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Abstract. By applying the method of generating function, the purpose of this paper
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1. Introduction
In the notation of Horadam [4], write
Wn = Wn(av b; P7 Q)

so that

(1) Wn = Panl — Qang, (WO = a, W1 = b, n Z 2),
where a, b, P and @ are integers, with PQ # 0. In the sequel we shall suppose
that A = P? —4Q > 0. Then it is easily to obtain the Binet formula [4]:

Aa™ — BS"

2 Wy=——""—7—,

2 -
where o = 2TV I7TQ VI;%?, B = Ei Ve —) "};2_469, A=b—-Baand B=0b-—caa In
particular, if U, = W,(0,1; P,Q),V,, = W,,(2, P; P,Q), then o™ — " = (a —
B)Up, ™ + " = V.

In [1], Andre-Jeannin obtained the following series identities:
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where P > 0 and k and m are nonnegative integers. (3) and (4) are given
by Good [3] with the case Q@ = —1. Brousseau [2| proved (4) for W, = F,.
The Fibonacci sequence is a classical sequence generated from the question of
the rabbits propagation. From the viewpoint of the rabbits propagationthe
classical Fibonacci sequence is generalized in many forms and some general
forms are obtained. If integers Fy = 0,F; = 1, and W, (0,1;1,-1) = F,, =
F, 1+ F,_9,n > 2 is called generalized Fibonacci number.

In [7], Mansour used the generating function techniques to get several sum-
mation of reciprocals related to generalized Fibonacci numbers.

Regarding taking [-th powers of terms in the sums, Xi [9] generalized the
results of (3) and (4). For example, he derived the following infinitive reciprocal
sums:

00 -1

Q” n—k_m
Z winl (WkJrl - Wkﬁ)@ o — (Wk+1 — Wka)
= WIWL,, Zz-:o [

XBQ(nfk)+m:| (=1 [(Wk+1 _ Wkﬁ)ankBm
_(Wk+1 B Wka)ﬁﬂn—k)—&-m] i

(P2 — 4Q)l/2Qk m—1 Bl

(@ = ™) (Wisr — WiB) = Wi,

()

In [6], Kilic and Irmak obtained the generalize the result of (5) regarding
reciprocal sums of [-th powers of the terms with indices.

In [8], Xi obtained the summation of reciprocals related to of triple prod-
uct of generalized Fibonacci sequences. By applying the method of generating
function, the purpose of this paper is to give several summation of reciprocals
related to triple product of general second order recurrence {W,,,} for arbitrary
positive integer r. As applications, some identities involving Fibonacci, Lucas
numbers are obtained.

Throughout the paper, we assume that r, k, [, m and t are five positive
integers with t > k.

2. Main result

In this section we consider both finite and infinite reciprocal sums of square of
triple product of r-consecutive terms of sequence {W,}. First of all, we give
the following general second order recurrence {W,,,} of [6] which are to be used
later.

Let W, be the nth term of sequence {W,,} (see [5]) . Then for n,r > 0,

(6) Wen =Y W1y = ZeWi(n—2)

where Y, = a" + " and Z, = (af)".
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Theorem 2.1. Let P > 0. Then

t
Q™ r(nt1—k) r(nt1—k)
HrgQ + Vrkﬁ
;::k WrnWr(n—i-l)Wr(n—i-Z) [ ]
rk 1 r(t+1—k) r(t+2—k)
- e, B B LB |
Pk | Wk Wiet1) Wi (t+1) Wi (t+2)

where prg = Wyggp1)y — WekB8", vek = Wepgr) — Wi
(k+1)

Proof. Let f(z) = Y00, Wena™, ik = Wiges1) — WerB', Vo = Wihgr) —
Wra”. From (6) we have

f(x) = Wyt — Wr(k+1)xk+1 = Yyz[f(z) — Wypa®] — Z,2% f(z).
Hence, the following generating function is obtained:

k Wik + ZC[Wr(k-l—l) - Y;"er]

Since 1 — Y,o + Z,22 = (1 — a"x)(1 — f"x), we can decompose f(z) into partial

fractions: .
. xz Hrk . Vrk
f(x)_of—ﬁr (1—0/‘3; 1—6%)'

