225 | 37 5.45e-07 1.7485
n=100 | 21 1.02e-08 0.0346 | 36 6.74e-07 5.4926

e Table 6 show that the iteration numbers and CPU time of our algorithm
are significantly better than the MTY predictor-corrector method

These results imply that our kernel function is quite efficient and promising.

6. Concluding remarks

In this paper, a new parameterized kernel function is proposed, which is a kind
of generalization of the one used in [26]. We apply it in the designing of a
primal-dual IPM for P,(k) LCP. The properties of the kernel function have
been analyzed. As a result, the iteration bound in [27] is improved from O((1+

Qm)n% log %) to O((1+ 2k)y/nlognlog %) for large-update method, the latter is
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currently the best known iteration bound for such methods, and we also obtain
the best iteration bound for small-update method. The numerical results show
that the algorithm depend on the value of kernel function is effective.

Further research may focus on finding a kernel function which makes the it-
eration bound of the large-update method based on this kernel function improve
to O((1 4 2x)y/nlog2) (or even better), or prove that such a kernel function
does not exist. Moreover, the extensions of the proposed kernel function in this
paper to semidefinite optimization and second order cone optimization can be
investigated.
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