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Abstract. In the process of exploration structure of the most used artificial neural
network-multilayer perceptron and functionality of artificial neuron, there were estab-
lished structures of groups of artificial neurons. Currently the most interesting areas
is the usage of time varying artificial neurons and their reflections in these algebraic
structures. Using certain analogy with relations between structures based on certain
groups of linear ordinary differential operators there is investigated access to new view
point on these subjects. In this paper there is contained the solution of one classical
problem-verification that the corresponding group of time is solvable.
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1. Introduction

Time dependence on neural networks is currently insufficiently explored. Yet, in
biological systems this is an important aspect. Since forgetting or anticipation
is as important as memorization. Most researchers have focused on memory as
a time independent activity. However, if it was time independent as assumed
in the connectionist models, healing, regrouping and creating new ideas in an
unsupervised environment would not be possible. The biological nervous sys-
tem’s ability to process and produce spatio-temporal patterns of activity while
interacting with real world environments is an attribute derived from the time
dependent nature of neural spatial and temporal summation. These functional
characteristics of neural activity, in conjunction with the principle of “learning”
based on varying synaptic efficacy, have been incorporated into a “time depen-
dent” neural network design. The behaviour of this network is responsive to
the temporal relationship of stimulus “events” as well as the “spatial” intensity
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pattern of the stimulation. In addition, this network has the potential of gener-
ating time varying patterns of activity. In this article time dependence of neural
networks is examined when looking at the role of algebraic structures based on
neural networks, with emphasis on the feed-forward neural network.

A neuron also called an artificial or formal neuron is the basic stone of the
mathematical model of any neural network. Its design and functionality are
derived from observation of a biological neuron that is basic building block of
biological neural networks (systems) which includes the brain, spinal cord and
peripheral ganglia. In case of the artificial neuron the information comes into
the body of the artificial neuron via inputs that are weighted (i.e. each input
can be individually multiplied with a weight). The body of the artificial neuron
then sums the weighted inputs, bias and ”processes” the sum with a transfer
function. At the end the artificial neuron passes the processed information via
outputs.

Recall that in the framework of Artificial neural networks a perceptron is
a network of simple neurons called perceptrons. The basic concept of a single
perceptron was introduced by Rosenblatt in the year 1958. The perceptron
computes a single output from multiple real-valued inputs by forming a linear
combination according to its input weights and then possibly putting the output
through some nonlinear activation function. As usually mathematically this can
be written as:

y = φ

(
n∑

i=1

wixi + b

)
= φ(w⃗T˙⃗x+ b),

where w⃗ = (w1, . . . , wn) denotes the vector of weights, x⃗ = (x1, . . . , xn) is the
vector of inputs, b is the bias and φ is the activation function.

This model explains the function of a neural network, but there is an aspect
of memory. The simplest way to insert memory into the model is to add registers
which store consecutive values of the model input (Mozer, 1993). These registers
can be implemented as tapped delay lines, which are fed with new value at each
time increment, and can store up to k past values of the input. This corresponds
to making the delay coordinate reconstruction from the time series. Traditional
way of using neural networks in TSP is to convert the temporal sequence into
concatenated vector via a tapped delay line, and to feed the resulting vector as
an input to a network. Using the tapped delay line delay line memory the time
dimension is converted into spatial representation.

In this reconstruction, neural network approximates the mapping between
the input vectors and the desired output. Often the output is one-step predic-
tion of the time series. In this function approximation, the contextual infor-
mation between the consecutive input vectors is lost. Also, the time difference
between consecutive samples is implicitly assumed to be equal in all input vec-
tors. In many cases, this reconstruction can capture the essential information
from the sequence, allowing to build models to predict it. Especially, if the
series is stationary, the reconstruction is often successful. When the series is
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non-stationary, it can be difficult to determine a proper window length. Se-
lecting the order of the delay coordinate embedding, or the length of the input
vector, is usually carried out by using the model selection methods. However,
the optimal window length for the model may vary in the time series, and thus
the windowing should be adaptive. This architecture is known as Time delay
neural network (TDNN). There are neural networks which employ the delay
line memory include Time delay neural network (TDNN) (Waibel et al., 1989;
Lang et al., 1990), Finite impulse response neural network (FIR NN) (Wan,
1993; Back and Tsoi, 1991), and Gamma memory neural network (de Vries and
Principe, 1992). In the Gamma memory neural network, the memory is built
from FIR filters, which include local feedback connections, thus making it a
hybrid architecture, utilizing both delay lines and recurrent connections. For
more information about artificial neural networks and artificial neurons there
are sources to see like [1, 18, 20, 21, 22, 23, 24, 29, 33, 34, 36, 37, 38, 39, 41].

