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Abstract. In this work, we study the existence and uniqueness of mild solutions to
second-order neutral stochastic functional differential equations (NSFDEs) with infinite
delay and Poisson jumps under global and local Carathéodory conditions by means of
the successive approximation. The p-th moment exponential stability of mild solution
to second-order NSFDEs with infinite delay and poisson jumps is also studied. Further,
example is given to illustrate the proposed theory.
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1. Introduction

In recent days, The study of stochastic differential equations (SDEs) has at-
tracted the researchers because of its applicability to diverse fields [1, 30, 8, 11,
17, 21].

Stochastic systems depend on the present state and a period of past state as
well, this system is said to be stochastic functional differential equation (SFDE).
In many areas of science, there has been an increasing interest in the investi-
gation of SFDEs incorporating memory or aftereffect i.e., there is the effect of
infinite delay on state equations. The importance of SFDEs with infinite delay
can be found in [4, 29, 14] and references there in. The development of the the-
ory of functional differential equations with infinite delay depends on a choice
of a phase space. In fact, various phase spaces have been considered and each
different phase space required a separate development of the theory [12]. The
common phase space B is proposed by Hale and Kato in [9]. Kolmanovskii, in
[14], introduced the NSFDE and its applications to chemical engineering and
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aero elasticity. Further, it has been drawn the attention of many researchers
[3, 6, 10, 17, 18, 22, 23, 31| and references there in. In [5], the existence of the
solutions of first order NSFDEs with delay and Poisson jumps are studied. It
may be noted here that the mentioned works are confined to first-order systems.

To model the problems like mechanical vibrations, charge on a capacitor,
condenser subjected to white noise excitation, second-order SDEs are more
appropriate. With the advent of applications, second order SDEs, FSDEs,
NSFDEs have attracted the focus of many researchers since last decade. The
second-order damped functional stochastic evolution equations are studied by
McKibben [19] and one can refer [16] for further works on this topic. Moreover,
McKibben [20] established the existence and uniqueness of mild solutions for
a class of second-order neutral stochastic evolution equations with finite delay.
Balasubramaniam et al. [2] gave the sufficient conditions for the approximate
controllability of the second-order neutral stochastic evolution equations with
infinite delay. In [26], the authors established the asymptotic stability of second-
order neutral stochastic differential equations using fixed point theorem.

The existence and uniqueness of solution of SFDEs with Poisson jumps are
established in [15, 24]. Very recently, existence, uniqueness and stability of mild
solutions for second-order neutral stochastic evolution equations with infinite
delay and Poisson jumps are discussed in [25] and references there in. Further,
Sakthivel et al. [27] presented the exponential stability of nonlinear second-
order stochastic evolution equations with Poisson jumps by using a fixed point
argument, Jiang et al.[13] discussed stability analysis for second-order stochastic
neutral partial functional systems subject to infinite delays and impulses by the
new integral inequality together with the stochastic analysis technique.

In this paper, inspired by the aforementioned works [13, 25, 23, 27|, second-
order NSFDEs with infinite delay and Poisson jumps is considered. To the
best of our knowledge, there are no results on the existence of mild solu-
tions of second-order NSFDEs with infinite delay and Poisson jumps under
Carathéodory conditions in available literature. Motivated by the above at-
tention, using Carathéodory conditions we aim to establish the existence and
uniqueness of mild solutions to second-order NSFDEs with infinite delay and
Poisson jumps in which the initial value belongs to the space B((—o0,0], H) (for
more details refer section 2). Besides, the exponential stability in p-th moment
of the considered NSFDEs with infinite delay and Poisson jumps is studied to
obtain the required sufficient conditions.

The paper is structured as follows. In section 2, some preliminaries are
presented. Existence and uniqueness of mild solutions are discussed in section
3. In section 4, the p-th moment exponential stability of mild solutions are
presented. An example is provided in last section to illustrate the theory.
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2. Preliminaries

In this section, some basic concepts that are useful for the development of our
results are presented. For more details, the reader may refer to Da Prato and
Zabczyk [6], Frattorini [7], Hale and Kato [9] and the references therein.

Let H and K be two real separable Hilbert spaces. L(K, H) stands for the
set of all bounded linear operators form K into H. We will use the notation |.|
and (. , .) to denote the norm and inner product for H and L(K, H) respectively.
Let (2, F, {Ft}+>0, P) be afiltered complete probability space with an increasing
right continuous family {F;};>¢ of complete sub o— algebras of F.