Comparing the coefficients of 2" in both sides of above equation, we obtain that

_ Hrk r(n—k) _ Vrk r(n—k)
(8) Wi, T . ﬁrﬁ .
Let
r(n—k) r(n—k)
(9) Trn = ﬁW = .L‘rkar(n—ﬁk) — Mk gr(n—Fk)’
™ ar—p7 a™—p"
Then

Br(n—k) /Br(n—i-l—k)

Win, Wr(n+1)
_ Br(n—k) [Wr(n+1) - BTWT'H]
WrnWr(nJrl)

Hrk Qr(n—k:)
B WrnWr(n+1)

Trn — Tr(n+1) -

and so

Hrk Qr(nJrlik)
Wr(n+1) Wr(n+2)

Tr(n-‘rl) - Tr(n+2) =
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Hence, we have

Tin — Tr(n+1) - Tr(n+1) + Tr(n+2)

6r(nfk) Br(nJrlfk) 5r(n+1fk) Br(n+27k)

+
Wi, W’r(n—i—l) Wr(n—i—l) Wr(n+2)

Merr(n—k) ﬂerr(n+1_k)

Win Wr(n—l—l) Wr(n+1) Wr(n+2)

r(n—k
IU”I‘ICQ ( ) [Nrkar(n—f—l—k) + Vrk/Br(n+1_k)i| .

B WrnWr(n—i-l)Wr(n—i-Q)
Thus,
r(n+1—k) r(n+1—k)
HrgQ + Vi3
Z W W, (n+1)Wr(n+2) [ g g ]
Qrk 1 B Br(t-i-l—k) Br(t—s—z—k)
= - - + .
prk | Wek Wiy Wigsn Wi(t+2)
The proof of the theorem is completed. ]

Theorem 2.2. Let P > 0. Then

r(n+1—k) r(n+1—k)
rk® + vk
Z Wi W, (n+1)Wr(n+2) [M g g }

ek er Wiyl
where g = Wiy — Wer 87, ek = Weegr) — Wi
Proof. By (7), we have

(10)

o0

Q™ [ r(nt+1—k) r(n+1—k)
Hrg & + Vrkﬁ :|
72 WrnWr(n+1)Wr(n+2)
Qrk 1 B 5r(t+1—k) l@r(t+2—k)
= lim — — + ,
prk t=00 | W Wiy Wi(t41) Wi (t42)
where the limiting process has been justified by
P+./P2—-4
= + Q>1, for P >0,
B P — /P2 —4Q
and
r(t—k)
hm T = hm p
—0 rt
(11) =1 1 =0
- tiglo Wr(k+l)_erﬁT(g)r(t_k) ~ Wigery=Wega™ =
ar_ﬁT ﬁ Oér—ﬁT
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The proof of the theorem is completed. ]
Theorem 2.3. Let P > 0. Then

t
Q™ r(nt+m—k) | . r(m+l) r(m—+l) (rl) p(rm)
HrkQ o +6 —2a"p
; WrnWr(ner) Wr(n+m+l) { |:

_’_Vrkﬂr(nerfk) |:ar(m+l) + ﬁr(erl) - 2a(rm)/8(rl)} }

B (ar _IBT)QQrk m—1 Bri B l@r(t—i—i-‘rl—k)
Hrk Wr(kJri) Wr(t+i+1)

1=0

-1 r(m+i) r(t+m+itl—k)
um—Z[ﬁ .- .]}

i—0 Wr(k+m+z) WT(t+m+Z+1)

where prg = Wygg1y — WekB", vek = Weigr) — Wik
Proof. From (9) and (8), we have

(arm _ ﬁrm)uerr(n—k)
Tin — Tr n+m) — )
(ntm) (ar - BT)WrnWr(n+m)

T _T (@™ = B QiR
rlnm) TS ) T o YWt Wt gt )

Hence,

Tin — Tr(ner) - Tr(n+m) + Tr(nerJrl)
@ =@ (= 5@
B (O‘T - BT)WTnWr(n-I—m) (O‘T - BT)Wr(nﬁ-m)Wr(n—&-MH)
B 11, Q"R {

a (ar — /BT)QWrnWr(n+m)Wr(n+m+l) ket

&) ﬁ(rm)} . Br(n—&—m—k) [ o (D) Br(m-&-l) _ 94(rm) ﬁ(rl)] }

r(n+m—k) |:ar(m+l) + Br(m—l—l)