2. Linear differential operators of the n-th order and their groups

The substanding representative of the Brno school of differential equations
Frantǐsek Neuman wrote in his paper [25]: ”Algebraic, topological and geo-
metrical tools together with the methods of the theory of dynamical systems
and functional equations make possible to deal with problems concerning global
properties of solutions by contrast to the previous local investigations and iso-
lated results.” Influence of mentioned ideas is a certain motivating factor of our
investigations.

Thus, we consider linear ordinary differential operators of the form:

Ln =
n∑

k=0

pk(x)D
k,

where Dk = dk

dxk , pk(x) is a continuous function on some open interval J ⊂
R, k = 0, 1, . . . , n − 1, pn(x) ≡ 1, i.e.Ln(y) = 0 which is a linear homogeneous
ordinary differential equation of the form:

y(n)(x) +

n∑
k=0

pk(x)y
(k)(x) = 0.

By an ordered group we mean (as usually) a triad (G, ·,≤), where (G, ·) is a
group and ≤ is a reflexive, symmetrical and transitive binary relation on the set
G such that for any triad x, y, z ∈ G with the property x ≤ y also x · z ≤ y · z,
z · x ≤ z · y is satisfied. Further, [a)≤ = {x ∈ G; a ≤ x} is the principal end
generated by a ∈ G. To any element a ∈ G there is assigned a pair of mappings
λa : G → G, ρa : G → G, which are called a left translation, a right translation,
respectively, determined by the element a ∈ G, i.e. λa(x) = a·x, ρa(x) = x·a.(Of
course, in the case of a commutative group (G, ·) we have λa ≡ ρa). Notice that
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a group with an ordering (G, ·,≤) is an ordered group if and only if all its left
and right translations λa, ρa, a ∈ G are order-preserving mappings, i.e. isotone
selfmaps of the ordered set (G,≤).

The following lemma which is crucial for further constructions is proved in
[8, 9, 10] (the Czech version is proved in [9], pp. 146, 147).

Lemma 2.1. Let (G, ·,≤) be an ordered group. Define a hyperoperation ∗ :
G×G → P(G)∗ by

a ∗ b = [a, b)≤(= {x ∈ G; a · b ≤ x}),

for all pairs of elements a, b ∈ G. Then (G, ∗) is a hypergroup which is commu-
tative if and only if the group (G, ·) is commutative.

Application of the above lemma and many new results are obtained in papers
of Michal Novák. See at least titles [26, 27, 28].

To present following results we use similar notation published in [9]. So
there R stands for the set of all reals, J ⊂ R is an open interval (bounded or
unbounded) of real numbers, Ck(J) is the ring (with respect to usual addition
and multiplication of functions) of all real functions with continuous derivatives
up to the order k ≥ 0 including. We write C(J) instead of C0(J). For a positive
integer n ≥ 2 we denote by An the set of all linear homogeneous differential
equations of the n-th order with continuous real coefficients on J, i.e.

y(n) + pn−1(x)y
(n−1) + · · ·+ p0(x)y = 0,

(cf. [8, 10], where pk ∈ C(J), k = 0, 1, · · · , n− 1, p0(x) > 0 for any x ∈ J (this
is not essential restriction). Denote L(p0, · · · , pn−1) : Cn(J) → Cn(J) the above
mentioned linear operator defined by

L(p0, · · · , pn−1)(y) = y(n) + pn−1(x)y
(n−1) + · · ·+ p0(x)y

and put
LAn(J) = {L(p0, · · · , pn−1); pk ∈ C(J), p0 > 0}.

Further N0(n) = {0, 1, · · · , n−1} and δij stands for the Kronecker δ, δij = 1−δij .
For any m ∈ N0(n) we denote by LAn(J)m the set of all linear differential
operators of the n−th order L0(p0, · · · , pn−1) : Cn(J) → C(J), where pk ∈ C(J)
for any k ∈ N0(n), pm ∈ C+(J), (i.e. pm(x) > 0 for each x ∈ J). Using the
vector notation p⃗(x) = (p0(x), · · · , pn−1(x)), x ∈ J we can write Ln(p⃗0)y =
y(n) + (p⃗(x), (y, ý , · · · , y(n−1))), (i.e. a scalar product).