Definition 2.1 ([9]). B is a linear space of family of Fo- measurable functions
from (—o0,0] into H endowed with a norm ||.|g which satisfies the following
azrioms:

(A1) If x : (—o0,T] — H s continuous on [0,T] and xo € B, then, for every
t € [0,T], the following conditions hold.

1) 2, € B
(2) |z(t)] < Lf|z|[s
(3) llzells < M(1) supg<y<y |2(s)| + N(t)[|zol[8

where L > 0 is a constant, M,N : [0,00) — [1,00) are continuous, N (t)
is locally bounded and L, M, N are independent of x(.).

(A2) The space B is complete.

Remark 2.1. For convenience, the condition (3) in (A1) can be replaced by
the following condition

[ztlls < sup [z(s)| + N|lzol|s,
0<s<t

where N = supg<s<; [N (s)].

Let Q € L(K, H) be an operator defined by Qe, = A,e, with finite trace
Tr(Q) =721 A < oo where A\, >0 (n =1, 2, ...) are some nonnegative real
numbers and {e,} (n =1, 2, ...) is a complete orthonormal system {e,} in K.
Then the above K valued stochastic process w(t) is called a Q-wiener process.
Let B,(t) (n =1,2,...) be a sequence of real valued one dimensional Brownian

motion. Set
o
Z nien,€)Bn(t), ecK.

Let 0 € L(K, H) and define

o7 = Tr(0Qo™) Z\faeny
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If [o|7, < oo, then [|o] is called a Q-Hilbert-Schmidt operator and Ly(K, H)
denotezzs the space of all Q-Hilbert-Schmidt operators ¢ : K — H. Let p =
p(t),t > 0 be a stationary F;— Poisson process with characteristic measure
A.  N(dt,du) denotes the Poisson counting measure associated with A, i.e.,
N(t,Z) = > 4 csct, Iz(p(s)) with a measurable set Z € B(K — {0}), which
denotes the Borel o—field of K — {0}. N(dt,du) = N(dt,du) — dt\(du) repre-
sents the compensated Poisson measure that is independent of w(t).
The one parameter family {C(t) : t € R} C L(H, H) satisfying

(i) €(0) =1,
(ii) C(t)x is continuous in t on R, for all x € H,
(iii) C(t+s)+C(t—s) =2C()C(s), for all t,s € R

is called a strongly continuous cosine family.

The corresponding strongly continuous sine family {S(¢) : t € R} C L(H, H)
is defined by S(t)z = fot C(s)xds,t € R,z € H.

The generator A: H — H of {C(t) : t € R} is given by Ax = j—;C(t)xltzg
for all € D(A) = {x € H : C()x € C*(R;H)}. It is well known that the

infinitesimal generator A is closed, densely defined operator H. Such cosine
and the corresponding sine families and their generators satisfy the following
properties.

Lemma 2.1 ([7]). Suppose that A is the infinitesimal generator of a cosine
family of operators {C(t) : t € R}. Then the following properties hold:

(i) there exists G* > 1 and a > 0 such that |C(t)| < G*e® and therefore
IS@I < G¥e!

(i1) A [} S(r)zdr = [C(u) — C(r)]x for all 0 < s <u < oo

(iti) there exists Gi > 1 such that ||S(s) — S(u)|| < G [? e®lde for all 0 <
u < s < o0.

Definition 2.2. Denote by M?((—o0,T), H) the space of all H-valued contin-
uous Fi- adapted process x = {x(t) } —coct<T Such that

(1) xo = ¢ € B and x(t) is cadlag on [0,T];

(ii) define the norm ||.||pm in M2((—o00,T), H) by

T
(1) 234 = Ellzoll} + E /0 ()Pt < oo,

Then, M?((—o0,T], H) with the norm (1) is a Banach space. In the sequel, in
case without confusion, we just use ||.|| for the norm.
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Lemma 2.2 ([6]). For arbitrary LY(K, H)- valued predictable process g such

that
/ " g(r)dw(r)
0

Lemma 2.3 ([15]). Let the space MY ([0,T] x Z x Q,H) (v > 2) be the set of
all random process p(t,u) with values in H, predictable with respect to {Fi}t>0

such that .
E( I rrp<s,u>rr”A<du>ds) < too.
0 7

Suppose p € MZ([0,t]x ZxQ, H)NML([0,T] x Z xQ, H), then for any t € [0,T],

//Ss—sl (s1,u)N(dsy,du)
{ ([ [ wotssnexcaas)+ 2 ([ [ otslixanas)’ }

for some number C > 0, dependent on T > 0.

