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Abstract. In this paper, we derive a subordination result and integral mean for certain
class of analytic functions defined by means of a fractional q-differintegral operator
Ωδ

q,zf(z).
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1. Introduction

Let A denote the family of functions of the form

(1) f(z) = z +

∞∑
m=2

amzm

which are analytic in the open unit disc U = {z : |z| < 1} . Also denote by T ,
the subclass of A consisting of functions of the form

(2) f(z) = z −
∞∑

m=2

|am|zm

∗. Corresponding author
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which are univalent and normalized in U . For f ∈ A and of the form ( 1)
and g(z) ∈ A given by g(z) = z +

∑∞
m=2 bmzm, we define the convolution (or

Hadamard product) f ∗ g of two power series f and g by

(f ∗ g)(z) = z +
∞∑

m=2

ambmzm.

The fractional q-calculus is the extension of the ordinary fractional calculus
in the q-theory. The theory of q-calculus operators in recent past have been
applied in the areas of ordinary fractional calculus, optimal control problems
and in finding solutions of the q-difference and q-integral equations, and in q-
transform analysis and also in the geometric function theory of complex analysis.
For more details on the subject, one may refer to [1, 5, 9, 13, 21].

The q-shifted factorial is defined for α, q ∈ C as a product of n factors by

(3) (α, q)n =


1, n = 0

(1− α)(1− αq) · · · (1− αqn−1), n ∈ N,

and in terms of the basic analogue of the gamma function

(4) (qα; q)n =
Γq(α+ n)(1− q)n

Γq(α)
, (n > 0),

where the q-gamma functions [9, 10] is defined by

(5) Γq(x) =
(q; q)∞(1− q)1−x

(qx; q)∞
(0 < q < 1).

Note that, if |q| < 1, the q-shifted factorial ( 3), remains meaningful for n = ∞
as a convergent infinite product

(α; q)∞ =

∞∏
m=0

(1− αqm).

Now, recall the following q-analogue definitions given by Gasper and Rahman [9].
The recurrence relation for q-gamma function is given by

(6) Γq(x+ 1) = [x]qΓq(x), where, [x]q =
(1− qx)

(1− q)
,

and called q-analogue of x.
Jackson’s q-derivative and q-integral of a function f defined on a subset of

C are, respectively, given by (see Gasper and Rahman [9])

(7) Dqf(z) =
f(z)− f(zq)

z(1− q)
(z ̸= 0, q ̸= 0)
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and

(8)

∫ z

0
f(t)dq(t) = z(1− q)

∞∑
m=0

qmf(zqm).

In view of the relation

(9) lim
q→1−

(qα; q)n
(1− q)n

= (α)n,

we observe that the q-shifted fractional ( 3), reduces to the familiar Pochhammer
symbol (α)n, where (α)n = α(α+ 1) · · · (α+ n+ 1).

Now, recall the definition of the fractional q-calculus operators of a complex-
valued function f(z), which were recently studied by Purohit and Raina [17].

Definition 1.1. The fractional q-integral operator Iδq,z of a function f(z) of
order δ (δ > 0) is defined by

(10) Iδq,z = D−δ
q,zf(z) =

1

Γq(δ)

∫ z

0
(z − tq)1−δf(t)dqt,

where f(z) is a analytic in a simply connected region in the z-plane containing
the origin. Here, the term (z − tq)δ−1 is a q-binomial function defined by

(z − tq)δ−1 = zδ−1
∞∏

m=0

[
1− ( tqz )q

m

1− ( tqz )q
δ +m− 1

]
(11)

= zδ 1ϕ0

[
q−δ+1;−; q,

tqδ

z

]
.

According to Gasper and Rahman [9], the series 1ϕ0[δ;−; q, z] is single-valued
when |arg(z)| < π. Therefore, the function (z − tq)δ−1 in ( 11), is single-valued

when |arg(−tqδ

z | < π, |tq
δ
z | < 1, and |arg(z)| < π.

Definition 1.2. The fractional q-derivative operator Dδ
q,z of a f(z) of order

δ(0 ≤ δ < 1) is defined by

(12) Dδ
q,zf(z) = Dq,zI

1−δ
q,z f(z) =

1

Γq(1− δ)
Dq

∫ z

0
(z − tq)−δf(t)dqt,

where f(z) is suitably constrained and the multiplicity of (z − tq)−δ is removed
as in Definition 1.1 above.