We define a binary operation ”◦m” and a binary relation ”≤m on the set
LAn(J)m in this way:

For arbitrary pair L(p⃗), L(q⃗) ∈ LAn(J)m, p⃗ = (p0, · · · , pn−1),
q⃗ = (q0, · · · , qn−1) we put L(p⃗) ◦m L(q⃗) = L(u⃗), u⃗ = (u0, · · · , un−1), where

uk(x) = pm(x)qk(x) + (1− δkm)pk(x), x ∈ J
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and L(p⃗) ≤ L(q⃗) whenever pk(x) ≤ qk(x), k ∈ N0(n), pm(x) = qm(x), x ∈ J.
Evidently, (LAn(J)m,≤m) is an ordered set.

In paper [11, 13] there is presented the sketch of the proof of the following
lemma:

Lemma 2. The triad (LAn(J)m, ◦m, ≤m) is an ordered (noncommutative)
group.

3. Group of artificial neurons

In what follows we will construct a group and hypergroup of artificial neurons
using the above mentioned approach. So, recall the well-known mathematical
description of a formal neuron:

Let F : R → R be a transfer function. Then the action of a neuron can be
expressed as this model:

y(k) = F

(
n∑

i=1

wi(k)xi(k) + b

)
,

where xi(k) is input value in discrete time k where i goes from 0 to n, wi(k) is
weight value in discrete time where i goes from 0 to m, b is bias, yi(k) is output
value in discrete time k.

Notice that in some very special cases the transfer function F can be also
linear. Transfer function defines the properties of artificial neuron and can be
any mathematical function. Usually it is chosen on the basis of problem that
artificial neuron (artificial neural network) needs to solve and in most cases it is
taken (as mentioned above) from the following set of functions: step function,
linear function and non-linear (sigmoid) function.

In what follows we will consider a certain generalization of classical artificial
neurons mentioned above consisting in such a way that inputs xi and weight wi

will be functions of an argument t belonging into a linearly ordered (tempus) set
T with the least element 0. As the index set we use the set C(J) of all continuous
functions defined on an open interval J ⊂ R. So, denote by W the set of all
non-negative functions w : T → R forming a subsemiring of the ring of all real
functions of one real variable x : R → R. Denote by Ne(w⃗r) = Ne(wr1, . . . , wrn)
for r ∈ C(J), n ∈ N the mapping

yr(t) =

n∑
k=1

wr,k(t)xr,k(t) + br,

which will be called the artificial neuron with the bias br ∈ R. By AN(T ) we
denote the collection of all such artificial neurons.

Neurons are usually denoted by capital letters X, Y or Xi, Yi, nevertheless
we use also notion Ne(w⃗), where w⃗ = (w1, . . . , wn) is the vector of weights.
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We suppose - for the sake of simplicity - that transfer functions (activation
functions) φ, σ(or f) are the same for all neurons from the collection AN(T ) or
the role of this function plays the identity function f(y) = y.

Now, similarly as in the case of the collection of linear differential operators
above, we will construct a group and hypergroup of artificial neurons.

Denote by δij the so called Kronecker delta, i, j ∈ N, i.e. δii = δjj = 1 and
δij = 0, whenever i ̸= j.

Suppose Ne(w⃗r), Ne(w⃗s) ∈ AN(T ), r, s ∈ C(J), w⃗r = (wr,1, . . . , wr,n), w⃗s =
(ws,1, . . . , ws,n), n ∈ N.

Let m ∈ N, 1 ≤ m ≤ n be such an integer that wr,m > 0. We define

Ne(w⃗r) ·m Ne(w⃗s) = Ne(w⃗u),

where

w⃗u = (wu,1, . . . , wu,n) = (wu,1(t), . . . , wu,n(t)),

w⃗u,k(t) = wr,m(t)ws,k(t) + (1− δm,k)wr,k(t), t ∈ T

and, of course, the neuron Ne(w⃗u) is defined as the mapping:

yu(t) =

n∑
k=1

wk(t)xk(t) + bu, t ∈ T, bu = brbs.