2m

< (om0 [ Blao)ggmas) € 0.00).

sup F ‘
s€[0,T]

2

sup
s€[0,¢]

In this paper, we consider the second-order neutral stochastic functional
differential equation with infinite delay and Poisson jumps of the form, for t €
(0,71,

dlz'(t) = fi(t, zi)] = [Az(t) + fa(t, z¢)]dt + f3(t, z¢)dw(t)
@) / fa(t, ze,w) N (dt, du)
T0 = ¢ € B,
2'(0) = ¢

where A : D(A) C H — H is the infinitesimal generator of a strongly continuous
cosine family C(t) on H; f; € [0, T|xB — H(i = 1,2), f3 : [0, T]|xB — LY(K, H)
and f1:[0,7] x B x (Z —{0}) — H are some suitable measurable mappings.
The history z; : (—00,0] — H,z(0) = x(t + ), for t > 0, belongs to the phase
space B. The initial data ¢ = {¢(t) : —oo < ¢t < 0} is an Fp-measurable, B—
valued stochastic process with finite second moment and ¢ ia an Fy— measurable
H-valued random variable independent of the wiener process with finite second
moment.

Definition 2.3. A stochastic process x : (—oo, T| — H s called a mild solution

of (2) if
(1) =(t) is Fi- adapted and {x; : t € [0,T]} is B—valued;

(44) fOT |z(s)|ds < o0, P-a.s.;
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(1it) for each t € [0,T), x(t) satisfies the following integral equation

z(t) = C(t)9(0) + S(t)[§ — f1(0,8)] + /Ot C(t —s) fi(s,zs)ds
(3) + /Ot S(t — s)fa(s,zs)ds + /Ot S(t — s)f3(s,xs)dw(s)

N /0 "St—s) /Z fa(s, 30, u)N (ds, du)

where zo(.) = ¢ € B.

In order to obtain existence and uniqueness of mild solutions to (2), we need
the following assumptions:

(H1) the cosine family of operators {C(t) : t € [0, 7]} on H and the correspond-
ing sine family {S(t) : t € [0, T]} satisfy the conditions ||C(t)||?> < K and
|S(t)||> < K1,t > 0 for a positive constant K7;

(H2) fi (1 =1,2,3,4) satisty the following conditions

(2a) there exists a function I'(¢,v) : [0,T] x [0, 00) — [0, 00) such that

t t t
E /O fi(s,0)Pds + E /0 Fs(s,0)Pds + E /0 /Z a5, 0) PA(du)ds
t 4 );
+ F </0 /Z|f4(s,1/),u)| A(du)ds
t
< / I(s, B|[¢]3)ds

forallyp e Band t € [0,T] (i=1,2),

(2b) I'(t,v) is locally integrable in ¢ for each fixed v € [0,00) and is con-
tinuous concave, and monotone nondecreasing in v for each fixed

t € 0,7,
(2¢) for any constant M > 0, the deterministic ordinary differential equa-
tion
dv
o = MTI'(t,v), 0<t<T

has a global solution for any initial value vg;
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(H3) (3a) there exists a function Y(t,v) : [0,7] x [0,00) — [0, 00) such that
B [ (o) = hosoPds + B [ o)~ als o)

B /0 [ UiGss0) = o e w PG s

E </Ot/z | fa(s, ¢, u) — f4(s,90,U)!4>\(du)d5>2
t
= /0 Y(s, Bl — ollf)ds

forall p,p e Band t € [0,T] (i =1,2)

(3b) Y(t,v) is locally integrable in t for each fixed v € [0, 00) and is contin-
uous, nondecreasing and concave in v for each fixed ¢ > 0. Moreover,
T(t,0) = 0 and if a nonnegative continuous function Y'(¢),0 <t <T
satisfies

¢
Y1) < D/ T(s,Y(s))ds, 0<t<T,
0
where D > 0 is a positive constant, then Y (¢) =0 for all 0 < ¢ < T
(H4) (the local condition)

(4a) for any integer N > 0, there exists a function Yy (¢,v) : [0,7] X
[0,00) — [0, 00) such that

t t
E / Fi(,0) — fils, )|2ds + E / Fs(s,0) — fals,0)?ds
0 0

v t [ 1tss00) = s p 6

B </Ot/z | fa(s,%,u) — f4(5’¢7u)’4)\(du)d5>2
t
< [ tuts. Bl - ol

for all ¥, p € B with |||, ||¢lls < N and t € [0,T] (i =1,2),

(4b) Yn(t,v) is locally integrable in ¢ for each fixed v € [0,00) and is
continuous, nondecreasing, and concave in v for each fixed t > 0.
Moreover, Tn(t,0) = 0 and if a nonnegative continuous function
Y (t),0 <t < T satisfies

t
Y(t) < D/ Tn(s,Y(s))ds, 0<t<T,
0

where D > 0 is a positive constant, then Y (¢) =0 for all 0 < ¢ < T.