Thus,

TN

Z Wi W, (n+m r(n+m+l)
+u, k/@r(n—i—m k) |:ar (m+1) + 67" (m+l) 2a(rm)ﬁ(rl)} }
IBT Qrk {m 1 [ Bm Br(t—i—i—&-l—k)]

{ fypo k) {ar(m—i-l) 4 grimtD) _ 94D l@(rm)}

i—0 r(kJrz Wr(t+i+1)

lzl [ r(m+i) BT (t+m—+i+1— k)] }

r(k+m-+1i) W, r(t+m+i+1)

The proof of the theorem is completed. O
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Theorem 2.4. Let P > 0. Then

E ™ T Ne ( —k) a (m+1) (m+1) a !
Q e r(n+m r(m+ 57“ m+ 2" 6rm
- WinW r(n+m) 2 r(n+m+l) { |:

Fupp, 3T Em—R) [ar<m+l> 4 grmtD) _gqrm Brz} }

(a” — B7)2Q™ r“ g A primd) ]

(13) - Hrk -

i—0 W’r(k-l—i) i—0 Wr(k—l—m—i—i)
where g = Wiy — WerB", ek = Weigr) — Wi

Proof. By (12) and (11), we have

> Q™ r(n+m—=k) |  r(m-+l) r(m+l) rl grm
ool o7 ) 4 grimtD) _gqrlg
= WenWontm) Wa(name) { [ ]

_|_Z/Tk5r(n+m—k) |:ar(m+l) + ﬂr(m-i-l) _ 2arm5rl]}
r _ gr\2nrk m—1 ri r(t+i+1—k)
_ (@ = )%Q hm{zlﬁ B ]

Lork t=oo | = | Wiy Wegis)

l—zl [ gr(m-+i) l@r(t+m+i+1k)]}
i=0

Wetksmri)y  Wremait)

The theorem is proved. O

Corollary 2.5. Let P > 0. Then

. r(n+m r(m Br m 20" IBTm
1 W ™ " r(n+m) 2} r(n+m+l) { [

+Urﬁr(n+m—1) |:a7‘(m+l) + ﬁr(m—i—l) _ 2armﬁrl:| }
(ar _BT)QQT lmz:l ﬁri -1 BT(m—I—i) ]

Weawiy = Wei+m+i)

n=

where p, = Wo, — W07, v, = Wo, — W,
Proof. Take k =1 in the identity (13), respectively. O

3. Some applications

In this section we can obtain some interesting identities involving Fibonacci,
Lucas numbers by taking special values for a, b, P and Q.
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3.1 Fibonacci numbers

We note that, W,,(0,1;1,—1) = F,,, the Fibonacci number. Then according to
above theorems, corollaries and the Binet formula (2) we obtain

- 1)rn r(n+m) |  r(m+l) r(m+l) 92 rl grm
Z (n+m) r(n+m+l) {a [ +5 i

4 grintm) [ar(m—i-l) 4 grimH) _gprm 5rl} }

_ 5(_1)r [mz_:l 51”1’ B -1 Br(m-ﬁ-i) ] .

= Fras Fr(14mti)

n:l

=0

In particular,

oo
Z (a2n+4 + 52n+4) _ 151 — 48\/5'
anF2n+4F2n+8 1512

n=1
3.2 Lucas numbers
We note that, W,,(2,1;1,—1) = L,,, the Lucas number. Then according to above
theorems, corollaries and the Binet formula (2) we obtain
(-1
1 LTnLr(n+m)Lr(n+m+l)
_5r(n+m) |:ar(m+l) + 5r(m+l) - 2arm/8rl} }
B (_1)r m B Br(er'L)
SCUs g

i—0 Lr(l-l—i) i—0 Lr(1+m+i)

{ o (n+m) [ar(m-&-l) L grimH) g Brm]

In particular,

Z L2n

[(15+ \/>) 2n+4 ( 5 _ \/5)52n+4:| _ 383\/5‘

L2n+2L2n+6 5922
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