Further for a pair Ne(w⃗r), Ne(w⃗s) of neurons from AN(T ) we put Ne(w⃗r) ≤m

Ne(w⃗s), w⃗r=(wr,1(t), . . . , wr,n(t)), w⃗s=(ws,1(t), . . . , ws,n(t)) if wr,k(t) ≤ ws,k(t),
k ∈ N, k ̸= m and wr,m(t) = ws,m(t), t ∈ T and with the same bias. Evidently
(AN(T ), ≤m) is an ordered set. A relationship (compatibility) of the binary
operation ”·” and the ordering ≤m on AN(T ) is given by this assertion analogical
to the above one.

4. Solvable groups

Lemma 4.1. The triad (AN(T ), ·m,≤m) (algebraic structure with an ordering)
is a non-commutative ordered group.

The sketch of the proof is contained in [13].

Denoting

AN(T )m = {Ne(w⃗); w⃗ = (w1, . . . , wn), wk ∈ C(T ), k = 1, . . . , n, wm(t) ≡ 1},

we get the following assertion:

Proposition 4.1. Let T = [0, t0) ⊂ R, t0 ∈ R ∪ {∞}. Then for any positive
integer n ∈ N, n ≥ 2 and for any integer m such that 1 ≤ m ≤ n the semigroup
(AN1(T )m, ·m) is an invariant subgroup of the group (AN(T )m, ·m).
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The sketch of the proof is contained in [13].

Now recall some basic concepts from the theory of group series which will
be needed in the following considerations. For more details see e.g. [4, 12, 13,
16, 17, 19]. A sequence of subgroups Hi(i = 0, 1, ..., n) of a group G such that

(1) 1 = H0 ▹H1 ▹ · · ·▹Hn−1 ▹Hn = G

is said to be a subnormal series of the group G, the corresponding factor-groups
Hi/Hi−1(i = 1, 2, ..., n) are termed factors of the series (H).

Definition 4.1 ([4, 11, 12, 19]). If G is a group then its subnormal series

1 = H0 ▹H1 ▹ · · ·▹Hn−1 ▹Hn = G

is said to be solvable, if all factors Hi/Hi−1(i = 1, 2, ..., n) are commutative thus
they are abelian groups. If a group G possesses at least one solvable subnormal
series then G is called a solvable group.

Remark. Evidently, an arbitrary abelian group is solvable, however there exist
solvable groups which are not abelian. In the literature one can find well-known
results concerning solvable groups. Let us mention some of them: First of all it is
famous Feit-Thompson Theorem or odd order Theorem which states that every
finite group of odd order is solvable. It was proved by Walter Feit and John
Griggs Thompson (1962, 1963)-[16, 17]. Further, every finite group of order
|G| ≤ 100 except 60 is solvable. (For this information and for other details
both authors are very obliged to Professor Václav Havel.) Any p-group G, i.e.
|G| = pn for some prime number p is solvable. If K ▹ G, then the group G is
solvable if and only if both groups K and G/K are solvable. A group is solvable
if and only if it possesses a subnormal series all factors of which are solvable.
In particular a direct product of a finite number of solvable groups is a solvable
group. Of course, any finite group G of the degree 5 and higher is not solvable.
Other important information can be found in the literature [4, 12, 13, 16, 17, 19].
Recall that a subgroup Ǵ of a group G generated by the set of commutators

[a, b] = a−1b−1ab

of all pairs [a, b] ∈ G×G is called the commutant of the group G. The commutant
Ǵ´ of the group Ǵ is called the second commutant of the group G. The usual
notation is Ǵ = G(1), Ǵ´ = G(2), etc. In general G(n+1) = (G(n))́ . The
commutant G(n) is also termed as the n-th derivative of the group G and the
chain of commutants of the group G

G = G(0) ⊃ G(1) ⊃ G(2) ⊃ . . .

is also called a derived chain of the group G.
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Theorem 4.1 ([11], [30], Theorem 5., p.117, 2). Let G be a group. The following
conditions are equivalent:

(i) The group G is solvable.
(ii) There exists a positive integer n such that G(n) = 1.
(iii) There exists a subnormal series of the group G, which is solvable.