44 M.V.S.S.B.B.K. SASTRY aND G.V.S.R. DEEKSHITULU

3. Existence and uniqueness

In this section, we prove the existence and uniqueness of mild solution of (2).

Let 20(t) = C(1)$(0) + S()[E — £1(0,6)], t € [0,T]

For each n > 1, the sequence of successive approximation is defined as follows
() = o0 + SOl ~ £10.0]+ [ Ot )i(o.7 s
+/t5(t—8)f2537n1d8—|—/5t—8f3 “Hdw(s)
/St—s/f4 5,2 L w)N(ds,du), tel0,T),

x"(t ), —oo<t<O.

Theorem 3.1. If the assumptions (H1) - (H3) hold. Then, there exists a unique
mild solution of (2) in space M?*((—o0,T], H).

Proof. The proof of this theorem is divided into the following three steps.
Step 1. Boundedness of {2"(t);n > 0} in the space M?((—o0,T], H).

ie., FE(sup |2"(s)?) <u <up < 0.
0<s<t

It is obvious that 2°(t) € M?((—o0o,T], H) and now we prove that x"(t) €
M?3((—oc0,T), H). From (4), using the Holder inequality and the Doobs martin-
gale inequality, we have

E ( sup |:c”<s)|2> < 6K 1E|p(0)|* + 12K, E|¢|* + 12K, E|£1(0, ¢)|?

0<s<t

+ 6K\ TE / |fi(s, 227 1) Pds + 6K\ TE / | fo(s, 221 |2ds

+6K1E/ | f3(s, 277 1) ds

+6CE/ / | fa(s w) 2 \(du)ds
+60E(//yf4 u)[*\(du)d >é

§&+&/F@MﬁWM
0

where Ky = 6K1E|¢||% + 12K 1 E|£> + 12K1T(0, E||¢||%), K3 = 6(K1 (2T + 1) +
2C). By Remark 2.1, we have

t
(5) E(sup |2"(s)]) §K2+K3/ U(s,2E(N?(|¢% + sup [«"~1(r)[?))ds
0<s<t 0 0<r<s
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For any p > 1, from (5), we get

max E ( sup |x”(s)\2>

1<n<p 0<s<t

t
< Ko + Kd/ r <572E <N2H<;5||% + 2%(s)|? + Jnax
0

2
(Sup |z" (r ) )) ds
0<r<s
t 2
§K2+K3/ F( (3K2+2N2E||¢||B+2E<max (sup |z (r ) >>> ds
0 0<r<s

or

2 2 2
max B { 5Ky +2N E|¢ll3 + 2 S |z"(s)]

5
gxﬁawﬁﬂw%+K;/r( (31 232Bl013
0

2
+2F| ma sup |z"(r ds.
<1§n%{p(ogrgs‘ ( )’> >>>

Using assumption (2¢), it can be observed that u; satisfies

w

5 t
u = 2K +2N2E||¢y2B+K3/ (s, us)ds.
0

Since E||¢||% < oo, we deduce that

(6) max F( sup |z"(s)]) < w < ur < oo.
I<n<p  0<s<t

Since p is arbitrary, we have
(7) Elz"(t)|? <ur forall 0<t<T,n>1.

From Definition (2.4) and the above result, we obtain

T
HWWZEWﬁ%+EAﬂUWﬁ
< E||3 + Tur < oo,

which shows that the sequence {x™(t),n > 0} is bounded in M?((—o0,T], H).

Step 2. The sequence {z"(t),n > 1} is Cauchy. For m,n > 0 and
t €[0,T], from (4), we get

E( sup |z"*(s) — 2™ (s)]?)
0<s<t
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t
< AK\TE / Fu(s,a™) — fu(s,a™)|Pds
0
t
4K\ TE / Fals,2™) — fols,a™)ds
0
t
4K\ E / F3(s,2™) — fals, ™) Pds
0

t
+4C’E/ /Z]f4(s,:c?)—f4(s,a:gn,u)\2)\(du)ds
0

1
2

t
\ACE < / / fa(s, 2™ — f4(s,x;”,u)|4)\(du)ds>
0 7Z
t
< K4/ Y(s, E|lzy —x7'||g)ds, where Ky =4(K1(2T + 1)+ 2C)
0

§K4/O T(s, B( sup [2"(r) — 2™ (r)|2))ds.