Definition 1.3. Under the hypotheses of Definition 1.2, the fractional q-derivative
for the function f(z) of order δ is defined by

(13) Dδ
q,zf(z) = Dn

q,zI
n−δ
q,z f(z),

where, n− 1 ≤ δ < n, n ∈ N0.
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Now, we define a fractional q-differintegral operator Ωδ
q,zf(z) for the function

f(z) of the form ( 1), by

Ωδ
qf(z) = Γq(2− δ)zδDδ

q,zf(z)

= z +

∞∑
m=2

Γq(m+ 1)Γq(2− δ)

Γq(m+ 1− δ)
amzm,(14)

where in Dδ
q,z ( 14), represents, respectively, a fractional q-integral of f(z) of

order δ when −∞ < δ < 0 and a fractional q-derivative of f(z) of order δ when
0 < δ < 2. We note that q → 1−, the operator Ωδ

q reduces the operator Ωδ

defined by Owa and Srivastava [14].
Recently, several authors investigated applications of fractional q-calculus

operators by introducing certain new classes of functions which are analytic in
the open disc, (see for example, [16, 18, 19, 27, 28]).

By making use of the concepts of fractional q- calculus, Ravikumar et al. [20]
defined the following subclasses Sq

p(α, β, δ, b) of analytic function.

Definition 1.4. For −1 ≤ α < 1, β ≥ 0, 0 < δ < 2, b ∈ C−{0} and 0 < q < 1,
let Sq

p(α, β, δ, b) be the subclass of A consisting of functions of the form (1) and
satisfying the analytic criterion

(15) ℜ

{
1− 2

b
+

2

b
.
zDq(Ω

δ
qf(z))

Ωδ
qf(z)

}
> β

∣∣∣∣∣2b .zDq(Ω
δ
qf(z))

Ωδ
qf(z)

− 2

b

∣∣∣∣∣+ α, z ∈ U .

It can be seen that, the special cases of the class T Sq
p[α, β, δ, b] as q → 1−

and for different choices of the parameters we get the results obtained by Altintas
and Owa [3], Bharthi, Parvtham and Swaminathan [6], Padamanabhan and
Jayamala [15], Owa and Srivastava [14], Kim and Ronning [11].

Before we state and prove our main result we need the following definitions
and lemmas.

Definition 1.5 (Subordination principle). Let g(z) be analytic and univalent
in U . If f(z) is analytic in U , f(0) = g(0), and f(U) ⊂ g(U), then we see that
the function f(z) is subordinate to g(z) in U , and we write f(z) ≺ g(z).

Definition 1.6 (Subordinating factor sequence). A sequence {bm}∞m=1 of com-
plex numbers is called a subordinating factor sequence if, whenever f(z) is ana-
lytic , univalent and convex in U , we have the subordination given by

(16)
∞∑

m=2

bmamzn ≺ f(z) (z ∈ U , a1 = 1).

Lemma 1.1 ([29]). The sequence {bm}∞m=1 is a subordinating factor sequence
if and only if

(17) Re

{
1 + 2

∞∑
m=1

bmzm

}
> 0, (z ∈ U).
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Lemma 1.2 ([20]). If

(18)
∞∑

m=2

[2(1 + β)([m]q − 1) + b(1− α)]Kq(m, δ)(δ) |am| ≤ b(1− α),

then f(z) ∈ Sq
p(α, β, δ, b), where, Kq(m, δ) =

Γq(m+1)Γq(2−δ)
Γq(m+1−δ) , −1 ≤ α < 1, β ≥

0, 0 < δ < 2, b > 0 and 0 < q < 1.

The result is sharp for the function

fm(z) = z − b(1− α)

[2(1 + β)([m]q − 1) + b(1− α)]Kq(m, δ)(δ)
zm.

Let S∗,q
p (α, β, δ, b) denote the class of functions f(z) ∈ A whose coefficients

satisfy the condition (18). We note that S∗,q
p (α, β, δ, b) ⊆ Sq

p(α, β, δ, b).

Unless otherwise mentioned, we assume throughout this paper that −1 ≤
α < 1, β ≥ 0, 0 < δ < 2, b > 0 and 0 < q < 1.

2. Subordination result

Employing the techniques used by Aouf et al. [2], Attiya [4], Frasin [7], Frasin
et al. [8], Singh [25], Srivastava and Attiya [26], and others, we state and prove
the following theorem.

Theorem 2.1. Let the function f(z) be defined by (1) be in the class S∗,q
p (α, β, δ, b).

Also let C denote the familiar class of functions f(z) ∈ A which are also univa-
lent and convex in U . Then

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)

2[b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)]
(f ∗ g)(z) ≺ g(z),(19)

(z ∈ U ; , g ∈ C),

and

(20) Re(f(z)) > −b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)
, (z ∈ U).

The constant
(2(1+β)q+b(1−α))Kq(2,δ)(δ)

2[b(1−α)+(2(1+β)q+b(1−α))Kq(2,δ)(δ)]
is the best estimate.

Proof. Let f(z) ∈ S∗,q
p (α, β, δ, b) and let g(z) = z +

∑∞
m=2 cmzm ∈ C. Then

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)

2[b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)]
(f ∗ g)(z)

=
(2(1 + β)q + b(1− α))Kq(2, δ)(δ)

2[b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)]

(
z +

∞∑
m=2

amcmzm

)
.(21)
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Thus, by Definition 1.6, the assertion of our theorem will hold if the sequence

(22)

{
(2(1 + β)q + b(1− α))Kq(2, δ)(δ)

2[b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)]
am

}∞

m=1

is a subordinating factor sequence, with a1 = 1. In view of Lemma 1.1, this will
be the case if and only if

Re

{
1+2

∞∑
n=1

(2(1+β)q + b(1− α))Kq(2, δ)(δ)

2[b(1− α) + (2(1 + β)q+b(1− α))Kq(2, δ)(δ)]
amzm

}
> 0,(23)

(z ∈ U).