Now we can use reverse approach. For reasons that will be apparent from
the next interpretation, we will now introduce the following designation:

Example. We will present a concrete example. Let’s name the structure
[C(J)]3 = C(J)×C(J)×C(J) as a functional cube, then denote group ([C(J)]32, ◦2),
with elements p⃗(x) ∈ [C(J)]3, p⃗(x) = (p0(x), p1(x), p2(x)),
q⃗(x) = (q0(x), q1(x), q2(x)), then

[C(J)2]3 = {p⃗(x) = (p0(x), p1(x), p2(x)); pk ∈ C(J), p2(x) ̸= 0, x ∈ J},

Define a binary operation ◦2 : [C(J)2]3 × [C(J)2]3 → [C(J)2]3 by:

p⃗(x) ◦2 q⃗(x) = (p0(x), p1(x), p2(x)) ◦2 (q0(x), q1(x), q2(x))

= w⃗(p2(x)q0(x) + p0(x), p2(x)q1(x) + p1(x), p2(x)q2(x)),

then (p⃗(x))−1 = (p0(x), p1(x), p2(x))
−1 =

(
−p0(x)

p2(x)
,−p1(x)

p2(x)
,

1

p2(x)

)
= v⃗(x).

These formulation with analogy of the operators have sufficiently general
form showing the way to solving of the above mentioned problem in quite gen-
erality. Nevertheless, solving of that problem (i.e. the question of solvability of
the group (C(J)n, ◦m) seems to be open up to now.

By the above considerations we have that [C(J)2, ◦2]3 is a non-commutative
group with the neural element e⃗(x) = (0, 0, 1) (here e⃗(x) ◦2 p⃗(x) = p⃗(x) for any
element p⃗(x) ∈ C(J)2]3. The inverse element to p⃗(x) = (p0(x), p1(x), p2(x)) is
given above. It is obvious that

p⃗(x) ◦2 (p⃗(x))−1 = (p0(x), p1(x), p2(x)) ◦2
(
−p0(x)

p2(x)
,−p1(x)

p2(x)
,

1

p2(x)

)
=

(
−p2(x)p0(x)

p2(x)
+ p0(x),−

p2(x)p1(x)

p2(x)
+ p1(x),

p2(x)

p2(x)

)
= (0, 0, 1) = e⃗(x).

and similarly we get the neutral element from the product of the above vectors
from the functional cube in the opposite order. Denote

[C2C(J)2]
3 = {(p0(x), p1(x), r); p0, p1 ∈ C(J)}, r ∈ R, r ̸= 0

and
[C11(J)2]

3 = {(p0(x), p1(x), 1); p0, p1 ∈ C(J)}.

Then, we obtain
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Theorem 4.2. Let J ⊆ R be an open interval. The grupoids ([C21(J)2]
3, ◦2),

([C2C(J)2]
3, ◦2) are subgroups of the group ([C(J)2]3, ◦2) - the first from them is

commutative - and we have

([C21(J)2]
3, ◦2)▹ ([C2C(J)2]

3, ◦2)▹ ([C(J)2]3, ◦2).

Proof of Theorem 4.2.Evidently

(0, 0, 1) ∈ [C21(J)2]
3 ⊆ [C2C(J)2]

3.

If (p0(x), p1(x), r), (q0(x), q1(x), s) ∈ [C2C(J)2, ◦2]3 (with r, s ∈ R, r ̸= 0 ̸=
s) are vectors of continuous functions, then we have:

(p0(x), p1(x), r) ◦2 (q0(x), q1(x), s)−1 = (p0(x), p1(x), r) ◦2
(
−q0(x)

s
,−q1(x)

s
,
1

s

)
=
(
p0(x)−

r

s
q0(x), p1(x)−

r

s
q1(x),

r

s

)
∈ [C2C(J)2]

3.

Similarly
(p0(x), p1(x), 1) ◦2 (q0(x), q1(x), 1) ∈ [C2C(J)2]

3.

Thus ([C21(J)2]
3, ◦2), ([C2C(J)2]

3, ◦2) are subgroups of the group ([C(J)2]3, ◦2).
Further,

(p0(x), p1(x), 1) ◦2 (q0(x), q1(x), 1) = (p0(x) + q0(x), p1(x) + q1(x), 1)

= (q0(x), q1(x), 1) ◦2 (p0(x), p1(x), 1),

for arbitrary vectors of continuous functions (p0(x), p1(x), 1), (q0(x), q1(x), 1) ∈
[C21(J)2]

3, hence the group ([C11(J)2]
3, ◦2) is commutative.