0<r<s

Let Y (t) = limp oo E(supge < |2"(s) — ™ (s)[?). From (6), (2b) and the
Fatou’s lemma, we obtain

Y(t) < Ky /OtT(s,Y(s))ds

by (3b), we get Y (t) = 0, hence {x"(t),n > 1} is a Cauchy sequence in M?2. As
n — oo, using Borel-Cantelli lemma, 2" (t) — 2(t) uniformly for 0 <t¢ < T and
hence (4) tends to the solution x(t) of (2), for all —co < ¢t < T.

Step 3. Uniqueness of solutions of (2). Suppose x1(t) and z2(t) are two
solutions of (2). From step 1, we can see that z1(t), z2(t) € M?((—o0,T], H) .
From step 2, it can be shown that

E( sup |z1(s) — x2(8)|2) < K4/ Y (s, E( sup |zi(r) — z2(r)|))ds.
0<s<t 0 0<r<s

or

Y(t) < Ky /Ot Y(s,Y(s))ds.

By assumption (3b), we obtain Y'(¢) = 0, which implies that x;(¢) = x2(t) a.s.
for any typ < t < T. Therefore, for all —co < ¢t < T, z1(t) = z2(t) a.s. This
completes the proof of the uniqueness of a solution. O

Next, we present the existence and uniqueness of mild solution of (2) with
the local Carathéodory conditions.

Theorem 3.2. Let (H1),(H2) and (H4) hold. Then there exists a unique mild
solution of (2) in space M?((—oco,T], H).
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Proof. Let N be a positive integer and Ty € (0,7). Let the sequence of the
functions fN(t,v)(i = 1,2,3,4) for (¢,v) € [0,Tp] x B be defined as follows

R (O VI RN
: fi(t25) i lvls > N,
falt, v, ), if [lvlls <N,

N _
fittew = {f4 (6 pfu) it ol > .

Then the function f¥(¢,v) (i = 1,2, 3,4) satisfy the assumptions (H2) and (H4).
As a consequence of Theorem 3.1, there exists a unique mild solution %V (¢) and
zNFL(t) to the following integral equations respectively;

(1) = C(1)6(0) + SE — £Y(0,6 / Ot — ) ¥ (s, )ds
(8) —i—/ S(t—s)fév(s,xév)ds—k/ S(t—s)fév(s,xév)dw(s)
/St—s/f4 s,z u)N(ds, du)
D) = C(£)6(0) + SHE — FIFL(0, / Ot — 5) [N+ (s, 2+ )ds
9) +/0t5(t—s) N (s, N d8+/ St — ) (s, 2N ) dw(s)

t
+/ S(t—s)/ FV (s, 2N w) N (ds, du).
0 Z
Define the stopping times

(5N:T()/\inf{t€[ ] th HB>N}
Sn41=To Ainf{t € [0,T]: =Nz > N}
™ = 0N A (SN+1.
From (8) and (9), we have
E( sup [a"T(s) —a(s)?)

0<s<tATN
<BKLE|fY(0,0) — [0, 0)

tATN

+5K,\TE / AV (s, 2Dt — YV (s,2))Pds

tATN

+ BK\TE / N s, 24 — N (s, ) 2ds
0
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t/\TN
+5K\E / N (s, 24 — £ (5,2 [2ds
t/\TN
+5CE/ /\ PN (s, e ) — £V (5,2, ) PA(du) ds

rsm ([ [ 1 ) = 1A
0 Z

Clearly fiV(0,¢) = INH(O, ¢) and since for 0 < s < 7y

1
2

(s, 2)) = [NV (s,2)), i=1,2,3,

(2 1S

4N+1( S é\f’u):fi\f(s’xé\/’u)'

Note that ||z ! — zlV||% < supge,<, [#V T (v) — 2V (v)[? and hence we obtain
that

E( sup [z T(s) —a(s)?)