Now,

Re

{
1 +

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)

b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)

∞∑
m=1

amzm

}

= Re

{
1 +

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)

b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)
z+

+
1

b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)

·
∞∑

m=2

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)amzm

}

≥ 1−
{

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)

b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)
r

− 1

b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)

·
∞∑

m=2

[2(1 + β)([m]q − 1) + b(1− α)]Kq(m, δ)(δ)amrm

}
(because [2(1 + β)([m]q − 1) + b(1− α)]Kq(m, δ)(δ) is increasing function of m,
(m ≥ 2))

> 1− (2(1 + β)q + b(1− α))Kq(2, δ)(δ)

b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)
r

− b(1− α)

b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)
r > 0, (|z| = r < 1).

Thus (23) holds true in U . This proves the inequality (19). The inequality
(20) follows by taking the convex function g(z) = z

1−z = z +
∑∞

m=2 z
m in

(19). To prove the sharpness of the constant
(2(1+β)q+b(1−α))Kq(2,δ)(δ)

2[b(1−α)+(2(1+β)q+b(1−α))Kq(2,δ)(δ)]
,

we consider the function f2(z) ∈ S∗,q
p (α, β, δ, b) given by

f2(z) = z − b(1− α)

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)
z2.
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Thus from the (19), we have

(24)
(2(1 + β)q + b(1− α))Kq(2, δ)(δ)

2[b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)]
f2(z) ≺

z

1− z
.

It can easily verified that

(25)

min

{
Re

(
(2(1 + β)q + b(1− α))Kq(2, δ)(δ)

2[b(1− α) + (2(1 + β)q + b(1− α))Kq(2, δ)(δ)]
f2(z)

)}
= −1

2
,

(z ∈ U). This shows that the constant
(2(1+β)q+b(1−α))Kq(2,δ)(δ)

2[b(1−α)+(2(1+β)q+b(1−α))Kq(2,δ)(δ)]
is best

possible.

3. Integral means inequalities

Lemma 3.1 ([12]). If the functions f and g are analytic in U with g ≺ f, then
for η > 0, and 0 < r < 1,

(26)

∫ 2π

0

∣∣∣g(reiθ)∣∣∣η dθ ≤
∫ 2π

0

∣∣∣f(reiθ)∣∣∣η dθ.
In [22], Silverman found that the function F (z) = z− z2

2 is often extremal over
the family T and applied this function to resolve his integral means inequality,
conjectured in [23] and settled in [24], that∫ 2π

0

∣∣∣f(reiθ)∣∣∣η dθ ≤
∫ 2π

0

∣∣∣F (reiθ)
∣∣∣η dθ,

for all f ∈ T , η > 0 and 0 < r < 1. In [24], Silverman also proved his conjecture
for the subclasses T ∗(α) and C(α) of T , where T ∗(α) and C(α) are starlike
functions of order α and convex functions of order α, respectively.

Applying Lemma 3.1 and Lemma 1.2 , we prove the following result.

Theorem 3.1. Suppose that f ∈ S∗,q
p (α, β, δ, b) and f2(z) is defined by

f2(z) = z − b(1− α)

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)
z2.

Then for z = reiθ, 0 < r < 1, we have

(27)

∫ 2π

0
|f(z)|η dθ ≤

∫ 2π

0
|f2(z)|η dθ, (η > 0).

Proof. For f(z) = z −
∑∞

m=2 |am|zm, (27) is equivalent to proving that∫ 2π

0

∣∣∣∣∣1−
∞∑

m=2

|am|zm−1

∣∣∣∣∣
η

dθ ≤
∫ 2π

0

∣∣∣∣1− b(1− α)

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)
z

∣∣∣∣η dθ.
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By Lemma 3.1, it suffices to show that

1−
∞∑

m=2

|am|zm−1 ≺ 1− b(1− α)

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)
z.

Letting

(28) 1−
∞∑

m=2

|am|zm−1 = 1− b(1− α)

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)
w(z),

and using (1), we obtain w(z) is analytic in U , w(0) = 0, and

|w(z)| =

∣∣∣∣∣
∞∑

m=2

(2(1 + β)q + b(1− α))Kq(2, δ)(δ)

b(1− α)
|am|zm−1

∣∣∣∣∣
≤ |z|

∞∑
m=2

[2(1 + β)([m]q − 1) + b(1− α)]Kq(m, δ)(δ)

b(1− α)
|am|

≤ |z|.

This completes the proof by Theorem3.1.
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