Now, for any vectors (p0(x), p1(x), p2(x)) ∈ [C(J)2]3 and (q0(x), q1(x), r) ∈
[C2C(J)2]

3 we obtain:

(p0(x), p1(x), p2(x))
−1 ◦2 (q0(x), q1(x), r) ◦2 (p0(x), p1(x), p2(x))

=

(
−p0(x)

p2(x)
,−p1(x)

p2(x)
,

1

p2(x)

)
◦2 (rp0(x) + q0(x), rp1(x) + q1(x), rp2(x))

= (φ0(x), φ1(x), r) where φk(x) = r(pk(x) + qk(x)), k = 0, 1.

Since (φ0(x), φ1(x), r) ∈ [C2C(J)2]
3, we have

(p0(x), p1(x), p2(x))
−1 ◦2 [C2C(J)2]

3 ◦2 (p0(x), p1(x), p2(x)) ⊆ [C2C(J)2]
3,

consequently ([C2C(J)2]
3, ◦2) is a normal subgroup of the group ([C(J)2]3, ◦2)).

In a similar way we obtain that

(p0(x), p1(x), p2(x))
−1 ◦2 [C21(J)2]

3 ◦2 (p0(x), p1(x), p2(x)) ⊆ [C21(J)2]
3

for an arbitrary vector (p0(x), p1(x), r) ∈ [C2C(J)2]
3. Consequently

� ([C21(J)2]
3, ◦2)▹ ([C2C(J)2]

3, ◦2)▹ ([C(J)2]3, ◦2).
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Theorem 4.3. Let J ⊆ R be an open interval. The group ([C(J)2]3, ◦2) of all
vectors of continuos functions is solvable.

Proof of Theorem 4.3. Denote G = ([C(J)2]3, ◦2). The first derivate Ǵ , i.e.
the first commutant of the group G is its subgroup generated by all commutators
of the form

(p0(x), p1(x), p2(x))
−1 ◦2 (q0(x), q1(x), q2(x))−1

◦2(p0(x), p1(x), p2(x)) ◦2 (q0(x), q1(x), q2(x)),

where (p0(x), p1(x), p2(x)), (q0(x), q1(x), q2(x)) ∈ [C(J)2]3. Since the above
commutator

(p⃗(x))−1 ◦2 (q⃗(x))−1 ◦2 p⃗(x) ◦2 q⃗(x)

=

(
−p0(x)q2(x) + p0(x)

p2(x)q2(x)
,−p1(x)q2(x) + q1(x)

p2(x)q2(x)
,

1

p2(x)q2(x)

)
◦2 (p2(x)q0(x) + p0(x), p2(x)q1(x) + p1(x), p2(x)q2(x))

=

(
q0(x)(p2(x)− 1) + p0(x)(1− q2(x))

p2(x)q2(x)
,
q1(x)(p2(x)− 1) + p1(x)(1− q2(x))

p2(x)q2(x)
, 1

)
belongs into the group ([C21(J)2]

3, ◦2), we have that Ǵ is a subgroup of the last
group above.

Consider an arbitrary pair of vectors (u0(x), u1(x), 1),
(v0(x), v1(x), 1) ∈ ([C21(J)2]

3, ◦2). The second derivative of G, i.e. the second
commutant Ǵ´ of the group G = ([C(J)2]3, ◦2) is its subgroup generated by the
set of all commutators

(u0(x), u1(x), 1)
−1 ◦2 (v0(x), v1(x), 1)−1 ◦2 (u0(x), u1(x), 1) ◦2 (v0(x), v1(x), 1)

= (−u0(x),−u1(x), 1)◦2 (−v0(x),−v1(x), 1)◦2 (u0(x)+v0(x), u1(x)+v1(x), 1) =

(−(u0(x) + v0(x)),−(u1(x) + v1(x)), 1) ◦2 (u0(x) + v0(x), u1(x) + v1(x), 1) =

= (0, 0, 1)

hence Ǵ´= {(0, 0, 1)} which is trivial subgroup (formed by the unit only) of the
group G = ([C(J)2]3, ◦2). Consequently

{(0, 0, 1)} = G´́ ⊂ G´⊂ G(0) = G,

therefore the group ([C(J)2]3, ◦2). is solvable.
Notice that to decide whether the group Ǵ is equal to ([C11(J)2]

3, ◦2) or
not needs some other calculations. This consists in the question whether an
arbitrary continuous function f ∈ C can be expressed in the form of coefficients
of the operator

� L−1(p⃗(x)) ◦2 L−1(q⃗(x)) ◦2 L(p⃗(x)) ◦2 L(q⃗(x)).
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Theorem 4.4. The above defined group (AN(T ), •m) of artificial neurons is
solvable.