0<s<tATN
tATN

< 5K1TE/ |FNHFL (s, Ny — PN (s, ) 2ds

tATN

+5K\TE / NV (5, 2N L) — fN (g V) P

’ 8

tATN
+5KLE / N (o, 2 = N (s, 2 ) s

+5CE/WN/ [ (s, w) = Y (s, 2 w) P A (du) ds

1
2

tATN
wscr ([ [ 1A sl - £ s A s )
0 z
Therefore, for all 0 <t < Tj, employing assumption (H4), it follows that

E( sup |xN+1(s ANTN) — xN(s A TN)|2)

0<s<t

t

<5(K1(2T +1) + C)/O TNi1 (s A TN,E|’1’5\—L—_}{] — l‘é\;\TN”%) ds
t

<5(K1(2T+1) + C’)/ TNi1 (s A TN,E< sup |2V (v A TN)
0

0<v<s
— 2N (A TN)\2)>ds.

y (4b), we get

E(sup |zt (s ATy) — 2N (s ATy)?) =0.
0<s<t
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Thus, for a.e., w € Q, 2N *1(t) = 2N (¢) for 0 < t < Ty A 7n. Note that for each
w € €, there exists an No(w) > 0 such that 0 < Ty < 7y,. Define z(t) by

z(t) = zNo(t), for t e [0,Tp).

Since x(t A 7n) = 2™V (t A Tiv), it holds that

tATN

z(t An) = C(6)9(0) + SH)E — £ (0, )] + (t =) (s, )ds

/O
/t/\TN
0

C
tIATN
+/ S(t— ) (s, eMyds + [ S(t— )£ (5,2 )du(s)
0

tIATN
+/ t—S /f4 S, s? (dS du)
0

— C(1)6(0) + SOE — f1(0.6)] + A Y= ) (s, ze)ds

+ /MTN (t —s)fa(s,xs)ds + /OMTN S(t—s)fs(s,zs)dw(s)

0

+ /OtATN S(t— s)/Zf4(s,xs,u)N(ds,du).

Taking N — oo, for all ¢ € [0, 7], we have
2(t) = C()6(0) + SH)[E — F1(0 /CH—Sﬁ@wJ

—i—/ S(t—s)fg(s,azs)ds—F/ S(t—s)fa(s,zs)dw(s)-

/St—s/f4sa:5, N(ds,du).

4. Exponential stability

Definition 4.1. The solution of integral equation (3) is said to be exponentially
stable in p (p > 2) moment, if there exists a pair of positive constants p > 0
and My > 0 such that

Elz(t)|[F < Mye ™™, t>0, p>2.

In this section, we need the following assumptions to establish the exponen-
tial stability of (2).

(A1) The cosine family of operators {C(t) : t < 0} on H and the corresponding
sine family {S(t) : t < 0} satisfy the conditions ||C(¢)|| < Me™#* and
1S(#)|| < Me ¢ > 0 for some constants M > 1,a > 0 and 3 > 0.
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(A2) There exist constants \; > 0 (i = 1,2,3,4) and a function z : (—00,00) —
[0, 00) with fBOO z(t)dt =1 and ffoo z(t)e Ptdt < oo (p > 0) such that

0
1fi(t, ) = filt, y)l| < )\i/ 2(0)[[x(t +6) — y(t + 0)]|do,

—00

fl(t>0) = O>Z = 1727

0
Ifattsn) = fot.o)lzg <o [ 2(O)]alt+6) — y(t + )]s,
(10 f3(t,0) = 0,
0
/Z 1alt, s ) — Falt g w)|Ad) < A / 2O)x(t +6) — y(t + 0) b,
f4(t,0,u) = 0,
x,y € B,t>0.

1-p/2 /2
(A3) 67107 [Bp/\’f+ap)\’2’—|—ap/2)\§ (2e) " () +a%’] <
1, (p>2).

Lemma 4.1. Let L1,Ly € (0,p] and assume that there exist some positive
constants C; > 0 (i=1,2,3,4) and a function 3 : (—00,00) — [0, 00) such that
t 0
Cre 11t  Che 2t 4 Cg/ e~ L1(t=s) / 2(0)y(s + 0)dods
0 —00

N t 0
(1) 9 <9 ¢, / o La(t=9) / 2(0)§(s + 0)d6ds, t > 0,
0 —00

Cre It 4 Che 12t t € (—o0,0),
holds. If &+ £+ <1, then,
:g(t) S M267'u‘t7t € (_007 00)7

where p € (0, L1 A Lg) is a positive root of the algebra equation:

Cs Cy >/0 —ub
+ z()e ™ Mdo =1
(Ll_,u L2_,u —00 ()

and

My = max{ Gl — 1) Co(La — 1) Ch + Cg} > 0.

Cs [0 2(0)e=r0d0’ Cy [0 2(0)e=rodf’
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Proof. Let F(\) = <LC3/\ + L§3A> ffoo z(0)e="%df — 1, then it is obvious that

there exists a positive constant p € (0, L1 A Lg) such that F'(u) = 0.
For any € > 0 and Let

(010+ €)(L1 — p) 7 (0207L €)(L2 — p) it Oy b s,
Cs [~ z(0)e=10dl Cy [~ z(0)e=r0df

(12) N = max {

Now , in order to show this Lemma, we only claim that (11) implies
(13) §(t) < Nee ™, te (—oo,00).

Obviously, for any ¢t € (—o0,0],(13) holds. Now we will prove (13) by the
contradiction method. Assume that there exists a ¢; > 0 such that

(14) < Ne ™  te(—oo,ty), 9(t)= Ne F1,

However, from (11)

t1 0
g(t1) < Cre 4 Che L2 L O N, / e~ falti=s) / 2(0)e *5t0 dods
0

—00

t1 0
—|—C4N€/ e‘LQ(tl_S)/ 2(0)e 50 dods
0

—0o0

0
(15) < <Cl — NCs / Z(@)e_”0d9> e~ Lit1
Ly — HJ -

0
+ (Cz _ Nl / z(@)e_“9d0> e L2t

Ly—p ) o

+ ( Cs /O 2(0)e M0do + G /O 2(9)6“9d9> N Hh
Ly —p /- Ly —p ) ‘

Note that p € (0, L1 A Lg), From (12), we obtain

C3
Li—p

/O 2(0)e " do + G /O 2(0)e™Mdo =1
—o0 Ly—p ) o

and

NeC3 /0 —ub
Cy — z(0)e H7do
I _OO()

0
L1 —
<0y -9 / 2(0)e " dp (CIDJF Nai-n)
Li—p ) o Cs [0 2(0)e=10do

0
Cy — N / 2(0)e 0 dp

Gy [° 6 (C2+€)(L2 — 1)
/OO 2(0)6 H d904 fEOO 2(9)6_“9039




52 M.V.S.S.B.B.K. SASTRY AND G.V.S.R. DEEKSHITULU

Thus, (15) yields
(16) g(t1) < Nee™™,

which contradicts (14), that is, (13) holds. As e > 0 is arbitrarily small, in view
of (13), it follows §(t) < Mae #t t > 0. O

Theorem 4.1. Assume that (Al)-(A3) hold and o, € (0,p], then the mild
solution of (2) is exponentially stable in p-th moment for p > 2.

Proof. From (3), we have

Ela(®)|P < 6" ' MPE||g||Pe™ + 6"~ MPE||€ — f1(0, )|[Pe™
t p
+6P71E / C(t—s)fi(s,xs)ds
0

t p
+6P1E /S(t—s)fg(s,xs)ds
0

n p
(17) LB /O S(t = 5) fa(s,25)dw(s)

p

t
+6PIE / S(t—s)/ fa(s,zs,u)N(ds, du)
0 Z
6
=6 ) @,
i=1
From (A1), (A2) and the Holder inequality, we have
t . \P t
vas e ([ (D)) LB s
0 0
t p=1 .t
= (flerna) [ mAGpa
0 0

t 0 p
< MPATBLP / A=) < / z(@)Hx(s—i—Q)Hd@) ds.
0

—00

—1

Similarly, we have

t 0 p
By < MPALQIP / ealt=9) < / z(@)Hx(s—i—Q)Hd@) ds.
0

—00

By using the conditions (A1), (A2) and Lemma 2.2, it follows that

_ p/2 t 9 p/
o5 < MP <p(p4 1)> </ (e“’"’(t_s)EHf?)(s,xs)”io) v ds)
0 2

o /2 t 2/}7 p/
— MP p(p 1))1) < —2a(t—s) E s po d)
(7 [ e (Bl )" as

2

2
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2 INOOE
< MP (1’(174—1)>p/ ( / t (efza(th)(17%)>P/(P 2) ds) p
0

p/2

t 2/p
—2a(t—s)(1
X/o<e ( )(/p)(EHfg(S,ms)Hgg) ) ds
/o (p/2)—1
< (Pe=1Y /tGZa(tS)((pl)/(pQ))dS
< 1 ;
t
/0 e ] (s, 1) [y ds
_ 1) p/2 204(]7 _ 1) 1-(p/2)
< e (PP
<am (") ()

y /Ot e—lt=9) g </_OOO (0) (s + 9)||d0>pds.