Proof of Theorem 4.4. Let us denote G = (AN(T ), •m). The first derivative
G′ of the group G, which means the first commutant of the group G is its
subgroup generated by all commutators of the form

Ne−1(w⃗r) •m Ne−1(w⃗s) •m Ne(w⃗r) •m Ne(w⃗s),

where Ne(w⃗r), Ne(w⃗s) ∈ AN(T ). Since the mentioned commutator is of the
form

Ne

(
− wr,1

wr,m
, . . . ,

1

wr,m
, . . . ,− wr,n

wr,m

)
•m Ne

(
− ws,1

ws,m
, . . . ,

1

ws,m
, . . . ,− ws,n

ws,m

)
•m

Ne (wr,mws,1 + wr,1, . . . , wr,mws,m, . . . , wr,mws,n + wr,n)

= Ne

(
−ws,mwr,1 + ws,1

wr,mws,m
, . . . ,

1

wr,mws,m
, . . . ,−ws,mwr,n + ws,n

wr,mws,m

)
•m

Ne (wr,mws,1 + wr,1, . . . , wr,mws,m, . . . , wr,mws,n + wr,n)

= Ne

(
(wr,m − 1)ws,1 + (1− ws,m)wr,1

wr,mws,m
, . . . , 1,

. . . ,
(wr,m − 1)ws,n + (1− ws,m)wr,n

wr,mws,m

)
∈ AN1(T )m.

We obtain that the subgroups of the group (AN(T ), •m) generated by all commu-
tators of the above described form is just the group (AN1(T )m, •m). Indeed, sup-
pose that k is a positive integer, 1 ≤ k ≤ n, k ̸= m and f ∈ C(T ) is an arbitrary

function then choosing wr,m(t) = 1, ws,m(t) = t2+1 and wr,k(t) = −f(t)
t2

(t2+1),
we obtain

1

wr,m(t)ws,m(t)
((wr,m(t)− 1)ws,k(t) + (1− ws,m(t)wr,k(t))

=
−t2wr,k(t)

t2 + 1
= f(t), t ∈ T.

Thus an arbitrary continuous weight from the above used neuron can be ex-
pressed in the described form. Therefore Ǵ = (ANi(T )m, •m). Furthermore
consider an arbitrary pair of neurons

Ne(wu,1, . . . , 1, . . . , wu,n), Ne(wv,1, . . . , 1, . . . , wv,n) ∈ AN1(T )m.

Under a consideration which is similar as the above one we have:

Ne−1(wu,1, . . . , 1, . . . , wu,n) •m Ne−1(wv,1, . . . , 1, . . . , wv,n)•m
Ne(wu,1, . . . , 1, . . . , wu,n) •m Ne(wv,1, . . . , 1, . . . , wv,n)

= Ne(−wu,1, . . . , 1, . . . ,−wu,n) •m Ne(−wv,1, . . . , 1, . . . ,−wv,n)•m
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Ne(wu,1 + wv,1, . . . , 1, . . . , wu,n + wv,n)

= Ne(−(wu,1 + wv,1), . . . , 1, . . . ,−(wu,n + wv,n))•m
Ne(wu,1 + wv,1, . . . , 1, . . . , wu,n + wv,n) = Ne(0, . . . , 0, 1, 0, . . . , 0),

thus the second derivative Ǵ´ is the trivial group, which contains only the iden-
tity.

Therefore, we have obtained as the result

{Ne(0, . . . , 0, 1, 0, . . . , 0)} = Ǵ´⊆ Ǵ = G(0) = G = (AN(T ), •m),

hence the group (AN(T ), •m) is solvable.

5. Conclusion

The treated group of artificial (formal) neurons is constructed on formal similar-
ity with the group of ordinary linear n-th order operators which form left hand
sides of corresponding linear homogeneous differential equations. In particular,
using the theory of series of groups motivated by the Galois theory of solvability
of algebraic equations and the modern theory of extensions of fields, we have
obtained that the considered group of artificial neurons is solvable. It is to be
noted that there exists the large and deep Galois theory of linear differential
equations-contained e.g. in the book [31] and in other papers of authors of the
just mentioned monograph, but results obtained in our contribution seems to be
independent on the mentioned theory. Moreover, in paper [13] there is defined
(so called) a differential time varying neuron, which can serve for construction of
the solution space of certain differential equation. Investigation of its properties
seems to be the task of a further analysis.
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