From (Al)and (A2), we obtain
t
/0 ea(t=s) /Z E||f4(s, s, w)|[PA(du)ds

t P
by < MP </ eo‘(ts)ds>
0

t 0 p
< MPalPA? / ealt=5) ( / z(9)||a:(s+0)]d0> ds.
0

—0o0

—1

These together with (17) yields
Ellz(t)||P < 6" MPE|¢|[Pe™" + 67" ' MPE|€ — f1(0, )[[Pe

t 0
6PN / ~B(t=s) / (0)E|a(s + 0)|Pdods
+ 6P L MPaPAS / —o(t=s) / 0)E||z(s + 0)||Pdods

PPN plp— 1)\ (2a(p — 1)\ ~#/?
4 p—2

t 0
« / e—alt=s) / (0)E||x(s + 0)|Pdods
0 —
+ 6P MPa PR / —a(t=s) / 0)E||z(s + 0)||Pdods.

It can be easily verified that there exists two positive numbers M’ > 0 and
M" > 0 such that Ellz(t)||* < M'e™?" + M”e=, for any t € (—00,0]. Let
C1 = 6P MPE|g||P,Co = 6P MPE|§ — f1(0,9)|IP, C3 = 6P~ MPFIPAY, Oy =

6 MPal P AR+6r p g (2 ) i (2‘*(1’*1))17(p/2)+6P—1MPa1—pAZ,if%+

p—2
% < 1, i.e., (A3) holds, then by using Lemma 4.1, we can obtain

Ellz()IP < Mie ™, t€[0,50) (€ (0,L1 A L)),
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where

My =max {6”‘1M”(EH¢H” B¢ — £1(0,6) ), 6" MPPA,
_ p/2 _ 1-(p/2)
6P Lpgp (ap)\g + a*p/2)\1§ (17(1021)> (2a(p 21))

+ a_p)\ﬁ) } > 0.

5. Example

In this section, we present an example to illustrate the results obtained in pre-
vious sections. Let H = L?[0, 7] with the norm |.||. And let e, = \/%sin(ny)

(n=1,2,...) denote the complete orthonormal basis in H.

Let w(t) :== 307 1 VAuBn(t)en, (A > 0), where {3,(t)} are one dimensional
standard Brownian motion mutually independent on a usual complete probabil-
ity space. N (ds,du) is a compensated Poisson random measure on [1,00) with
parameter \(du)dt. The Wiener process w(t) is independent of N (du)dt.

Define the operator A : H — H by (Az)(y) = %x(y) with the domain
D(A) ={z € H:z(0) = z(m)}. Then

Z (x,en)en,x € D(A),

where {e,, : n € N} is the orthonormal set of eigen vectors of A corresponding
to the eigen values —n? for n € N. The operator C(t) defined by

C(t)x =) _cos(nt)(z,en)en, tER,

n=1

from a cosine function on H, with associated sine function

> sin(n
Z xen en, tER,

n=1

for all z € H, with |C(#)|| < e ™t and ||S®)| < e ™t t > 0.
Now, we consider the following second-order neutral stochastic partial dif-
ferential equations with infinite delay and Poisson jumps

5 [axgtg Yot o, y)}

O*x(t

(18)
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+ [ pialt+0,y)uN(at du),
Z
te€[0,T],y € 10,7],0 € (—0,0),

subject to the conditions

z(t,y)

o(t,y), —o00o<t<0,0<y<m,

( ): ( ):07 0<t<T,
0x(0,
E%y) —£y), O<y<m,
where & € L?[0,7],¢ € Band 7 > 0, (i = 1,2,3,4). Define

fl( axt) =p1$(t+9,y),
f( t) :p2$(t+9,y),
f3(t l't) p3$(t+9,y),
fa(t,xe,u) = paz(t + 0, y)u,

where 6 € (—o0, 0].

The system (18) can be rewritten in the form of (2). Assume that f;
(i = 1,2,3,4) satisfy the conditions of Theorem 3.1 and Theorem 3.2. Then,
the system (18) has a unique mild solution.

It is easy to see all the conditions are satisfied with M =1, = 8 = 7. By
virtue of Theorem 4.1, the mild solution of (18) is p-th moment exponentially
stable provided that, p > 2,

TP 4 Pph Ppp+7r—p/2pp< (p 21))1_@/2) (1’(7)4_1)>p/2] <1
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